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PREFACE 


This book contains a study of the dynamics of ionized matter in electric 
and magnetic fields, mainly on the basis of a single particle picture. The 
treatment starts with the fundamental equations of classical theory and leads 
from this level up to the present state of research. With a few exceptions 
it should give a complete line of deductions all the way to the final results. 
Much space has been devoted to clarify conceptual difficulties, and specific 
problems are often considered from different angles of approach. The results 
are illuminated by simple physical interpretations. The deductions have been 
presented in a way to emphasize the logical relationship between chapters 
and to tie together related results. 

With the exception of some minor changes and addenda the contents of 
this volume was completed in June 1962. It mainly includes contributions 
which were known by the author up to the same date. 

The author is indebted to his colleagues Dr. S. Lundquist, Dr. F. C. Hoh, 
Dr. E. Karlson, Dr. B. Sonnerup, Dr. B. Bonnevier and Dr. G. Berge 
for valuable discussions and many good advice during the preparation of 
this book. 

The help offered by Mrs. K. Wilson who has typed the manuscript and 
Mrs. K. Forsberg who has drawn the figures is also gratefully acknowledged. 

B. L. 


Royal Institute of Technology 
Stockholm, October 1963 
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CHAPTER 1 


INTRODUCTION 
1. Historical Survey 

The laws of classical mechanics and of classical theory on electricity and 
magnetism were established already at the times of Newton and Maxwell. 
Applications of the laws to the motion of charged particles also attracted 
an early interest in several fields of research. In 1907 Stormer started a 
study of the orbits of charged particles in a magnetic dipole field. His 
results have later been applied in the exploration of cosmic rays and their 
orbits in the terrestrial magnetic field. Classical theory was also used in the 
earlier attempts by Thomson [1910], Rutherford [1911], Bohr [1913] and 
others to describe the atomic structure. Among the great variety of technical 
applications to the motion of charged particles may be mentioned the design 
and study of electronic tubes. Practical developments of such tubes began 
already in the 1890’s, but a complete electron optical theory was first for¬ 
mulated by Busch [1926]. 

In 1908 Hale discovered that the sunspots are associated with strong 
magnetic fields. Since this time astronomers and astrophysicists have shown 
an ever increasing interest in the behaviour of ionized matter in a magnetic 
field. In 1937 Ferraro found that the layers of a magnetized and ionized body 
will be forced to rotate with the same angular speed at every point on a mag¬ 
netic field line. This “isorotation law” illustrates one of the fundamental 
mechanisms by which charged particles interact with a magnetic field. The 
importance of this became even more clear when Alfv^n [1942] showed that 
the magnetic field lines act like elastic strings to which ionized matter is 
“frozen”. As a consequence, magnetohydrodynamic waves can propagate 
along the magnetic lines of force. After Alfv6n’s discovery of these waves an 
almost explosive development started in the research on magnetized and 
electrically conducting media. The theoretical approach has followed both 
the lines of a single particle picture and those of a macroscopic fluid model. 
To a great extent the former has been based upon the perturbation theory on 
particle orbits, as originally developed by Alfv6n [1940]. Important con- 
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tributions to this approach are also due to Chapman and Cowling [1939, 
1952], Spitzer [1952] and many others. 

During the last ten years the problem of controlled thermonuclear fusion 
has added a new and important application to the physics of ionized matter. 
Its basic problems are closely related to those of cosmical physics. They con¬ 
cern the orbits of charged particles in electric and magnetic fields, the deter¬ 
mination of forbidden regions of the particle motion, diffusion of a plasma 
across a magnetic field, wave phenomena, plasma stability, and radiation 
problems. 

A recent apphcation also involves the design of magnetohydrodynamic 
energy converters. In such devices thermal energy of an ionized gas is trans¬ 
formed directly into electric energy. The latter is generated by electric cur¬ 
rents which are induced during an expansion of the gas across a magnetic 
field. 

The motion of charged particles in electric and magnetic fields has earlier 
been surveyed in a number of monographs and reviews such as those by 
Chapman and Cowling [1939], ALFviN [1950], Spitzer [1956], Allis 
[1956], Chandrasekhar [1958], Dungey [1958], Simon [1959], Delcroix 
[1960], Linhart [1960], Chandrasekhar and Trehan [1960], Rose and 
Clark [1961], Northrop [1961], Ferraro and Plumpton [1961], Funeer 
and Lehner [1962], Thompson [1962], Alfy^n and FXlthammar [1963] 
and Longmire [1963]. 


2. Dynamics of an Ionized Gas 

The dynamics of an ionized gas is governed by basic equations which have 
been known in detail since the end of the last century. Nevertheless, the final 
solution is still missing for many important applications to theory. The rea¬ 
son for this is that several types of interactions may take place simultaneously 
between ionized matter and electric and magnetic fields. The richness in 
combinations between such interactions creates a system of high complexity. 

As a first step in a theoretical study of an ionized gas one may start from 
the motion of a single charged particle in electric and magnetic fields which 
are considered as given constraints. The particle orbit can then be calculated 
in detail from the equation of motion, at least in principle. In most cases of 
interest, however, these calculations become comphcated from the mathe¬ 
matical point of view and the result is unsurveyable. Further studies of the 
problem are still possible by making use of a perturbation method which 
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gives an approximate solution to the mean particle orbit. It describes the 
motion as that of a guiding centre around which the actual particle is gyrating. 
The perturbation theory contains a number of approximate constants of 
the motion. It also provides convenient tools for the calculation of the 
particle orbit and simplifies its physical interpretation. 

However, care is necessary when the perturbation theory is used to de¬ 
scribe the dynamics of an ionized gas. It has to be kept in mind that the par¬ 
ticle orbits are made up of a sum of two motions; the drift of the guiding 
centre and the superimposed gyration. Therefore, the real flux of matter, 
momentum and energy is not solely determined by the motion of the guiding 
centra but also by the gyration. The simple fact that the particles gyrate in 
circle-like orbits leads to results which at a first sight may seem to be quite 
peculiar. Thus, there can exist a net flux of particles in absence of any guiding 
centre motion, and the reverse may also be true in some cases. A thorough 
examination of the complete particle motion actually shows that these 
statements are correct. 

Our next step is to consider an ionized gas at the large particle densities 
which are actual in most physical applications. Under such conditions even 
the slightest separation between ions and electrons gives rise to considerable 
electric space charges. It is then no longer permissible to consider the electric 
field as a given constraint which is determined only by external sources. In¬ 
stead, the electric field has to be modified by a contribution from the sepa¬ 
rated space charges. These charges are, on the other hand, very sensitive to 
changes in the particle orbits. Therefore, the orbits have to be calculated 
with a high degree of accuracy to give the right values of the space charges and 
of the electric field. This also implies that the lowest order approximations of 
the orbit theory may lead to erroneous results when the transition is made 
from the single particle picture to that of an ionized gas. 

The motion of surfaces of constant particle density sometimes produces 
additional charge separation effects. It will take place at a velocity which 
differs both from the mean particle velocity and from the velocity of the 
guiding centra. In certain cases this gives rise to an unequal compression or 
expansion of the ion and electron distributions in space. In combination 
with particle drifts across the magnetic field this effect leads to a space charge 
formation which changes the electric fields and the particle orbits. 

The difficulties which arise in a treatment of the various effects just men¬ 
tioned can be overcome in a correct development of the perturbation theory. 
The approximations then have to be carried out far enough both for the 
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guiding centre drift and for the gyration, and the latter have to be super¬ 
imposed in an accurate way. To some extent such problems can be avoided 
in a macroscopic approach which starts from mean values deduced from 
Boltzmann’s equation. However, another problem arises in such an ap¬ 
proach. It lies in the determination of the pressure tensor. Whether the 
orbit theory or the macroscopic theory should be of greatest advantage 
depends upon the particular situation with which one may be faced. Also a 
direct solution of the Boltzmann equation is sometimes preferable. 

Finally, when the induced electric currents in the ionized gas itself are no 
longer negligible, the magnetic field cannot be treated as a given constraint. 
In addition to the equation of motion the particles will then be coupled to the 
electromagnetic field by the induction law. In a general situation there is 
also a coupling between the particles and an electromagnetic radiation field. 


3. Relationship between Chapters 

In this volume the motion and confinement of charged particles in electric 
and magnetic fields is discussed, mainly on the basis of a single particle 
picture. Only a minor space has been devoted to descriptions in terms of a 
macroscopic fluid model. The particle picture and the fluid model are in 
many respects equivalent methods of approach. Some of the more involved 
problems have been treated by both methods. This has been done in order 
to illuminate the results from different angles and to clarify difficulties in 
their interpretation. 

The relationship between chapters is demonstrated by Figure 1.1. The 
starting-points of the theory are suniunarized in chapters indicated by heavy 
frames. They lead to results of a general character which are developed in 
chapters marked by double frames. The applications of the general theories 
are then deduced in chapters marked by single frames. Arrows indicate the 
logical relationship between the chapters. Consequently, results deduced in 
an associated chapter are built on the contents of chapters from which the 
arrows originate. Attempt has been made to present an unbroken chain of 
deductions and to avoid repeated formulation of basic results. 

From the basic equations of Chapter 2 follows the main line of approach. 
It is represented by the orbit theory of single particle motion in Chapter 3, 
the associated adiabatic invariants of Chapter 4, and the applications to 
magnetic compression phenomena, confinement of charged particles, and 
stability in Chapters 6, 7 and 8. The macroscopic theory has been developed 
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Fig. 1.1. Logical relationship between the chapters of the present volume. Heavy frames 
denote chapters which contain the starting-points of the theories. Double frames indicate 
chapters with results of general character, and single frames are used for applications to 

the general theories. 


in Chapter 5 from the basic equations. It is used to complete Chapters 6, 7 
and 8 and to give a deeper insight into the applications of these chapters. 
Part of the discussion on confinement in Chapter 7 also originates directly 
from the basic equations of Chapter 2. Finally, the same equations can be 
extended to include relativistic effects as demonstrated in Chapter 9. These 
results are applied to radiation problems in Chapter 10. They also react back 
through the basic equations of Chapter 2 and lead to additional conclusions 
about the problems of Chapters 3, 4 , 6, 7 and 8. 

During a first study of this book the reader may leave out paragraphs 
which are marked with an asterisk. It is hoped that the list of commonly 
used expressions as well as the subject index at the end of the volume may 
simplify the reading. All formulae are given in MKSA-units. 






CHAPTER 2 


BASIC EQUATIONS 

This chapter contains a review of the basic theories of the electromagnetic 
field and of classical mechanics. It does not make any claim to give a com¬ 
prehensive description of these subjects. Only such parts will be treated which, 
are directly connected with the problems of subsequent chapters. Whenever 
more rigorous and complete discussions are needed reference should be made 
to monographs such as those by Stratton [1941], Heitler [1954], Morse 
and Feshbach [1953] and Goldstein [1957]. 

1. The Electromagnetic Field 

Throughout this volume we shall consider particles which represent 
electric point charges moving in vacuo, under the influence of an electric 
field E and a magnetic field jB. The fields are partly generated by external 
sources, partly by the point charges themselves. An explicit study of the 
microfields from individual charges will only be undertaken in some special 
applications to collision phenomena. In the main parts of this volume we 
substitute the actual electric and magnetic fields by their average values taken 
over macroscopically small regions in space and intervals of time. An ap¬ 
proach of this kind seems to be justified in a plasma when the mean distance 
between particles is large enough for quantum mechanical effects to be 
neglected. However, it is not immediately clear that it should apply also t o 
solids, e.g. in a theory on the motion of electrons in metals or on the magnetic 
properties of iron. Even in the classical limit the interpretation of the mean 
field has not yet become quite clear, because of the long range of the local 
electric and magnetic fields which arise from moving ions and electrons. 

l.l, MAXWELL’S EQUATIONS 

The electromagnetic field is governed by Maxwell’s equations, where 

curljE; = ~ (2.1) 

is the law of electromagnetic induction and 

curl BIixq = j + So ^Ejlt (2.2) 

expresses the magnetic field in terms of its sources. These are the electric 
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current density j due to conduction by moving charges and the displacement 
current given by the last term of (2.2). The magnetic permeability and the 
dielectric constant in vacuo are denoted by ^Uq and Eq- In the definition of the 
current density the number of particles in a macroscopic element of volume 
is assumed to be very large and j is given by the mean flux of charge per unit 
area. Likewise, we also define an electric charge or per unit volume and the 
condition for its conservation becomes: 

diwj = — 'ba/'dt . (2.3) 

Since a commutation of the operators V and is admissible a diver¬ 
gence operation on equations (2.1) and (2.2) gives, after combination with 
(2.3), 

— div jB = 0 (2.4) 

lit 

and 

~ (sq div E — O’) = 0 . (2.5) 

lit 

If we now assume that the fields vanish at some time in their past the result 


becomes 





divB 

= 0 

(2.6) 

and 





iivE 

= ff/8o • 

(2.7) 


Equations (2.2), (2.5) and (2.7) apply to conditions in vacuo and have to 
be modified when the electric and magnetic behaviour of dense matter is 
concerned. This can be done in a phenomenological approach where electric 
and magnetic polarization phenomena are represented by electric and mag¬ 
netic susceptibilities. The latter are then considered as macroscopic pro¬ 
perties of matter. 

An analogous treatment is also possible in the case of an ionized gas, but 
does not always become necessary. In particular, it should be stressed that 
all electric currents and charges are taken explicitly into account in (2.2), 
(2.3) and (2.7). By combination of these equations with the equations of 
motion of an ionized gas one can study the polarization phenomena directly. 
This does not require any equivalent susceptibilities, dielectric constants and 
magnetic permeabilities to be introduced. 

Should one in any case prefer to adopt these concepts, they also have to be 
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used with care. Sometimes there will exist eliects in an ionized gas which 
cannot be expressed in terms of such equivalent parameters only. In order to 
avoid pitfalls it is therefore advisable to examine every particular case sepa¬ 
rately. This will become clear from the more detailed analysis in Ch. 3, § 2, 
and Ch. 8, §§2.4 and 2.5. 

The condition (2.6) implies that B can always be represented as the curl 
of a vector potential A : 

B — curl .4 . (2.8) 

Equation (2.1) then becomes 

® + -j=0 (Z9) 



E= - V(i) - 


lA 

~bt 


( 2 . 10 ) 


where ^ is the electric scalar potential. Substitution of expressions (2.8) and 
(2.10) into (2.2) yields 


F24-i^-F(div4H-i^' 

c® \ It 


= - l^oJ , 


( 2 . 11 ) 


where c — (/lo^o) * is the velocity of light. Further, combination of (2.10) 
and (2.7) gives 

()4. 

FV -1- div - ff/so . (2.12) 


Up to this point the vector A has not been uniquely determined by the 
field B since it is always possible to add the gradient of an arbitrary 
scalar function x to 41 in (2.8). Therefore the field 

A'=A+^X (2.13) 

also satisfies (2.8). In order that the electric field shall also remain unchanged 
equation (2.10) requires that the electric potential now becomes 

( 2 . 14 ) 

The substitution of the potentials A, <j, by A', 4>' is called a gauge trans¬ 
formation. A special gauge of interest is that for which 

1 ... . 1 


1 
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vanishes. Since x is arbitrary this is always possible by a proper choice of x 
and the result is the Lorentz condition: 

... 1 

( 2 . 16 ) 


By means of this condition equations (2.11) and (2.12) reduce to the in¬ 
homogeneous wave equations 


V^A - 


1 




1 ^ 

hr® 


= -i“oi . 
= - a/8o . 


(2.17) 

(2.18) 


The general solution of (2.17) and (2.18) consists of the general solution of 
the homogeneous equations with zero right hand members together with the 
special solutions 


and 


Alt J 

■jip-.t-X-lc) 

IP 

(2.19) 

1 

J R* 

(2.20) 


Here /> is the position vector of a certain field point, p* is the position vector 
of the current and charge distributions, and R* = p - p*. The integration 
has to be performed at the retarded time t* = t — R*lc over the volume 
elements dV* of the current and charge distributions. The solutions (2.19) 
and (2.20) are called the retarded potentials. They also satisfy (2.16). 


1.2. MAGNETIC FIELD COORDINATES 

In a study of the particle motion in a magnetic field it is sometimes useful to 
describe the latter in terms of two scalar functions, a and j?, as introduced by 
Jacobi [1844] and StOrmer [1916] and later used by Sweet [1950], Lund- 
QUIST [1952], and Grad and Rubin [1958]. We can write 

A = (tv?+ rx ( 2 . 21 ) 

for any vector field A. The magnetic field is then determined from (2.8) 
which yields 


jB = Fa X . 


(2.22) 
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Both V a and F P must be perpendicular to B as soon as they differ from zero. 
The divergence of the field determined by this equation is easily seen to 
vanish by means of well-known vector operations. Clearly the magnetic 
field lines are generated by the intersections between the surfaces a = const, 
and P = const, and every field line can be specified by a certain pair of values 
a, p. 

In addition, we introduce the coordinate s measuring the arc length along 
a certain line of force. The quantities (s, a, P) specify a point with respect 
to the magnetic field and can be used as curvilinear coordinates. These are 
often the “naturar* coordinates of a problem where the magnetic field plays 
a fundamental role. It should be kept in mind that the coordinates them¬ 
selves will change in time when the magnetic field does so and that Tioc/'bt 
and "dp/It are not necessarily constant on a field line since the field may 
change non-uniformly in space and time. 

With the special gauge for which % = 0 substitution of the form (2.21) 
into equation (2.10) for the electric field gives, after partial derivation, 

(2.23) 

In particular, the longitudinal component of the electric field becomes 



since a and P are constant on a field line according to (2.22). 


1.3. THE CONCEPT OF MAGNETIC FIELD LINES 

In the preceding paragraph we have seen that the magnetic field can be 
described by two scalar functions, a and P, which generate a family of field 
lines filling the entire space. Up till now we have not specified what is meant 
by the motion of a magnetic field line. To illustrate the difficulties which 
arise in this connexion we apply some physical arguments to a simple 
example. 

An electric generator consists of a closed circuit, parts of which are 
formed by conductors moving across a magnetic field. The source of the 
induced electric current can be pictured as an electromotive force. The latter 
is given by the rate at which the magnetic field lines are cut by the moving 
conductors. However, the concept of a magnetic field line and its motion with 
respect to matter is not uniquely determined. To illustrate this we consider 
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Fig. 2.1. Unipolar inductor, consisting of a metal disc rotating at angular velocity co and 
connected to a fixed external circuit BCDE (cf. Alfv6n [1950]). 


the unipolar inductor of Figure 2.1 and follow an earlier discussion by 
Alfv6n [1950]. The inductor consists of a magnetic coil which produces an 
axially symmetric magnetic field B in which a metal disc rotates around the 
axis of symmetry at an angular velocity o, A fixed branch BCDE is electri¬ 
cally connected to the periphery of the disc at B and to its axis at E. The 
system works as a simple electric generator which produces a current I in 
the circuit ABCDEA. 

There are at least two ways in which we can look upon the current genera¬ 
tion in the present arrangement. We can assume that the magnetic field lines 
are fixed in space. Then, they are cut by a moving conductor only along the 
part AB of the circuit and the induced electromotive force becomes 


<t>AB= ^ X B) ■ dJ: = I vBdr = ((o/ln) , (2.25) 


where ^ab is the magnetic flux passing through the metal disc. 

However, we can also consider all field lines to move with the disc at an 
angular velocity co. Then, the part BCDE of the circuit will cut the field lines 
and produce an electromotive force which is obtained from an integral 
along BCDE; 

<^BA = corBdr = (coIln) $ab = ^ab ■ (2.26) 


This gives the same result as when the field lines are assumed to be “at rest”. 
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B 



Fig. 2.2. The curve C and the enclosed surface S are carried along at all points with the 
lo^ speed of an arbitrary velocity field Ff. The flux 0 of the magnetic field B is enclosed 

byC. 

The same result would be obtained for a circuit made of elastic con¬ 
ductors which are deformed from a shape given by ABCDEA to that given 
by AB'BCDEA in a time dr == d^/m. The change in flux then becomes 
d^/dr = per unit time. 

Finally, observe that no net electromotive force and no current will be 
induced around the circuit if the external part BCDE is fixed to the rotating 
disc and to its axis such as to take part in the rotation. The change of the 
enclosed magnetic flux is zero in this case as well as the line integral of 
V X B around the circuit. 

From this example we see that it is not possible or even essential to define 
a motion of the magnetic field lines; what is important is instead the change 
of magnetic flux inside the actual circuit. On the other hand, the picture of 
moving magnetic field lines may sometimes give a good illustration to the 
physics of a magnetized medium, provided that this picture is not taken too 
literally. 

For a detailed analysis of the present questions we associate an arbitrary 
velocity field Ff with every point in the space occupied by a magnetic field B 
as indicated in Figure 2.2. Consider an arbitrary, closed curve C which 
moves with the local velocity Ff at all points of its perimeter, i.e., the curve 
is “carried along” by the velocity field. Also the elements dS of the enclosed 
surface S are assumed to move at this velocity. Among all possible fields Ff 
we specify two classes by definitions earlier given by Newcomb [ 1958 ]: 

(i) The field F^ is flux-preserving if the magnetic flux enclosed by C remains 
constant during the motion. 
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(ii) The field Ff is line-preserving if field lines are transformed into field lines 
by the velocity Ff. The definition is specified more in detail if a line element 
d^o is considered which coincides with a certain magnetic field line at the 
time tQ. Line-preservation then implies that dio is carried along by Ff to new 
positions dl such as to coincide with other field lines at all later times t 
(Fig. 2.3). 



Fig. 2.3. A line element dlo coinciding with the magnetic field is carried along by the 
velocity Ff to a new position dl where it coincides with the corresponding field vector B. 


We first discuss flux-preservation in connexion with Figure 2.2. The 
change of flux per unit time of any vector field B due to the motion Ff of the 
contour C and its enclosed surface S is 


d$ 

d^ 




IB 


+ Ff div B + curl (B x 



dS. 


(2.27) 


Here the integral is taken over the surface S and n denotes the unit vector 
perpendicular to a surface element dS and pointing in the positive direction 
of circulation around C. The first contribution to the integral (2.27) is due 
to the change of the magnetic field strength at a fibced point in space. The 
second contribution arises from the motion of the surface S when it sweeps 
over the sources of the vector field B in space. Since J? is a magnetic field in 
this particular case, we have div 15 = 0 and this contribution to the changes 
in flux will vanish. The last contribution to the integral is produced by the 
displacement and the deformation of the contour C due to the velocity Ff. 
This contribution can arise from inhomogeneities in Ff as well as in JB. 

Substitution of the law (2.1) of electromagnetic induction into (2.27) yields 


d0 

dt 



•curl(B+FfXB)d5' = 



Ff X B). dl. 


(2.28) 
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The condition for flux-preservation implies that the change in flux should 
become zero for all contours C and surfaces S'. Therefore, the integrand of 
the surface integral must vanish identically. Hence the necessary and sufii- 
cient condition for flux-preservation becomes 

JS + Ff X B = - (2.29) 

where is a scalar field. 

Now turn to the problem of line-preservation. Consider a line element 
dlo = '^02 "" ^01 which coincides with the magnetic field Bq at the time to 
as shown in Figure 2.3. After a time d^ it has been carried along by the velo¬ 
city Ff to a new position where it becomes 

dl = rQ2 + Vfidt — Tq^ — Vfidt = dlo + (dlo * (2.30) 

An observer who follows this motion measures a first order change in mag¬ 
netic field strength 

B - Bo = (Ff • F) Bod? + - Bod/. (2.31) 

ht 


The first term of the right hand member of this relation is due to the motion 
across the inhomogeneous magnetic field. The last term is produced by the 
field change at a fixed point in space. From (2.30) and (2.31) we obtain 


B X dl = Bo X [(dlo ■ n d/ + Ff • F jBo X dlodt (2.32) 


when second order terms are neglected and we remember that Bo x dlo = 0 

by definition. Since dlo = d/oBo/5o equation (2.32) can also be written as 
Bxdl = dZod/Bo X [(Bo • F)F, - (f,• F + i^BoJ 33 ) 


= d/odrBo X j^curl(Ff x Bq) — F^div Bq -1-Bodiv Ff-f curl JSqJ 

when (2.1) and some well-known vector identities are used. The condition 
for line-preservation is that B and dl always should be parallel, i.e., when 
subscript (o) is dropped: 

B X curl (E + Ff X B) = 0. (2.34) 

Comparison between equations (2.29) and (2.34) shows that every flux- 
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preserving field Ff is also line-preserving, but the inverse statement is not 
necessarily true. 

To connect the present results with the concept of moving field lines we 
now state that there exists a family of lines moving with the velocity 
Ff and having the following properties (cf. Newcomb [1958]): 

(a) Through every point in space passes not more than one of the lines L^. 

(b) The lines remain tangent to B during their motion. 

(c) The density of lines is proportional to the intensity of the magnetic 
field. 

(d) The magnitude of the electromotive force induced around a closed curve 
C moving in an arbitrary manner with a velocity Vp is equal to the total 
number of lines cut by the circuit per unit time. The sign of the same force 
is such that it tends to induce a current which preserves the magnetic flux 
enclosed by C. 

First we must show that the statements (a) to (d) imply that Ff is flux¬ 
preserving. Thus, assume that statements (a) to (d) are true and choose Vp, 
equal to Ff. Then C and move with the same velocity and the number of 
lines Lv inside C must be constant and equal to the magnetic flux through C 
according to (b) and (c). 

Inversely, start with the assumption that Ff is flux-preserving and con¬ 
sider the family of lines L^, which coincide at the time tQ with the magnetic 
lines offeree. Since Ff is flux-preserving it is also line-preserving as shown by 
(2.34), and conditions (a), (b) and (c) are satisfied. Finally, the electric field 
measured in a coordinate system following C is JB + Vp x B if it is JE in the 
laboratory system. The electromotive force in the moving circuit C is there¬ 
fore 


(^Q = ^ (JB “1“ Fji? X B) • di! 

(E + Ff X B) • dl - ^ • [(Yp - Vt) X dl], (2.35) 


where the first integral of the right hand member vanishes since Ff is flux¬ 
preserving. The second integral of the same member has just the form stated 
by (d) and (c). 

Consequently, we have shown that statements (a) to (d) are equivalent 
to the statement that Ff is flux-preserving. We can then picture the magnetic 
field lines as moving with the velocity Ff. 
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Observe that the present analysis breaks down at a zero point of the mag¬ 
netic field where condition (a) does not apply. The field line motion in 
presence of such points has been analysed by Newcomb [1955] in a number 
of special cases. In an approach which is more rigorous than that presented 
in this paragraph, the concept of a density of field lines has to be based on 
measure theory. 

The present results will be applied later to the velocity fields discussed in 
Ch.4, §1.3andinCh.6, §1. 


2. The Equation of Motion 
2.1. CONSERVATION LAWS 

Consider a particle of mass m and charge q with position given by 
p{t) = {x(t\ y{t\ z(t)\ The particle is assumed to move with the velocity 
w = dp/d/ in a force field F arising from the electric field E and from the 
gravitation potential ^g. 

Balance of momentum is expressed by 

dw 

m — F + qw X B, (2.36) 

dt 

where 

"bA 

F = - V(q<l> + m<t>,)^q— =qE - mV(l>^ . (2.37) 

Scalar multiplication of (2.36) by w gives 
d 

= (2.38) 

at 

which expresses conservation of energy. Since (2.38) is deduced from (2.36) 
it does not give any new information beyond that obtained from conservation 
of momentum. In the macroscopic theory of Chapter 5 the situation becomes 
different because there the total velocity w is divided into one thermal part 
and one part representing a mass motion. These two parts tlien have to be 
connected by an additional condition which represents the conservation of 
energy. 

The force qw X B does not perform any work on the particle. In a purely 
magnetostatic field where F = 0 the energy therefore remains constant. 
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According to (2.37) and (2.38) the change in energy per unit time becomes 

= - w ^ (q<l) + -w. (2.39) 

at at 

The first term of the right hand member of (2.39) is due to the change in 
potential energy of the particle when it moves across the equipotential 
surfaces given by qcj) + mcj)^ and the second term represents a ‘‘betatron” 
acceleration by electromagnetic induction. 

For a treatment of the equation of motion in a rotating coordinate 
system reference is made to Ch. 7, § 2.2. 

*2.2. SCALING LAWS 

The equation of motion can be written in dimensionless form by means of 
the transformations 

Xj, = L^-x'j^, t = A = A^-A\ (l> = (j)^-(l)\ <^g = </>gc * j (2.40) 

where x* indicate space coordinates and primed quantities are dimensionless 
variables. The coefficients with subscript (J are constants with the same 
dimension as the unprimed quantities and can be considered to represent 
characteristic values of the latter. The particular choice of these values is 
immaterial. The equation of motion can be written as: 

dw TiA 

m — = — v(q(l> + m(l>^ — q -1- qw X curl A. (2.41) 

at Tit 

By means of the substitutions (2.40) it is brought into the form 

*1 ^ = - - k, ^ ^ X curl' A' (2.42) 

with the dimensionless parameters 

= mLJqAj ^, *2 = . (2.43) 

Consider a given solution of (2.42) for the primed quantities with its 
corresponding boundary conditions. By keeping all three parameters fci, ^2 
and ^3 constant and varying the characteristic quantities with subscript (o) 
it is then possible to generate a whole set of solutions (2,40) of the equation 
of motion (2.41). The result of this procedure is defined as a set of similar 
configurations. For a member of such a set a field quantity at a certain point 
in space and time becomes proportional to the same quantity of any other 
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member of the set at corresponding points in space and time, as is immediate¬ 
ly obvious from expressions (2.40). Also the relative magnitude of the terms 
in the equation of motion (2.41) is constant at corresponding points within a 
set of similar configurations. 

To take a specific example, a change in length and time scale within such 
a set results in a change by a certain factor in the characteristic velocity LJtf.. 
This requires a change by the same factor in the characteristic potential 
and by the square of the same factor in the potentials and ^gc as indicated 
by equations (2.43). Thus, the product of and ^2 for similar configurations 
results in (l>^ cc which is equivalent to a condition earlier derived 
by Block [1956]. 

Besides being regarded as transformations to dimensionless variables 
relations (2.42) and (2.43) can also be used to estimate the order of magnitude 
of the different terms in the equation of motion (2.41). This requires a closer 
specification of the characteristic quantities as will be demonstrated later in 
Ch. 3, § 1.2. Observe that primed terms are not necessarily of order unity. 

In the scaling laws of this volume we will only take those effects into 
account which are represented in the equation of motion (2.41). There may 
exist other effects such as collision phenomena, which have not been in¬ 
cluded here but which play an important rdle in a plasma under experimental 
conditions. For further discussions on this problem reference is made to 
Alfv6n [1950]. 


3. Hamiltonian Formalism 

Instead of working directly with the equation of motion an alternative 
structure of the theory can be used which is known as the Hamiltonian 
formulation. This does not add anything new to the physics involved but 
provides a more powerful theoretical method. 

3.1. CANONICAL EQUATIONS 

For a particle moving with velocity w the vector identity 

^ {w • A) = (W’A+ w X curl A (2.44) 

holds. The total time derivative of A observed in a coordinate system 
following the particle becomes 
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By means of expressions (2.44) and (2.45) the equation of motion (2.41) can 
be written in the form 

dw dA 

+ qcj) - qw A) - q ~ . (2.46) 


If the Lagrangian 

L — — m(^g — q^ qw A (2.47) 

is introduced equation (2.46) is easily seen to correspond to the equations 


d /^L\ 
dt \dXj^J 


(2.48) 


where — are time derivatives of the coordinates Xj ,. In absence of a 
magnetic field the Lagrangian of equation (2.47) is equal to the difference 
between the kinetic and potential energies of the particle. In presence of 
such a field, however, it is not clear whether the interaction represented by 
qw * A should be considered as a kinetic energy, because of its dependence 
on w, or as a potential energy, since it depends on the external field A. 
As a matter of fact, we shall see that such a classification is not necessary for 
the development of the theory. 

There are often certain constraints which limit the motions of a physical 
system. When the conditions of constraint can be expressed by equations 
connecting the coordinates of the particle it is useful to introduce a set 
qk — qjjit) of generalized coordinates which represent the degrees of freedom 
of the system. The Lagrangian then still has the form (2.47) and Lagrange’s 
equations can now be shown to become: 


1 . __ ^ 

d^ \bqkj Mu 


(2.49) 


Equations (2.49) are identical with the differential equations resulting from 
the variation problem 

5 f L dr = 0. (2.50) 

tj 

expressing Hamilton's principle^ where the times t^ and ^2 ^^e fixed. 

The Lagrangian is a function of the coordinates qk, the “velocities” qu 
and of time t. We further define a generalized momentum 
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and a Hamiltonian 

H = >qk>t). (2.52) 

k 

The definition (2.51) implies that the generalized momentum is a function 
of qj, qj and t. Inversely, this definition permits the eli m ination of the 
“velocities” qj so that the system can now be described in terms of q,„ 
and t which have to be considered as independent variables in the canonical 
equations. The differential of H becomes 

In this equation the first term of the right hand member va nis hes according 
to the definition (2.51). Thus, it is possible to express dif by the changes in 
Pt, qjc and t alone. From the expression of SL/Sg'j given by (2.49) and from 
equations (2.51) and (2.53) we now obtain 


dff = X (qk^Pk ^ dt s X ^ dqt 


"1-dt. 

It 


(2.54) 


Consequently, 


and 


^_ m 

It ~ It 



(2.55) 


(2.56) 


A=”— > (2.57) 

where the two last relations are Hamilton's canonical equations. 

It may sometimes be useful to make a transformation from one set of 
coordinates to another. In the present Hamiltonian formulation the general¬ 
ized momenta of (2.51) are also independent variables on the same level as 
the generalized coordinates. A general transformation will therefore include 
a simultaneous change of both the coordinates and the momenta (g^^, 
to a new set t) and p\^ = p’^ijq^, pj^, t). Of particular interest 

here are such new variables which yield a set of equations of the canonical 
form (2.56) and (2.57) with a new Hamiltonian H' = HXq'j^, p'j^, t) and a 
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corresponding Lagrangian L' connected with H' by an equation analogous 
to (2.52). Transformations with this property are said to be canonical. 

If and p'^ are to be canonical coordinates they must satisfy Hamilton’s 
principle (2.50) in the same way as the original coordinates and p^. The 
corresponding Lagrangians L' and L then differ at most by a total time deri¬ 
vative of an arbitrary function G. The latter must be a function of both the 
new and the original variables to affect the transformation. Since q'^ and 
Pj are functions of and we can always express G as a function of two 
of the four variables q^, p'^, q,, and p^. 

There are four alternatives of which one possible choice becomes G = 
^k> 0- We then expand the total time derivative dGJdt and put it 
equal to the difference L — L'in the form given by (2.52). The condition that 
the coefficients of q^ and q'^ in the obtained expression should vanish sepa¬ 
rately leads, among other things, to 7)Gil'£)q'^ = — p^. In later discussions 
we shall become more interested in a form of G which can be written as 
Pk) i) — q'^, t) + S Pk9k- With this relation substituted into 

dGJdt — L — L' and by requiring that the coefficients of q^ andp^ should 
vanish, the corresponding transformation equations become: 



^Pk ’ 


It 


(2.58) 


Consequently, as soon as G 2 is given the transformation becomes completely 
specified. Therefore G 2 is called a generating function of the canonical trans¬ 
formation. The three additional forms, Gfq^, q^, t), G^ipk, p'u,, 0 and 
^ 4 ( 9 *’ A> which the generating function G can be chosen, give rise 
to conditions similar to equations (2.58). 


3.2. CONSTANTS OF THE MOTION 


The total time derivative of an arbitrary function % = xQlk^ Pk> t) is 


dt t)t 


z 


Mk '^Pk 



_ ■ y / 

It IPk 


^y 

^Pk 





(2.59) 


where use has been made of the canonical equations (2.56) and (2.57). The 
expression {%, H} defined by the last two members of (2.59) is denoted as 
the Poisson bracket of x and H. If a quantity x does not depend explicitly 
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on time and if its Poisson bracket with H vanishes, the total time derivative 
of X is zero. Then, / is a constant of the motion. 

An important special case is that where the Hamiltonian does not depend 
explicitly on time. According to (2.59) it is then a constant of the motion, and 
we always have p^) = Hq = const., whatever canonical variables 
pk are used to describe the system. If a canonical transformation is made 
to the new variables qj,, pi, the new Hamiltonian therefore becomes 
= H(q„p^ = Ho- 

In the situation where 'bH/'bt = 0 we shall now try to find a canonical 
transformation which leads to the result that all the momenta p'^ in the 
new representation become constants of the motion. Thus, we require 
p'k =0 and p'^ = = const. The generating function used in § 3.1 should 

then have the form G = W(qi, q 2 ,. . ■, «!, Ci 2 > • ■ •) and the corresponding 
transformation (2.58) leads to 


Mk 


<lk — 


W 


H(9i, «2,-, 


(2.60) 


The last of expressions (2.60) is the Hamilton^ Jacobi equation for Hamilton’s 
characteristic function W{q^, , aj, where n is the number 

of degrees of freedom. 

The Hamilton-Jacobi equation is a partial differential equation for W 
with a number of constants of integration equal to the number n of 
degrees of freedom. Only the derivatives of W appear in the equation. If W 
is a solution, then W + const, must also be so. The new momenta have 
not yet been specified, except that we know that they must be constants. 
We are therefore at liberty to take the n constants of integration to be the 
momenta a^. Thus, the complete solution of the Hamilton-Jacobi equation 
(2.60) contains « — 1 non-trivial constants of integration, a 2 , . . 
one quantity which is merely an additive constant. When evaluated at 
the initial time tQ the first of relations (2.60) serves to determine these n 
independent constants of integration with the initial values of qk and pj^. 
The constant Hq is determined by these values and is simply a combination 
of the n constants of integration. Without loss of generality we can choose 
p[ = = Hq. 

The solution W is specified by the initial conditions. We can further deter¬ 
mine the momenta pj^ in terms of qj^ from the first of expressions (2.60). 
Finally, the canonical equation (2.56) for is q[ = 'bH'I'bocj, = 'bHo/'baj,, 
which vanishes when k ^ I and is equal to unity when k = 1. In combi- 
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nation with the second of expressions (2.60) this yields relations from which 
the coordinates qj, can be solved as functions of time. The solution of the 
problem is then completed. 

Before closing this paragraph we shall devote some space to the question 
how the Hamiltonian is related to the total energy of the system. In the 
simple situation where a rectangular system can be chosen as generalized 
coordinates the corresponding momenta become according to equations 


(2.47) and (2.51) 


Pk = mWk + qA^, 


(2.61) 


From (2.52) the Hamiltonian then reduces to 

H = + q<t> + mcj)^ (2.62) 

which is equal to the total energy of the particle. In particular, if'dH/Tit = 0 
we have here a situation where the Hamiltonian is both a constant of the 
motion and is equal to the total energy. 

However, in a general situation the Hamiltonian does not necessarily 
become equal to the total energy when it is a constant of the motion and 
vice versa. The reason for this is that the Lagrangian contains only the work 
of the external forces and not that of the forces of constraint. When the 
latter are time-dependent they will perform a work on the particle. One 
example of this is given by a bead sliding on a moving wire, where the posi¬ 
tion and motion of the bead is described by a generalized coordinate meas¬ 
uring the arc length along the wire. As another example we may take a 
charged particle moving in a time-dependent magnetic field and where the 
position of the particle is described by the “magnetic field coordinates” 
s, a, j? of § 1.2 in the present chapter. The moving field lines with their as¬ 
sociated coordinates will then become moving constraints. 


3.3. PERIODIC AND NEARLY PERIODIC MOTION 
Systems in which the motion is periodic are of special importance in 
many branches of physics. In a system with one degree of freedom phase 
space consists of a plane defined by the coordinates q^ and p^. There are 
two types of periodic motion, namely libration and rotation. For the former 
the orbit in phase space is a closed curve and for the latter q^ increases 
indefinitely with time whereas is a periodic function of q^. 

For a system with more than one degree of freedom we shall here restrict 
ourselves to such situations where the projections of its orbit on each plane 
pk) is periodic in the sense just defined for one degree of freedom. We 
shall treat such systems for which the periodic motions in each {qf^, p^) plane 
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are independent of each other, and where the Hamilton-Jacobi equation 
(2.60) for W is separable in at least one set of canonical variables. Thus, 

Hamilton’s characteristic function W = W{qx . q „,«!, • • •> ««) should be 

separable in a sum of n terms of the form a.^,.. a„). From the first 

of expressions (2.60)- we then see that p^. is a function of q^ and ai,. . ., a, 
only. Since all the momenta p^ are periodic functions of the corresponding 
coordinates q^ we can then form a set of n quantities defined by 


Jk = <V PkMk 




Mk 


iQk = <t„). 


(2.63) 


where integratiou should be performed over a complete period of libration 
or rotation in each plane. The n action variables defined by (2.63) 

are functions only of the n constants ai,..Since pj^ is a periodic function 
of qk the same surface area Jj^ is retraced in the {qj^, plane during every 
period. 

There often occur slow changes in the parameters of an oscillating 
physical system and the corresponding motion can be designated as ^^nearly 
periodic"". Examples of this are given by a harmonic oscillator with slowly 
changing elasticity and by a charged particle which gyrates in a magnetic 
field which varies slowly in space and time. The action variables are then 
no longer exact constants. However, if the changes in the parameters are 
slow enough, one would expect the deviations of the action variables from 
constancy to become small. A nearer examination of this question leads to 
the problem of the so called adiabatic invariance of the action variables. 
This problem was first discussed by Burgers [1917] and Krutkow [1918] 
in earlier attempts to describe the mechanics of atoms, and has later attracted 
new interest in the field of plasma physics. As stated by Born [1925] the 
problem can be formulated as follows: 

(i) Consider a mechanical system which in an undisturbed state performs a 
periodic motion as earlier defined in this paragraph. The system is then 
associated with a number of action variables which are constants in the 
undisturbed state. 


(ii) In the equations of motion of the same system we further introduce an 
additional parameter which is a function of time. 

(iii) We now define adiabatic changes of the system as such changes due to 
the additional parameter which are not related to the periods of the system, 
and which proceed at an infinitely slow rate compared to these periods. By 
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the first part of this definition we exclude resonance phenomena between the 
periods of the system and the changes in the additional parameter. 

Proofs for the adiabatic invariance of the action variables have earlier 
been given by Burgers, Krutkow and Born for systems with many degrees 
of freedom. We shall not repeat their analysis here, but shall instead develop 
an expression for the action integral of a nearly periodic system by a method 
introduced by Kruskal [1957, 1958] and discussed by Brinkman [1959, 
I960]. For this purpose the canonical variables are written in the form 

9ft = 9fc[0(O, Pk = i’ftE^CO. t\, (2.64) 

where 0 is a periodic function of time and the explicit dependence of time 
represents changes in 9 * and which are not in resonance with the periods 
of the system. With the definition (2.64) the canonical equations (2.56) and 
(2.57) become 

IH _ ^gft A I ^gft 
bp* 2)0 .Dt ’ 

It ’ 

where the partial derivatives of the right hand members now refer to the 
special notation of equations (2.64). The Hamiltonian has the form 

E=H[q„(,0,t),p,i©,t),t-] (2.67) 

from which follows that 

( 2 . 68 ) 



For a moment we consider 0 and t as if they were independent variables. 
In the expressions of the right and left hand members of (2.69) we then 
keep t constant in all places where it occurs explicitly and integrate over a 
period with respect to 0. Since both H and p^ return to the same values 


ft-l \^9ft ^Pk J 

Combination of equations (2.65), (2.66) and (2.68) yields 

_ y / Dgjfc 2)Pfc _ bpfc _ <)gA 

t-i \ c)t 2)0/ 





26 BASIC EQUATIONS [CH. 2> § 4 

after one period under these restrictions, there are no contributions from 
these quantities to the integral. Thus, 



where the subscript indicates that time should be kept constant in all 
places where it occurs explicitly in the sense of equation (2.64). Since 0 
and t are treated as independent variables the order of integration and 
derivation can be changed in equation (2.70) and 

-f* = const.. V = I d0, (2.71) 

i.e., the action integral J* becomes constant with respect to the explicit 
dependence of time. The result is purely formal and holds only as long as one 
can introduce the variable © in the way specified here. It has a physical 
meaning only when the motion of the particle can be split into a rapidly 
fluctuating periodic part and a slowly varying aperiodic one. The integral 
(2.71) then implies that an average is taken over the fluctuation, whereas 
the slowly varying part is kept constant. 

For a system of one degree of freedom we have J* = Ji*. When the 
explicit time dependence in relations (2.64) becomes infimtely slow, the 
difference between /i* and the action variable of (2.63) tends to zero. 

For a system with many degrees of freedom it is not obvious from (2.71) 
that each of the terms should become a constant. However, there are 
cases where the motions in each pj) plane can be treated as independent 
events and the Hamiltonian (2.67) separates into a sum of corresponding 
terms. Each degree of freedom then behaves as a one-dimensional system 
and the analysis of equations (2.68) - (2.71) holds for every separate value 
of fc. Then, becomes constant and approaches in the limit of an in¬ 
finitely slow explicit time dependence. 


4. Special Solutions of the Equation of Motion 

An exact solution of the equations of motion can only be found in a few 
special cases. A number of examples will be given in the present paragraph, 
which partly serve as illustrations to the contents of subsequent chapters. 
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Consider a particle moving in a homogeneous magnetostatic field B and 
a time-dependent homogeneous electric field E. Induction effects associated 
with the time variation of E are neglected. Introduce a rectangular coordi¬ 
nate system as shown in Fig. 2.4.a with B = (0, 0, B) and with the electric 
field E = {Ex{t\ 0, in the xz plane. The equation of motion (2.36) 
then results in 
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(c) 
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Fig. 2.4. Orbits of charged particle in a homogeneous magnetostatic field JB and a homo¬ 
geneous, time-dependent electric field jE. a. Definition of coordinates, b. Constant electric 
field JE/q. The electric drift is the same for particles of both signs, c. Constant electric field 
and zero initial velocity W^, d. Electric field slowly decreasing. The rate of change of 
the electric field drift is shown on a strongly exaggerated scale, e. Electric field slowly 
increasing from zero. No initial velocity. Displacements in x direction strongly exaggerated. 


dt 


= CO 


dWv 

“dT = " 

dw^ 
d^ 


= qEJm, 


(2.72) 

(2.73) 

(2.74) 
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where cOg = qBIm is the frequency of gyration in the magnetic field, as will 
be seen later. The motion in the z direction, i.e. along the magnetic field, 
is a non-uniform acceleration according to (2.74) which separates from the 
motion in the xy plane and need not be considered further. 

For the transverse motion substitution of from (2.73) into (2.72) 
results in 

+ coS = - coIEJB. (2.75) 


The initial conditions are given att = 0 where >Vy(0) = Wyo, w^(0) = w^o and 
EJO) = Exo- The general solution of (2.75) consists of the general solution 
of the corresponding homogeneous equation together with a particular 
solution where the right hand member is included. With the applied initial 
conditions it is easily seen that the result becomes 


Wy = Wyo cos cOgt — w^o sin co^t 


4* {coJB) cos cOgt J sin co^tdt — {(oJB) sin co^t J cos co^tdt, 


= ^xo cos cOgf + Wyo sin cOgt 


+ (coJB) sin co^t 


Ex sin C 0 g^d^ + {(oJB) cos co^t E^ cos co^tdt. 


11 ^ 


(2.76) 


(2.77) 


We further integrate the expressions for Wy and w* partially once and twice, 
respectively (Lehkert [1962b]): 

Wy = Wyo cos CDgt — w,jo sin cOgt + (E,.qIB) cos <Ogt — EJB (2.78) 


r* djE r* dB 

(1/B) cos (Ogt I cos cOgtdt + (1/B) sin cOgt I sin cOgtdt 


and 


Wjc = w*o cos COgt + Wyo sin cOgt + (E^olE) sin cOgt 


(W)f^-(W)(§) 


■ ) cos COgt 


— (l/tOgB) cos COgt 


£ 


d% 

dt^ 


(2.79) 

COS (o^tdt — (l/OgjB) sin co^t —j^sin co^tdt, 

J 0 di 


where subscript (o) refers to initial values. 
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Qualitative discussions on the particle orbits in a time-dependent trans¬ 
verse electric field have earlier been made by Anderson et al. [1958, 1959]. 
Here we shall use equations (2.78) and (2.79) to treat the following special 
cases; 

(i) JS = 0 

The projection of the particle orbit in the xy plane is a circle along which 
the particle moves with the constant velocity Wq = (wj^ -f The 

velocity at the starting point is W^. Integration of equations (2.78) and (2.79) 
shows that the position of the particle can be described by a vector 

1 1 

a = — B X Wq cos cOgt H- Wq sin co^t, Wq = (w^q, WyQ, 0), (2.80) 

COg CUg 

extended from the centre of gyration (or guiding centre), O. The unit vector 
along JB is denoted by B = BjB and the sign of cOg is given by the sign of 
the particle charge q. We define the modulus of a as the radius of gyration 
(or Larmor radius), 

a=W^I\(o^\ = mWol\q\B. (2.81) 

For a given velocity Wq it becomes inversely proportional to the field 
strength B. The changes of the vector a correspond to a velocity of gyration 
W = da/dt = cOga x JB. (2.82) 

The motion of the particle around the magnetic field lines can be represented 
by a circulating electric current and an equivalent magnetic moment 

M=-\mB(WQlBf. (2.83) 

Observe that, for both signs of the charge q, this moment is antiparallel 
with JB. Thus, the particle moves in a way such as to create an induced mag¬ 
netic field which is opposite to the external field at the centre of gyration. 
One would therefore expect a gas of charged particles to have diamagnetic 
properties. 

Since = 0 the motion along JB takes place at constant velocity and the 
total orbit becomes a helix with a constant pitch given by wJW as shown 
in Figure 2.5. 

(ii) E = Eq — constant 

Only the first four terms of the right hand member of (2.78) remain as 
well as the first three terms of the. right hand member of (2.79). By the 
substitution 


w; = w, + £'*o/-8, 


= w,o + E^qIB 


(2.84) 
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Fig. 2.5. Motion of charged particle in homogeneous magnetostatic field B. 

equations (2.78) and (2.79) are brought back to the form just discussed in (i). 
Therefore, the motion consists of a gyration with velocity W superimposed 
on a translation with velocity Eq x B/BK This is also immediately seen 
from the equation of motion (2.36) for which the transverse electric field 
vanishes if the particle motion is observed in a coordinate system moving 
with the velocity Eq x B/B^. 

The projection of the particle orbit in the xy plane is as shown in Figure 
2.4b. When the longitudinal field vanishes the particle drifts in the y 
direction in the space between two equipotentials given by (/> = and 
0 = (^ 2 * The drift motion is also understood from the fact that the particle 
increases its transverse velocity when it “falls” from to The instan¬ 
taneous radius of gyration then becomes smaller at then at <^ 2 * Observe 
that the electric drift is the same for particles of both signs. Especially when 
the initial velocities w^q and Wyo are zero the orbit becomes a cycloid as given 
by Figure 2.4c. 

(iii) Periodic electric field E 
For a transverse electric field 

= Exq cos (X)t (2.85) 

oscillating with the frequency co equations (2.76) and (2.77) can immediately 
be integrated. After applying some well-known trigonometric expressions 
the result becomes 
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Wy = ^ 3,0 COS (Ogt — w^o sin (Ogt (2.86) 

+ [Og^roZ-SCco + cjg)] sin [i(co + C 0 g)i] • sin [i(co — C 0 g)f] 

- - <»g)] sin [i(<» + (»g)f] • sin [i(co - t»g)f] 
and 

= ^xo COS co^t + m; 3 ,o sin co^t + (E^ollB) sin co^t (2.87) 

— L^xoio) - C0g)/25(C0 + cOg)] sin [i(co + co^t] • cos [i(co — cOg)^] 

+ [^jco(<^ + co^l2B(co — COg)] • cos [i(co + cOg)?] • sin [i(co — co^t]. 

Of special interest is the case of cyclotron resonance where co = cOg and 
equations (2,86) and (2.87) reduce to 

vvy = 1 ^ 3,0 cos cog^ - sin co^t - (E^ol2B) co^t sin cUg^ (2.88) 
and 

^x = ^xo COS (Ogt + Wyo sin cOgt + (ExqI2B) (sin cOg? + cOgt cos cOgO* (2.89) 

For a suflSiciently long time the last terms of these expressions will dominate 
and the transverse kinetic energy approaches the value 

+ Wy^) » (2.90) 

When the field E^^ is tuned to the g 5 n:o frequency of the particle the latter 
therefore gains energy indefinitely according to the present theory. In reality 
the energy increase will be limited by radiation and frictional losses. For 
further discussions on mechanisms which can be used to increase the energy 
of an ionized gas reference is made to Ch. 6, § 2. 

(iv) Slowly changing electric field E 


When the transverse electric field changes slowly compared with the gyro 
frequency, i.e. when | (AEJdt)l{(OgE^ | is much less than unity, the integrals 
of equations (2.78) and (2.79) become very small and can be neglected. This 
is easily seen when EJt) is expanded in a power series in t. If the subsitution 
(2.84) is introduced it is found that the motion in the present approximation 
will consist of a gyration with velocity superimposed on a translation with 
the drift velocity E x which varies slowly in time. 

A sketch of the orbit in a slowly decreasing field E^ is given in Figure 2.4d, 
where the rate of change of the electric drift E x BJB^ is shown on a strongly 
exaggerated scale and the small displacements in the x direction have been 
left out. 




32 


BASIC EQUATIONS 


[CH. 2 , § 4 


Especially if the particle starts from rest in a field which increases 
slowly and monotonically from the initial value = 0 the orbits for an 
ion and an electron become as demonstrated by Figure 2.4e. Here the dis¬ 
placements in thedirection have been strongly exaggerated. Observe that 
ions and electrons are displaced oppositely in the x direction. In an ionized 
gas this gives rise to an electric polarization. 


4.2. MAGNETOSTATIC FIELD WITH AXIAL SYMMETRY 

We introduce cylindrical coordinates (r, q>, z) for a charged particle moving 
in the static, axially symmetric magnetic field 


B = curM = ^ (2.91) 

Denote the particle velocity by zo = (r, r<j>, z), where a dot indicates total 
time derivative. 

In the absence of electric and gravitation fields conservation of energy 
(2.38) yields 

w? + wl +wl= wl (2.92) 

The cp component of the equation of motion (2.36) leads to the relation 


('”/ 3 ) 4 (r^9) = - ^ ^ ^ 4 ( 2 - 93 ) 


since does not depend explicitly on time. Integration of (2.93) yields 

+ qrA^ = + qr^A^^ = (294) 

where subscript (<,) refers to values at the starting point of the particle. 
Relations (2.92) and (2.94) can also be obtained from the Hamiltonian 
theory of § 3.2. Equation (2.94) expresses conservation of the generalized 
angular momentum p^. 

We apply these results to the following special problems: 

(i) Monopole field 

A magnetic field of the shape given in Figure 2.6 is represented by 

J5 = BoPo('-"-HzT^-(r,0,2). (2.95) 

where Bq k ar® constants. The singular point r = 0, towards which 
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the field lines are seen to converge, is excluded from the present discussion. 
The vector potential has only a component in the cp direction and can be 
written as 

rA^ = Boll [1 - z/(r^ + (2.96) 

as is easily seen from equations (2.91) and (2.95). The particle motion in 
this field was first studied by Poincar^ [1896] who found that the particle 
moves along a geodetic line. 

The radial and axial components of the equation of motion (2.36) are 

mr = mrcp^ -f- qr<pBj (2.97) 

and 

niz = — qrcpB,. (2.98) 

After combination with equations (2.94), (2.95) and (2.96) these relations 
obtain the forms 

mV = (l/mr){p^o “ qBolUl - zl{r^ + z^)^]} 

• - qBollll - z/ (r^ + r^)^]] + qBollz/(r^ + (2.99) 

mz = - qBollr{p^o -q^ollll - z/{r^ + z^)^]} / wr(r^ + z^)^ (2.100) 


B 



Fig. 2.6. Orbit in monopole field. 

By direct insertion is easily seen that 

z = kor, rA^ = r^A^o^ rw^ =• roH-^„ 


( 2 . 101 ) 
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satisfies (2.99) and (2.100) where is a constant which is determined by 


fco(l + “ qBololmroW^o. (2.102) 

Thus, the particle moves on a conical surface given by (2.101). The resulting 
equation for r becomes 


3 "_ = 

^ ^ — z n = ^0 
1 4- fco 


> 0 . 


(2.103) 


Relations (2.102) and (2.103) can also be derived directly from a balance 
between the components of the centrifugal force mwj^lr and all additional 
forces which act in the directions along and across B, According to Kamke 
[ 1948] the general solution of equation (2.103) is given by 

= - Co-(cl^ - and = 2t{- Cq)^ + C 3 , (2.104) 

where Ci, Cj and Cj are constants of integration. The real solution which 
satisfies the initial conditions originates from the first of expressions (2.104) 
and becomes 

J.2 {cq + [(cq + rgw^g)f/rg + rpw^of} 

Co + rlv/^ ' v • ^ 

After insertion of Cq from (2.103) we find that the particle can move towards 
the axis of symmetry only up to a minimurn radial distance 

^■min = ro I I /Wq. (2.106) 

A sketch of the orbit is shown in Figure 2.6. When the particle approaches 
the strong field region in the vicinity of the “magnetic pole” P it becomes 
retarded and is reflected. This is one example of the magnetic “mirror” 
effect which acts on a particle in a converging magnetic field as discussed 
later in Ch. 6, § 2.1 and in Ch. 1, § 3.1. 

In the monopole field the particle moves all the time on the same flux 
tube rAp = It will be shown in Ch. 6, § 2.1 that this is a property 
of the special field (2.95) which does not apply to a general case. 


(ii) Dipole field 

The orbits in a dipole field are of special interest to the study of cosmic 
rays and of the polar aurora in the earth’s magnetic field. Reviews of this 
problem have been given by StSrmer [1955], AlfyAn [1950], Lust [1953] 

and Vallarta [1961] among others. Here we shall only include a short 
discussion of forbidden regions. 
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Fig. 2.7. Coordinates used to describe the particle motion. 

Introduce a coordinate system (r, <p, z) as shown in Figure 2.7 with a 
magnetic dipole of moment at the origin and directed in the positive z 
direction. The vector potential can then be written as 

A = (0, HoMpr/Anp^, 0). (2,107) 

Since the modulus w of the total velocity w is constant according to (2.92) 
we can use the arc length / = wt along the particle path as independent 
variable instead of time. Conservation of momentum is now expressed bv 
(2.94) in the form 


f.2^ . (g/kl)csV^ 
dl 


Pq>0 

mwQ 


where 


= + (g/lgl>o4 

Wo Po 

. _ ft2o\q\Mp\ ^ 
\47rmwo / 


(2.108) 

(2.109) 


has the dimension of a length and is called Stdrmer’s unit. The magnetic 
field enters only in Cst- At infinity the angular momentum m(rw of the 
particle becomes equal tobecause rA^ vanishes when r tends to infin ity 
Ifq changes sign and the sign of <p is reversed at the same time, the equations 
are unchanged. We now restrict the discussion to y > 0. 

MaJce the transformation of all length coordinates to dimensionless varia¬ 
bles r = r/Cst, p' — p|c^^ and V = l|c^^. Expression (2.108) then reduces to 


The result does 


r' 


dr p'^ 


Wo 9'q 


s2y'. 


not contain the physical constants Mp, 


( 2 . 110 ) 


m, q and Wq. It is 
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thus sufficient to determine the orbits given by this relation. All other tra¬ 
jectories can be found immediately from a simple scaling of r, p and L This 
is also seen from the discussion of § 2.2; the Stormer unit is connected with 
the characteristic parameter of equation (2.43). For a given solution 
(/, p') the linear dimensions (r, p) of the orbit decrease with This is 
expected since decreases when the radius of gyration increases. 


The forbidden regions of the particle orbit can be obtained from (2.110). 
Introduce the angle 9 in Figure 2.7, where cos 6 = r'jp'. Consequently, 


cos^e 

p cos 0 H- 

w p' 


Since | wjw | < 1 this gives the condition 

ly cos 9 


p' cos 6 


= 2 /. 

<1 


( 2 . 111 ) 

( 2 . 112 ) 


for a particle to reach the point (/, (p\ p') if if starts from (t-q, (p^, p^) 
with a given initial velocity. Points for which the inequality (2.112) does 
not hold cannot be reached by the particle and are situated in forbidden 
regions. For special illustrations to the result reference is made to Stormer 
[1955]. A general discussion of forbidden regions will be continued later 
in Ch. 7, § 2. 

In this connexion should be mentioned that the particle orbits in a dipole 
field have been studied in a series of model experiments by Brunberg [1955, 
1956] and Brunberg and Dattner [1955]. Numerical calculations of such 
orbits are also described in a review by Vallarta [1961]. 

(iii) Field from line current 


Hertweck [1959] has earlier investigated the particle motion in the field 
from a line current of strength L Here the vector potential becomes 

A = (0, 0, Ao log (r/ri)), Ao = (2.113) 

where is an arbitrary constant which does not affect the form of the 
corresponding magnetic field B = curl A. In the z direction the equation of 
motion (2.36) gives 

'"z = gr—* = qrAoIr (2.114) 

and 

^ + (qlm)AQ log (r/rp) = (qlin)AQ log (r/ 1 ' 2 ). 


(2.115) 
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where Tq indicates the starting point. This result is also immediately ob¬ 
tained from equations (2.51) and (2.59). Further, the conservation law (2.94) 
can be combined with (2.115) to 

P = wl - rQWg,JP - (qAolmf log^ (r/rj). (2.116) 

The result can be used to calculate the forbidden regions, the border of 
which is obtained by putting r equal to zero. Two solutions r = and 
r = /*max ^rise from this. Consequently, the particle will move in the space 
between two cylinders given by and (cf. also Ch. 7, § 2.1 (ii)). The 
time required for the particle to move from to r,nax and back to is, 
by reasons of symmetry and according to equation (2.116), 

j ^max 

/It = 2 [wo - r^w^olP - («-^o/»»)^ log(2.117) 

J ^mln 

At the same time the particle drifts the distance 

frmax L 

Jz = 2 {qAolm)log(rlr 2 )-lwl-roW^o/P-(qAo/myiog^(rlr 2 )]~^(ir 

J fmin 

(2.118) 

in the z direction as calculated from (2.115) and (2.116). 

The obtained results are of special interest because they admit an accurate 
computation of the mean drift velocity w, = Az[At in the z direction. They 
can be used to test the expressions for the drift in an inhomogeneous mag¬ 
netic field according to the approximate methods described in Ch. 3, § 1. 
By making such a comparison Hertweck found the relative error in the ap¬ 
proximation of to be very small for small values of the ratio n/r between 
the radius of gyration a and the characteristic dimension 1 J5^/(djB^/dr) | = r 
of the magnetic field. For numerical results reference is made to the original 
work. 

*4.3. HYPERBOLIC MAGNETIC FIELD 

The particle orbits in the hyperbolic magnetostatic field of Figure 2.8 were 
earlier considered by AstrSm [1956] in a relativistic case. Here we shall 
present part of the results for a non-relativistic particle. 

The magnetic field is given by 

B = 2(mlg)co(.y,x,0), (2.119) 

where Cojq is a positive constant and a rectangular coordinate system has 
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y 



2(zero line) z(2ero line) 

Fig. 2.8. Motion in hyperbolic magnetic field (cf. Astr6m [1956]). a. Shape of field, 
b. Example of orbit in case (i). There are two values of for which k vanishes according 
to equation (2.114). c. Example of orbit in case (ii). There is only one value of for 

which X vanishes. 

been introduced. The equation of motion is 

w ^ 2co(~ xw^, yw^, xw^ - yWy), (2.120) 

Due to the symmetry with respect to the z direction the z component of 
this equation is immediately integrated to 

W* = Co(x^ - y^) - Cl, Cl = Co(xl - 3 ;g) - w.q. (2.121) 

Since 

(B • V)w, = IcqB • (x, - 0) = 0 (2.122) 

according to equation (2.119), becomes constant on a magnetic field line. 
From the energy theorem and together with (2.121) this results in 

0 <w^+w2=wJ-w,^=[wo-Co(x^-/)+Ci]- [Wo+Co(x"-/)-Ci], 

(2.123) 

which can be used to determine the forbidden regions. Consequently, the 
border between the allowed and forbidden regions is given by the two hyper¬ 
bolas 

= (ci ± Wo)/co. 


(2.124) 
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We now limit ourselves to a motion which only takes place in the plane 
y “ 0 so that Wy = 0. For the points where also vanishes the condition 

X=± (Ci ± Wo)^lci (2.125) 

has to be satisfied, where the four signs should be chosen independently of 
each other. There are three possibilities according to (2.125). Consider 
positive values of q: 


(i) Four real roots 


Then, \ci\> Wq and > 0. Introduce the parameters 

Cj = [2wo/(vi'o + Ci)]^, 01 = 1 - cl 
and the new dimensionless variables 

x' = C2 {CoI2Wq)^X, t' = (2CoWo)^f/C2- 
For Wy = 0 equation (2.123) yields 






dt'J 


According to Jahnke and Emde [1945] the solution becomes 

x' = dn t' 

with the elliptic function dn t'. Further, from equation (2.121) 
z = Wq + 2wo(dn^t' — l)/c2. 


(2.126) 

(2.127) 

(2.128) 

(2.129) 

(2.130) 


After having introduced dz/d/' instead of z this relation can be integrated to 


z = 


2W( 

Co 


zat’ - ciCt'l2 K 


(2.131) 


where the Jacobian 2!leta-function zn f is periodic with the period 2K, and 
C and K are elliptic integrals defined by Jahnke and Emde among others. 


(ii) Two real and two imaginary roots 

With the new variables x' and t" = (IcqWo)^ equation (2.123) now 
becomes 


+ P-132) 
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where = I/C 2 and c| = 1 — C 4 . The solution is the elliptic function 

x' = cnr". (2.133) 

From (2.121) we now obtain after integration 

+ (2.134) 

where E is an elliptic integral defined by Jahnke and Emde among others. 

(iii) No real roots 

This case is not of physical interest since the velocity becomes purely 
imaginary. 

In case (i) the path resembles that of a trochoid as shown in Figure 2.8b. 
In case (ii) the path crosses the zero line at the centre of Figure 2.8a, where 
the magnetic field vanishes and the crossing points are centra of symmetry 
of the path such as in Figure 2.8c. The magnetic field has opposite directions 
at opposite sides of the zero line. When the particle crosses the line in case (ii) 
the orbit passes an inflexion point and the centre of curvature jumps from 
one side of the orbit to the other. For a detailed description of the orbits 
reference is made to the original paper. The orbits are of special interest in 
certain types of electronic tubes. 

♦4.4. HOMOGENEOUS TIME-DEPENDENT MAGNETIC FIELD 

Consider a homogeneous magnetic field B = (0, 0, £(t)) which varies in 
time and is directed along the z axis of a rectangular coordinate system. The 
induction law ( 2 . 1 ) then becomes 

curl £=-»£, (2.135) 

where s is the unit vector along the z axis. Further assume no space charge 
c to be present, i.e., div JE = 0 according to ( 2 . 7 ). This condition and (2.135) 
are satisfied by 

JE= -i(zx p)B, (2.136) 

where p is the position vector. Introduce the gyro frequency C0g(t) = 
and the equation of motion (2.36) can be written as 

P + i(« X p)Wg + ex p(Og = 0. (2.137) 

With the substitution Ci = x -\- iy and i = (— 1 )^ the x and_y components 
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of (2.137) can be combined to 

Cl + iWi + = 0. (2.138) 

By means of the additional substitution 

C = Cl exp (- iz / cOjd/) (2.139) 

equation (2.138) is transformed into 

C + He = 0, (2.140) 

as earlier shown by Hertweck and Schluter [1957]. This equation is 
identical with that of a harmonic oscillator with a restoring force that varies 
in time. A discussion of such an oscillator will be performed later in 
Ch. 4, § 2 in terms of approximate methods. 

The solution of (2.140) for an arbitrary function a>g(t) leads to involved 
calculations. Here we shall only consider some simple special cases: 

(i) cOg = cOgo cos (Oot; coq and cOgo constant 
Equation (2.140) then has the form 

+ ^(l + cos2z')C = 0 (2.141) 

or ocoq 

if we put t' == cO(,t. Equation (2.141) is a Mathieu differential equation which 
has been frequently discussed in the mathematical literature. 

(ii) cOg = a)go(t/to )*'’ where v i s an in teger and tp constant 
Equation (2.140) becomes 

^^2 + ^ot'X = 0, (2.142) 

where t' = i/to and Cq = i(Ogo^o)’“- According to Jahnkk and Emde [1945] 
the solution is 

C = [2ct(v + 2)-‘ + (2.143) 

where Ziy(,+ 2 ) = Ci/i/(v+ 2 ) + C 2 JVi/(v+ 2 ) is a linear combination of the 
Bessel functions J’i/(v+ 2 ) and N^y+z) with the real or complex constants 
Cl and Cz of integration. 




CHAPTER 3 


ORBIT THEORY 

There are comparatively few cases where the exact solution can be found 
to the motion of a charged particle in a magnetic field. Already for a dipole 
field the situation becomes rather complicated as is readily demonstrated 
by the trajectories found by StSrmer [1907, 1930, 1934, 1936, 1955]. A 
detailed analysis of the orbits of a charged particle is of special value e.g. in 
applications to cosmic ray physics. They are necessary whenever the particle 
energy is high enough for the radius of curvature of the orbit to become com¬ 
parable to the characteristic dimensions of the magnetic and electric fields. 

On the other hand, in some of the most important applications to cosmical 
physics and to plasma experiments the particles are immersed in very strong 
magnetic fields which reduce the radius of gyration to quite small values. 
The essential features of the motion can then be described by a circle-like 
gyration superimposed on the drift of a guiding centre. In such cases it does 
not become necessary to determine the detailed structure of the particle 
orbit. A first order perturbation theory on the guiding centre motion was 
developed by Alfv]6n [1940, 1950] who also discussed the limitations of the 
involved approximations. The theory provides simple methods for detailed 
calculations of the mean particle motion and also simplifies its physical 
interpretation. Reviews and discussions of this subject have been presented 
by Spitzer [1952, 1956], Allis [1956], Linhart [I960], Chandrasekhar 
and Trehan [1960], Rose and Clark [1961], Ferraro and Plumpton 
[1961], and Alfv^n and Falthammar [1963]. Recently the results have 
been generalized by Hellwig [1955] and Vandervoort [1960] to include 
relativistic effects (see Ch. 9, § 4). These authors as well as Boguuubov and 
Zubarev [1955], Kruskal [1957], Brinkman [1959] and Northrop [1960, 
1961] also discuss higher order approximations of the perturbation theory. 

1. Motion of the Guiding Centre 

Before a detailed study of the particle orbits can be undertaken, we have 
to specify the starting points of the perturbation theory as well as the signif- 
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icance of introduced approximations. Assume with Alfv^n [1940, 1950] 
that the magnetic field variations in space and time are small within a Larmor 
radius a and a Larmor period 2n/a>^, i.e.. 



This should apply to all components Bj of the magnetic field and to all 
space coordinates x*. The time derivative in equation (3.2) refers to a frame 
of reference which follows the particle. We further assume relations equiv¬ 
alent to (3.1) and (3.2) to be valid for any external force field F which inter¬ 
acts with the particle. 

According to conditions (3.1) and (3.2) the particle should experience 
only small relative variations in B and iP during a Larmor period. One of 
the consequences of this is that we have to avoid excessively large longitudi¬ 
nal velocities. Therefore, the longitudinal force jF|| = jP • B/B and the 
corresponding acceleration should remain sufficiently small (cf. Kruskal 
[1958]). However, this should not be interpreted in the way that jP|| must 
vanish identically. In certain cases the magnetic field inhomogeneity may 
namely produce effects which partly balance that of P '11 and by which the 
longitudinal velocity becomes limited even in presence of a longitudinal force 
field (cf. Alfvi§n and FXlthammar [1963] and Ch. 7, § 3.1). 

We also have to impose a restriction on the transverse force Pj^ = P — P||. 
Thus, the latter should not be allowed to give rise to a transverse particle 
velocity and a Larmor radius which become large enough to invalidate con¬ 
ditions (3.1) and (3.2). A further discussion of the restrictions imposed on 
P|l and Px by the perturbation theory will be made in § 1.3 of this chapter. 


Finally, the reactions of the individual particle on the fields B and P are 
neglected and the latter are treated as given constraints. 

With these basic assumptions we now write down the equation of motion 
(2.36) in the form 



= — + w X. B, 
9 




(3.3) 


The left hand member of this relation and the last term of its right hand 
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member have the same forms as the corresponding terms of the dimension¬ 
less equation (2.42), where the parameter corresponds to a. 

There are at least two ways in which we can interpret the parameter e. 
Firstly, choose the characteristic length L^, in equation (2.43) equal to that 
of the magnetic field and put equal to the time during which the external 
fields are “seen” to vary appreciably, as observed in a frame following the 
particle. Then, and s become equal to the ratio between the gyro period 
and this time. Secondly, put instead equal to the Larmor radius and 
equal to the gyro period. Then, and e become equal to the ratio between 
the Larmor radius and the characteristic length of the magnetic field. In both 
cases we therefore see that s is a small quantity when the magnetic field is 
very strong. Then, the gyro period becomes short compared to the charac¬ 
teristic times of the external fields and the Larmor radius is much less than 
the characteristic lengths of the same fields, as required by our basic assump¬ 
tions (3.1) and (3.2). Of course, this does not imply that we can simply neglect 
the left hand member of equation (3.3); this is only justified in some special 
cases. Instead, a sequence of refined approximations to the real particle orbit 
will be obtained from an expansion in terms of the “smallness parameter” s. 

Now turn to a study of the particle orbit on the basis of equation (3.3). 
According to Ch. 2, § 4.1 (i) the orbit in a homogeneous magnetic field has 
the form of a helix and can be described by a velocity Wq of gyration super¬ 
imposed on a motion of the guiding centre. The particle position is then 
given by ^ ^ ^ 

p(t) = C(t) + eCjL cos co^t + eSi sin co^t = C + a, (3.4) 

where C(t) indicates the position of the guiding centre which “slides” along 
a field line. Further 

eCi = JB X Wo/co,, eSi = WJco, (3.5) 

are two perpendicular vectors, each of modulus a. 

Starting from these results we now make the transition to slightly in¬ 
homogeneous fields B and P which satisfy conditions (3.1) and (3.2) and the 
assumptions made at ,the beginning of this paragraph. The path will then 
deviate slightly from that given by the solutions (3.4) and (3.5). We therefore 
try an expansion for the position vector as suggested by Boguljubov and 
Zubarev [1955] and by Kruskal [1957] (see also Brinkman [1959]): 

00 

p{t) = C(t) + cos [vS(f)/s] + s,(f) sin [v5(0/e]} 

^ C(t) + 0 ( 0 . 


(3.6) 
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Here dC/d<, C^t) and SJt) are slowly varying functions of time. The gyra¬ 
tion is associated with S/s which is a rapidly fluctuating periodic function 
due to the smallness of s. 

Berkowitz and Gardner [1959] have shown that the expansion (3.6) is 
a correct asymptotic series for the true particle trajectory. In other words, 
this implies that the form (3.6) can be used for the exact solution of the 
equation (3.3) of motion. 

In a homogeneous magnetic field and with F ~0 expression (3.6) should 
approach eq. (3.4) in such a way that and S, disappear for v > 1 and S 
becomes equal to Bt. For inhomogeneous fields, B and F, the expansion (3.6) 
implies that the particle should still perform a non-oscillating drift given by 
C(t) superimposed on an oscillating motion described by o(r). The vector 
a(t) connects the particle with the centre C(t) of gyration. To lowest order 
(v = 1) the former represents a gyration around the field lines at the gyro 
frequency. To the motion which results from the first order solution of a are 
added some small corrections which originate from the higher order terms 
of the expansion (3.6). These terms oscillate at multiples of the gyro fre¬ 
quency and with amplitudes which are at least of order e compared to the 
modulus of o. 

So far we have not specified exactly what is meant by the radius of gyration 
in higher order. As a matter of fact, the coefficients of equation (3.6) are 
determined first when the expression for p is substituted into the equation 
(3.3) of motion and the latter is being solved. The coeflEicients will then con¬ 
tain the given fields B and F. Whenever we discuss orbit theory in higher 
order in this volume we shall use a for the total oscillating part of the particle 
motion as defined in (3.6). We also remember that | a | in fost order becomes 
identical with the expression (2.81) for the Larmor radius. 

To be able to solve (3.3) we have to use expressions for the fields B and F 
in terms of the particle position. Therefore expand the fields in Taylor series 
around the centre C of gyration; 

B[p(t)]=Bc + f (3.7) 

V=1 

and 

F[p(t)] = Bc + Zi(«-»"r^o (3.8) 

V=1 

where subscript (c) indicates quantities evaluated at the instantaneous centre 
C{t) of gyration. 
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With the present starting points and assumptions we are now in a position 
to study the guiding centre drift in detail. 

1.1. FIRST ORDER ORBIT THEORY 

In a first approach to our problem we neglect higher order effects and 
shall, on somewhat intuitive grounds, determine the first order equation of 
motion of the guiding centre. The approximations which are used in this 
connexion will be further examined in § 1.3. Introduce from equation (3.6) 

u = dC/dr, W = da/dr, w — u + W, (3.9) 

Here the total velocity w of the particle is divided into a velocity u of the 
guiding centre and a velocity W of gyration (Larmor motion). The latter is 
perpendicular to JB in first order. When the notations of (3.9) are substituted 
into (3.3) we obtain 

diA 

m - — Fq — qu X Bq — qW x AB 

dW 

- qu X AB + qW x jBc - — + AF. (3.10) 

Expressions 

AB==B(p)^Bc^{a’V)Bc , AF = F(p) ^ F^: ^ F)Fc (3.11) 

indicate the deviations of B and F from the values Bq and Fq at the 
instantaneous guiding centre in terms of the derivatives at the same point. 
The magnitude of these deviations is determined by the field variations over 
the Larmor radius a. 

The variations of B and the influence of F perturb the gyration only very 
little. As a first approximation we therefore represent the oscillating motion 
by the expressions (2.80) -- (2.82) for a and W mo, homogeneous magnetic 
field. The second and third terms of the right hand member of equation 
(3.10) then nearly cancel. Their difference is balanced by small oscillating 
contributions from the rest of the same member as well as from the last term 
of the left hand member of equation (3.10). 

As a matter of fact, a detailed analysis of these oscillations is not needed 
here because we are merely interested in the mean behaviour of the particle 
orbit during a gyro period Izjco^, Therefore, we now multiply (3.10) by 
(coJ2K)dt and integrate over a g 5 n:o period. Introduce to indicate mean 
values of any quantity x during such a period. Then, equation (3.10) re- 
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m — = Fc qu X Be -h q(W x AB}, (3.12) 

In the deduction of this result we have made use of the fact that dC/dt = 
= M « <u> is a slowly varying function during a gyro period, and that 
<a;t) = ( ^fc) = 0 the sinusoidal time variation of the components 

of a and W in first order. Disregarding the last term of (3.12), which con¬ 
tains the magnetic field inhomogeneity, the result looks at a first sight 
equivalent to the equation (2.36) of motion. However, equation (2.36) con¬ 
cerns the detailed, oscillating particle motion at velocity w, whereas (3.12) 
represents the motion of a kind of equivalent particle. The latter is connected 
with the centre of gyration which changes its velocity u only little during a 
Larmor period. 

Already at this stage the effect of the magnetic field inhomogeneity on the 
drift motion can be analysed by some simple physical arguments applied to 
the last term of equation (3.12). As seen from a coordinate system which 
follows the particle, both W and AB oscillate with the gyro frequency and 
there is a net contribution from their vector product during a gyro period. 

When the modulus of the magnetic field strength has a gradient VB along 
B the field lines will converge and a force qW x AB arises as shown in 
Figure 3.1. This force tends to repel the particle from regions of high field 



Fig. 3.1. Forces acting on a particle moving in an inhomogeneous magnetic field with 

VB along JB. 

strength and is the basic mechanism of a magnetic “mirror” as discussed in 
Ch. 6, § 2.1 and in Ch. 7, § 3.1. It is also connected with the diamagnetic 
properties of an ionized gas. 
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When the magnetic field gradient VB has a component across B the force 
qW X AB due to the inhomogeneity fluctuates during a gyro period as 
sketched in Figure 3.2a. There is a mean contribution directed upwards in 


B (weaker) 


O O, 



7 

7B 


OOOOQOOOOOGOO 
B (stronger) 

(a) 


B (weaker) 

O 0 O O O O O 


TmrmTjp 



OQGOOOOGGOOOO 
B (stronger) 

(b) 


Fig. 3.2, Forces acting on a particle when VB is perpendicular to B. a. The magnetic field 
inhomogeneity AB produces a mean force directed upwards in the figure for a positive ion. 
b. The drift motion due to the inhomogeneity bias opposite directions for ions and 

electrons. 


the figure for a positive ion. This corresponds to an equivalent force which, 
in analogy with the electric field drift of Ch. 2, § 4.1 (ii) and Figure 2.4b, 
produces a drift motion to the right as demonstrated in Figure 3.2b. This 
motion is also easily imderstood from the latter figure. Thus, the total 
velocitynj remains constant and the radius of curvature is smaller for the 
lower parts of the orbits, where the field is stronger, than for the upper parts, 
where it is weaker. Ions and electrons drift in opposite directions. 

According to equations (2.80) and (2.82) a and W are perpendicular to B 
in first order. We introduce a local rectangular coordinate system with the 
z axis along B. Then, equations (2.82) and (3.11) yield 

Wx AB = cojia X B) X [(a- F)B] (3.13) 

» C0g(- a*(a- F)fi„ — a/a- F)5„ a/a- V)By + a*(a- F)5,), 

where subscript (c) can be dropped since \ AB\ /B 1. This implies that we 
assume the first derivatives of B to be constant within the Larmor radius and 
neglect second order terms in the expansion (3.7). When mean values are 
formed over a gyro period we observe that = 0 and <«/> = = 

= = Wyico^ according to (2.80). Consequently, 

<IF X ABy = - (W^llco^VB,, 


(3.14) 
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where and By are expressed in terms of B^ by means of the condition 
div jB = 0. Now 



PB 2^ BVB - B,FB, - ByVB, 
* 


VB. 


(3.15) 


This result holds because and By are much less than B within a radius of 
gyration where the curvature of the field is very small. Introduce the modulus 
M = mW^jlB of the equivalent magnetic moment given by (2.83). According 
to equations (3.14) and (3.15) the equation of motion (3.12) of the guiding 
centre then becomes 


+ ‘1^^^-MVB, M = -1^ (3.16) 

when subscript (c) is dropped. This can be done on account of the smallness 
in the variations of F and B across a Larmor orbit. Observe that the total 
time derivative of the left hand member of (3.16) refers to a coordinate 
system following the particle. However, since the variations of u across a 
Larmor orbit become very small this derivative is approximately equal 
to that in a system which follows the guiding centre motion. Equation 
(3.16) will be rederived and verified in § 1.3 by means of the expansion (3.6), 
as demonstrated by equation (3.40). 

The result (3.16) implies that the mean orbit is described by an equivalent 
particle which moves with the velocity u of the guiding centre and has an 
equivalent magnetic moment M = — MB/B. The motion can be resolved 
into components along and across the magnetic field. Scalar multiplication 
of equation (3.16) by the unit vector = B/B yields for the longitudinal 
motion 

A ^ A 

tnB’— = F-B- M(B • V)B. (3.17) 

From the vector product between BjqB^ and (3.16) we obtain the transverse 
drift velocity 

u^ = (f - MFB -m~]x (3.18) 

\ dtj qB^ ^ ^ 

Part of the acceleration within the bracket of the present equation is due to 
the longitudinal drift Wy = tc — It is produced by the centrifugal force 
which originates from the radius of curvature R of the magnetic field lines 
as indicated in Figure 3.3. The acceleration can be written as 



dw|| dUj^ 

"dr IT’ 


dw 

dt 


u 


(3.19) 
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Fig. 3.3. The longitudinal drift motion tt|| produces a centrifugal acceleration in a mag¬ 
netic field B with radius of curvature R. 


In a time interval d? the particle moves the distance \R\d9 = u^^dt along a 
field line from a point where the field strength is Bq to a point where it is B. 
The unit vector fi[| = '^ii/Wji changes by the amount 

dfi|| = fl|| - fl||o -Bo = (\R\deB- V)B 

= M||(jB-F)J§ dA (3.20) 

From well known vector identities we obtain 


(B • F)JB = - B X curl - B x curl B)JBK (3.21) 


Introduction of expressions (3.19) — (3.21) into (3.18) results in 

flMu^ 


u^ = \f-m(i + ^FB ~m X — + 

L \ WV dfj qB^ 


\W^qB 


(curl B)j., 

(3.22) 


where the limit B = 0 is excluded according to the basic assumptions of this 
paragraph. 

The inertia term within the square bracket can be determined by an itera¬ 
tion process applied to equation (3.22). With denoting the velocity given 
by (3.25) such a process implies that the expression for — u„ is substituted 
into the time derivative of equation (3.22). This yields a refined approxima¬ 
tion to the velocity u^. The process can then be repeated to obtain more 
accurate solutions. 

Among the possible sources of transverse drift motions included in (3.22) 
we notice the following; 


Up = F X BlqB^ 

' m (1 + lullW^) 


B X VB 


(external force drift), (3.23) 
(magnetic gradient drift), (3.24) 
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X 


Ue = E X 



dUj^ 

"dT 

(■bJE 

\bt 



(transverse inertia drift), 

(electric drift), 

- (polarization drift). 


(3.25) 

(3.26) 

(3.27) 


The external force drift and the electric drift are obvious from the earlier 
discussions in Ch. 2, § 4.1 (ii) and of Figure 2.4b for a particle “falling” in a 
force field and across the magnetic field. The electric drift is also obvious 
from the relativistic point of view. There always exists a coordinate system 
moving with respect to the “laboratory system” at the velocity u^. In this 
system the electric field vanishes. Observe that the electric drift is indepen¬ 
dent of the polarity of the particle charge, but not the drift in a gravitation 
field. 

When the force field or the electric field are derived only from potential 
gradients situated in planes perpendicular to B the drift motions will follow 
the corresponding equipotential surfaces. 

The magnetic gradient drift is directed along the surfaces B = const, as 
seen from equation (3.24). It consists of a first part given by the unity term 
within the bracket of the same equation. This part arises from the influence 
of the field inhomogeneity on the Larmor motion. As will be Seen later in 
Ch. 4, § 1.2 the moment M is an approximate constant of the motion and the 
first part of the magnetic gradient drift is therefore explicitly determined 
by the values of B and W. The influence of the magnetic field curvature 
appears both in the second part of the magnetic gradient drift and in the last 
term of equation (3.22). Observe that it depends on the ratio which 

is not a constant of the motion, but changes when the particle drifts along the 
magnetic field. When the field lines are straight the second part of and 
the last term of (3.22) cancel. 

The drift of a particle in an inhomogeneous magnetic field was already 
discussed by Thomson in 1906 for the special case of a field generated by a 
line current. By means of the first order perturbation theory Alfv]§n [1940, 
1950] showed that the motion of the centre of gyration closely followed the 
mean motion of the particle as calculated by StSrmer [1930, 1934, 1936] 
for a magnetic dipole field. Hertweck [1959] estimated the accuracy of 
expression (3.24) for a particle moving in the field of a line current as shown 
in Ch. 2, § 4.2. (iii). It was found that very small errors are introduced by the 
perturbation theory in this particular case. 
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As seen from an observer following an accelerated motion of the guiding 
centre there should occur an inertia force and a corresponding drift (3.25). 
The latter is quite analogous to that produced by a gravitation field. An im¬ 
portant part of this motion is given by the polarization drift of equation 
(3.27). It is due to an acceleration of the electric drift and requires a work to 
be performed on the particle by the electric field. This is clearly demonstrated 
by the simple example of Figure 2.4e. Here the particle “falls” across the 
electric equipotential surfaces while being accelerated in the negative y direc¬ 
tion in a static magnetic field. We can also understand this from a balance 
between the acceleration work and the energy extracted from the electric 
field. The latter is provided by the polarization drift and requires the 
condition 

= ( 3 - 28 ) 

to be satisiSed, provided that we restrict ourselves to small velocities for 
which (u • F)U£ » 0. Substitute Ej_ = B x into this equation and 
remember that (Wp x B) • Wje does not vanish. For we then obtain an 
expression identical with equation (3.27). 

We observe that the polarization drift has opposite directions for particles 
of different polarity. This generates a charge separation as demonstrated by 
the example of Figure 2.4e, where the paths of an ion and an electron diverge. 
The separation is of fundamental importance to the behaviour of a mag¬ 
netized plasma. As we shall see later in § 2 it can be expressed in terms of an 
equivalent dielectric constant. 

There are further effects which can be produced by acceleration of the 
transverse guiding centre motion. It should be observed that dujdt = 
= 7)uj7^t + (u • V)u^ contains contributions in addition to that which 
gives rise to the polarization drift. To take a specific example, we may men¬ 
tion the drift due to a transverse force field = qE^ of zero order. Such a 
field arises e.g. in a plasma which rotates rapidly around the axis of a mag¬ 
netic mirror field. The drift at the radial distance r from the axis produces 
a centrifugal force and a corresponding inertia drift of magnitude mu^^jqBr. 
The latter may very well provide an important contribution to equation 
(3.22). In particular, when reaches the same order of magnitude as the 
thermal velocity W, the orbits will be somewhat like that of Figure 2.4c. 
The inertia drift arising from ue is then of the same importance as that arising 
from Uji, provided that the radial distance r and the radius of curvature R of 
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the field lines are comparable as well as and The acceleration due to 
the rotation can also be taken explicitly into account, by using a frame of 
reference which rotates at thevelocityM£,as will be shown later in Ch. 7, § 2.2. 

A further analysis of the contributions to the inertia drift has recently been 
performed by Northrop [1961], who also includes a time dependence of the 
transverse electric field which is comparable to the period of gyration. 

*1.2. SCALING LAWS 

We have earlier treated the scaling laws of the exact particle motion in 
Ch. 2, § 2.2. An analogous discussion can be made with respect to the 
motion of the guiding centre. With C = C^-C and W = W^-W ws obtain 

— K 2 V'<}>' - (3.29) 

at ct 


+ ^ X curl' A' - KsW'^ (curl' A')-^ F' (curl' A'f, 
dt' 

where the dimensionless parameters are 


K, 




K, = 




= k 


u 


= 


Aoc; 




h 

c: 


Ks 


AqA^Cc' 


(3.30) 


For a set of similar configurations, in the sense of Ch. 2, § 2.2, all these 
parameters should be kept constant. Keeping K^. constant is trivial; it only 
implies that a certain distance of the guiding centre from the origin is scaled 
in the same proportion as the dimensions of the configuration as a whole. 
We can put — const. without loss of generality and drop K 4 . 

We first observe that an exact scaling of the orbit requires all constants of 
(3.30) to be taken into account. In particular, put and equal to the 
Larmor radius and the gyro period, so that = const. LJtg and Ks = 
const. K 4 . We then arrive at the same scaling conditions as earlier in Ch. 2, 
§ 2.2 for the exact equation of motion. This is understandable since a high 
accuracy is required in the determination of the particle orbit as long as the 
inertia term in (3.29) is retained. Especially the constancy of Ki and K 2 
implies that A^^/<l>^ should be constant as well as where is the 

characteristic magnetic field strength. Block [1956] has pointed out that 
this makes the scaling from cosmical to experimental conditions very difiicult. 
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As an example, the voltage in the surroundings of the earth and over a dis¬ 
tance equal to the earth’s radius is about 10"’’ V. The terrestrial magnetic 
field has a strength of the order of 10“^ V • sec • m"^. In a model experiment 
with a field of 1 V • sec • m“^ and dimensions of the order of 0.1 m we would 
then have to use voltages of the order of 10“^ V. Such values are far too 
small to be realized in the laboratory in discharges which have to be sus¬ 
tained at much higher voltages. 

The influence of the inertia term in (3.29) is small, as far as the shape of 
the guiding centre orbits is concerned. This is seen if we now choose 
Xc ^ Co and put ^ equal to the characteristic time of the transverse motion 
so that Lc/4 « When the relative variations in space and time of 
and A are of the same order as w = dC/dt all terms with primed quantities in 
(3.29) will be of order unity. Since at the same time is roughly equal to the 
ratio between the gyro period and the characteristic time of the transverse 
drift, the inertia term will give a very small contribution compared to other 
terms of equation (3.29). For an approximate scaling of the guiding centre 
orbits it is then sufficient to require that X 2 , and Ks are kept constant, 
provided that it is justified to include the electric field from the space charges 
of the plasma into the quantities <p^ and K 2 of equations (3.29) and (3.30). 
Combination of the expressions for K 2 and ^^5 then yields the condition that 
should be constant, as earlier found by Block [1956]. In such an 
approximation the influence of the left hand member of (3.29) is not taken 
into account and neither the gyration of the particle, nor the inertia effects 
and associated polarization and charge separation phenomena are scaled in 
the same way as the guiding centre orbits. 

1.3. fflGHER ORDER APPROXIMATIONS 

So far we have discussed the first order orbit theory. We shall now return 
to (3.6) and examine the situation more closely in terms of higher approxi¬ 
mations. Following Kruskal [1958] we substitute the expansions given by 
equations (3.6), (3.7) and (3.8) into the equation of motion (3.3). The result 
is a rather involved relation containing non-oscillating terms as well as a 
series of terms with different frequencies of oscillation (v = 1,2,..,). Since 
the equation has to be satisfied for all times t we have to equate the coeffi¬ 
cients for each mode separately. Thus, for non-oscillating terms we get an 
equation of motion of the guiding centre 
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sC = FJq + ■ Vf + (Sj • Vf-\Flq 

+ C X B + is^C X [(Cl • Vf + (Si • F)2]B (3.31) 

- ie&lC, X (Si • F) - Si X (Cl • F)]B 
+ l82[Ci X (Cl. F) + Si X (Si • F)]B + 0(6’). 

Here we omit subscript (c) which indicates that the fields F and B and 
their derivatives are evaluated at the centre of gyration. A dot is used to 
denote time derivatives. 

For terms with the coefiicient cos (9/e) we have 
d^Ci + 9Si X B = e(29Si + 9-Si - Ci x B) 

- eC X [(Cl • F)B] - 8(Ci • V)F/q + 0(6^) (3.32) 
and for terms with sin (9/e) 

92Si - 9Ci X B = - e(29Ci + 9Ci + Si x B) 

- eC X [(Si • F)B] - 8(Si • V)F/q + 0(e^). (3.33) 
Equations (3.32) and (3.33) are mainly connected with the gyration around 
the guiding centre. Terms corresponding to higher modes of oscillation 
(v ^ 2) will not be discussed here. 

To lowest order the equation of motion (3.31) of the guiding centre has 
the form 

F = - qC XB + 0(e), B • B = 0(e). (3.34) 

This is consistent with the assumptions made at the beginning of § 1. There 
it was stated that the longitudinal component of F should be small enough 
for large accelerations and velocities to be avoided along B; otherwise con¬ 
dition (3.2) may be violated. We further observe that the first of expressions 
(3.34) requires the transverse force field Fj^ to be of the same order as the 
transverse drift velocity. Whether F^ is of zero or first order depends on the 
specific problem to be treated. If it is of zero order one should not forget 
that it will give important contributions to the inertia drift (3.25) as stated at 
the end of § 1.1. 

Scalar multiplication of equations (3.32) and (3.33) by B and of (3.32) 
by Si gives 

Cl •B = 0(e). Si •B = 0(e), Ci • Si = 0(e). (3.35) 

Here we do not permit 9 to be of first or higher order in e since this would 
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vitiate the whole point of the representation (3.6). The result shows that the 
gyration can be described in first approximation by two vectors, and Sj, 
perpendicular to each other and to the magnetic field. Further, the difference 
between the scalar products of (3.32) with and of (3.33) with becomes 
after some deductions ^ + 0(8). (3.36) 

Thus, the vectors are equal in magnitude in the same approximation. Finally, 
combination of equations (3.32) and (3.33) yields 

3 = ^ + 0(a) (3.37) 

as expected from our basic assumptions. In fact the higher order terms of S 
can be chosen freely; this only adjusts the higher order contributions to 
Cy, and in (3.6) correspondingly. We shall return to this question in 
Ch.4, §3. 

As a consequence of the obtained results we can represent the gyration of 
the particle by 

a = aCi cos co^t + sSi sin co^t + 0(8) (3.38) 

in the first approximation where 

sCi = B X Wq/co^ , eSi = TFo/cUg (3.39) 

in analogy with the solution (2.80) for the motion in a homogeneous mag¬ 
netic field. This justifies the assumptions made in the first order theory 
of §1.1. 

In (3.31) we have obtained an equation of motion for the guiding centre up 
to second order. For the special case where the spatial variations of the 
force field F are much steeper than the corresponding variations of the mag¬ 
netic field B we may still have to keep the second order contributions from F 
for a while, but neglect those originating from B. This is the case, e.g., when 
F = qE is the force from an electric field which is generated in a plasma over 
spatial dimensions that are much smaller than those of the immersed mag¬ 
netic field. By the aid of equations (3.38) and (3.39) the result then becomes 

dw 

IT “ + quxB- M7B + 0 {e^B) + 0(8®), (3.40) 

where M = mWo^jlB is the equivalent magnetic moment and 0(e^B) indi¬ 
cates terms of second order which involve derivatives of B. The contribution 
to the external force from in equation (3.40) is due to the fact that the 
gyrating particle feels” a mean force in the inhomogeneous field F which 
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is slightly different from the force Fq at the centre of gyration. This effect 
differs for ions and electrons when the corresponding radii of gyration a.^ and 
are unequal (Rosenbluth et al [1962]). In a two-dimensional case V J1S= 
= ~ differs from zero only when electric space charges are present. 

In concluding this paragraph it should be stressed that one has to be 
careful in making approximations where terms of a certain order in the 
parameter s are discarded. Important charge separation phenomena may 
arise from higher order terms only, and not from those of lowest order. This 
applies both to the equations of motion of the guiding centre and to those of 
ionized matter which will be deduced in the next paragraph and in Chapter 5. 
The relative importance of different terms in these equations is determined 
not only by their order in e but also by their mathematical form and by the 
physical effects which they represent. An obvious example of this is the 
polarization drift (3.27) which gives a contribution of order e in (3.22) as 
compared to the electric drift (3.26). The former produces a charge separa¬ 
tion, but not the latter. An omission of the former is justified as long as only 
the first order orbit is studied for a particle in vacuo. However, the same 
approximation is not applicable to the dynamics of a dense plasma where 
charge separation is of vital importance. Another example is given by the 
second order term associated with F in (3.40) which has different values for 
ions and electrons and may give rise to important charge separation effects 
under certain circumstances. Finally, two examples will be demonstrated in 
Ch. 8, §§ 2,4 and 2.5 where higher order terms enter the equations of motion 
in such a way that they have a considerable influence on the final results. 


2. Particle Flux and Currents 

The guiding centre motion is only part of the total motion of a charged 
particle. When the flux of matter, momentum and energy is calculated 
account has to be taken not only of the flux of guiding centra but also of the 
contributions from the gyration of the particles. This is essential when the 
motion has to be linked to the electromagnetic and mechanical forces which 
act on an element of ionized matter. Starting from the single particle picture 
we shall now make a first order deduction of the particle current through a 
surface element. 

The total flux of particles of density n through a surface of area S is 

= JJ nn • ic?dS = JJ nn '{u TF)dS = -h (3.41) 
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where and represent the contributions from the guiding centre drift 
and the gyration, and u and W are defined in equations (3.9) and (3.6). 
The situation is shown in Figure 3.4, where we observe that only particles 
which penetrate the area S once give contributions to (cf. Chandrasek¬ 
har and Trehan [i960]). Such particles are situated in a channel-like volume 
which follows the boundary C of the surface S, Every particle inside this 
volume cuts the surface cojln times per second. As volume elements we 
choose small discs with area na^ and thickness B * dZ. Here a is the radius of 
gyration, which is assumed to be the same for all particles at a particular 
point, and dl is a line element of C. These volume elements contain all 
particles penetrating S once. With the positive directions defined in Figure 

B 



Fig. 3.4. The total flux of particles through a surface S is the sum of the guiding centre 
flux m and a contribution from the gyration velocity W (cf. Chandrasekhar and Trehan 

[I960]). 

3.4. and with the equivalent magnetic moment M defined by (2.83) to lowest 
order we obtain 

~ ^ (ncoJ2n)na^B • dZ 

= ^ () kM • di = Jj n • curl dS (3.42) 

in first order. Consequently, we can define a macroscopic velocity (mass 
velocity) v which represents the mean flux of particles per unit area and is 
determined by 

nv = nu + curl (nMjq) (3.43) 

in the same order. The left hand member of equation (3.43) gives the total 
particle current density. It is the sum of the densities of the total drift current 
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and the magnetization current given by the first and second terms of the 
right hand member, respectively. 

In reality there is a continuous distribution of the values of as well as 
of the particles in velocity space. Then, the contributions of to the flux 
at a certain point in space should be integrated over the velocity distribution. 
For any interval of between and + d(a^) we can repeat 

the deductions just demonstrated. We arrive at relations of the forms (3.42), 
(3.43) and (3.24) where M, and Wj|^ should be replaced by their square 
mean values M, (W^) and (i/yS) in velocity space. 

In this connexion it has to be pointed out again that and are not 
constants of the motion of a particle. Therefore and may change in 
space and time on account of the particle motion. 

For the flux density nv of a certain kind of particles we can now write 
down an explicit expression by the help of equations (3.43) and (3.22). 
From some well-known vector identities 

nv = 72iC|| + nu^ — curl {nmW^BjlqB^) (3.44) 

= + nF X BjqB^ -h nm{W^ - 2wf)FJ5 x B/lqB^ 

+ nm(ufi — (curl — nm ^ x BjqB^ 

- inmi^(cnxlB)iilqB^ - V{nmW^) x B/lqB^. 

Here we can write Wy = iC|[ + Up where 'W|| is the mean longitudinal drift 
of the particles at a particular point in space and U\\ is the “thermal” part of 
the longitudinal drift velocity. For a symmetric distribution of ti|| around 
W|l = 0 in velocity space (such as a Maxwellian distribution) we have 
(•U|l • ieji) = 0. Introduce the mean kinetic energies per particle 

j?C|l = = im(uj| + wjj), = ’\mW^ (3.45) 

for the longitudinal motion and the gyration, respectively. Since the thermal 
motion is usually much more rapid than the mean motion we have 
and jR^ii and Kj^ will represent the longitudinal and transverse “temperatures” 
of the particles. 

It should be pointed out that a definition of local values of the mean kinetic 
energies (3.45) makes only sense when the longitudinal and transverse drifts 
of the particles are slow compared to the rate at which the velocity distribu¬ 
tion changes. Thus, to be able to define mean values (3.45) we have to 
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assume that a coupling due to collisions is operative between different parts 
of the velocity spectrum. We can still assume the system to be approximately 
dissipation-free. To take a specific example, this statement means that we 
could assume the particles to have velocity distributions which are nearly 
Maxwellian due to the effect of collisions, and still neglect Ohmic and viscous 
dissipation. 

With the present notations equation (3.44) can be written as 

W|l = riu\\ — nK^ (3.46) 

and 

nuj. = nJ" X BjqB^ + n(Kj_ - 2K„)(rB x curl B) x BjqB^ 

— V(nKx} X BjqB^ — nm x BjqB^. (3-47) 

These equations have been deduced from a first order theory and should 
be used with care when higher order approximations are concerned. This 
applies especially to the inertia terms. For a more accurate evaluation of the 
total particle flxix we have to use higher order expressions, not only for the 
contribution from the guiding centra, but also for that originating from the 
Larmor motion. Further considerations of this problem will be made in 
Ch. 5, §2. 

Observe here that the longitudinal flux of particles is not only given by the 
contribution «M|| from the guiding centre drift in equation (3.46). There is 
also a contribution from the gyration which is connected with the curvature 
of the magnetic field lines. Further, the contributions from the derivatives 
of the magnetic field to the transverse flux of (3.47) will vanish when the 
velocity distribution is isotropic and = 2 K^\. 

Up to this point we have not discussed the balance of forces in the longitu¬ 
dinal direction. For this purpose consider a volume element of thickness ds 
which is bounded by two surfaces of areas S and 5 -b dS' as shown in Figure 
3.5. The surfaces are perpendicular to the magnetic field lines and enclose 
the same magnetic flux ^ = B • S. Particles inside the element are subject 
to a volume force nF • B — nM(B • fr)B in the longitudinal direction 
according to equation (3.17). In addition, there is a pressure force 2 nK^^S = 
p^S on each of the bounding surfaces in the longitudinal direction. The 
resulting total force is balanced by the longitudinal inertia force of the total 
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Fig. 3.5. Volume element of thickness dy which is bounded by two surfaces of areas S 
and iS + dS. The latter are perpendicular to the magnetic field. 


mass idow. Thus, 



= n[jP • B - M(B • F)B]Sds - ^ {2nK\\ S)ds. (3.48) 

OS 

Using the definition of M and the relation S = = const./jB we obtain 

= ”^ll - - 2K|l)»"ll^ - »"||(2»J^||M3-49) 

as the equation of motion of the mass flow in the longitudinal direction. 
The connexion of equations (3.47) and (3.49) with the macroscopic theory 
will be discussed more in detail in Ch. 5, § 2. 

In closing this paragraph we shall consider the special case were the kinetic 
energies and are small enough for the electric field drift to provide 
the only inertia effect of importance. We also linearize the problem by putting 
dujdt = lUEl'dt, For a gas mixture of ions and electrons the electric current 
density then becomes 

— — "bE 

3 = Jii + ii « enl{u^^ i + Me) - enj[u^\ . + Me) + 8., (3.50) 

where 

fieq = (n^m^ 4- (3.51) 

If expression (3.50) for the current density is substituted into equation (2.2) 
we see that the gas behaves like an anisotropic dielectric medium with the 
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dielectric constants Sq and Sq + ^eq ^ l^he longitudinal and transverse direc¬ 
tions, respectively. Tliis result has been deduced under the assumption of a 
small thermal energy and is by no means of general validity. Thus, the behavi¬ 
our of a plasma cannot always be described simply by a substitution of 8 q 
by 8 o + ^eq ^ transverse part of (2.2). Instead we have to investigate 
every particular problem in detail before such a substitution can be justified. 
This should be done with special attention to charge separation phenomena. 

In special cases, such as when plane elementary waves are to be studied and 
there is no need to write down equations for plasma motions of arbitrary 
form, it is of course possible to connect E and jB by an equation analogous 
to (2.2). A dielectric tensor then replaces 80 ? hut it becomes a function of the 
frequency co of the wave at the same time (cf. Delcroix [I960]). Since the 
tensor depends on the properties of the particular wave motion, it is not a 
simple constant like (3.51) which is determined by the mass density and the 
strength B only. 

* 3. Hamiltonian Formulation of the Guiding Centre Approach 

So far we have applied the perturbation theory directly to the equation of 
motion of the particle. Alternatively, the Hamiltonian formalism of Ch. 2, § 3 
can be used as a starting point in a development where the particle motion 
is divided essentially into a gyration around the field lines superimposed on 
a guiding centre drift. Approaches of this kind are due to Gardner [1959] 
and Taniuti [1961]. 

Following Gardner we study a charged particle moving in an electric 
field E, and in a magnetic field B which has no zero point in the actual 

A 

regions of space. We assume the longitudinal component JEJ • J5 to be of 
order 8 . Here e is the dimensionless “smallness parameter” defined in § 1. 
It represents the ratio between the Larmor radius and the characteristic 
dimensions of the electromagnetic field as well as the ratio between the gyro 
period and the characteristic times of the same fields. Thus, we impose the 
same restrictions on the motion as those given by conditions (3.1) and (3.2) of 
the orbit theory. Since both E and B should vary slowly in space and time 
we write the potentials AL and of equations ( 2 . 8 ), ( 240 ) and ( 2 . 21 ) in the 
following manner: 

qA{p, t) = A'{sp, St) = i ccF/S, 


(3.52) 

(3.53) 
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Here we have used the gauge with = 0 in equation (2.21). As compared 
to Ch. 2, § 1.2 the definitions are now slightly modified in the way that a 
factor q is included in aF)S and the scalar quantities a and p are understood 
to be functions of sp and at. Since e is small compared to unity the slow 
relative variation of .4 and (j), and of E and B, in space and time is expressed 
directly by means of the forms (3.52) and (3.53). A gravitation field arising 
from the potential <j!>g can easily be included here, but will be left out for the 
sake of simplicity. 

When the generalized coordinates are rectangular coordinates and the 
corresponding momenta pj^ are determined by (2.61) the velocity to of the 
particle is given by 

mw = p — (q/e)A' (3.54) 

and the Hamiltonian (2.62) becomes 

We shall now change the representation to a new set of generalized coor¬ 
dinates and momenta (q^, q 2 , q^', PuPi^Ps) by means of a canonical trans¬ 
formation. In this new representation the motion should be split essentially 
into three parts corresponding to the gyration velocity W and the longitu¬ 
dinal and transverse drifts M|| and Uj^ of the first order orbit theory. For 
this purpose we try to use a generating function of the form discussed in 
Ch. 2, §3.1.: 

G(x, y, z; pi, Pi, P 3 ’, t) = -Pz + ^ Pi + - -PiPs. (3-56) 

o c o 


where s(ep, st) corresponds to the arc length measured along a magnetic 
field line. Conditions (2.58) for the canonical transformation immediately 
yield 

<x = api + eq 3 , = sq^ + ep^, s = sqi, (3.57) 




(3.58) 


and a new Hamiltonian 


(3.59) 
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where use has been made of equations (3.57), (3.58) and (3.52). When 
in the first of relations (3.57) is substituted into (3.58) we obtain 



Observe that in the new representation the particle motion has three degrees 
of freedom which now correspond to pi), {q 2 , P 2 ) and (^ 3 , p:^- 

According to equations (3.58) and (3.54) p 2 iP^, are essentially compo¬ 
nents ofvelocity and should therefore be of order unity, since (l/e)(V^^jfc) = 
= ^/c)(ex,fc) and s, a, are essentially geometric coordinates. Then equation 
( 3 . 57 ) shows that ajPi, sq^, zq 2 are essentially geometric coordinates of order 
unity and 8 ^ 3 , zp^ are small deviations, of order e, from the positions a, p in 
planes perpendicular to B. In first order (q^, Ps) therefore represent the 
velocity PT of gyration. The variables {zq 2 ^p 2 ) correspond to the coordinate s 
and the velocity Wy of the guiding centre along B. Finally (e^^, 8/?i) represent 
the position of the guiding centre on the field lines and its drift across B. 
Only in a first approximation can the three motions TF, M|| and be as¬ 
sociated with three degrees of freedom; in higher approximations there will 
be a coupling between them. Such a coupling is also connected with devia¬ 
tions from the adiabatic invariance discussed in the next chapter. 

The obtained form (3.60) of the Hanoiltonian can be made plausible by 
means of some simple arguments. Since a, p, s are defined for a time-depend¬ 
ent magnetic field, the field lines act as moving constraints and the particle 
will “slide” on them like a bead on a moving wire. Then, the Hamiltonian 
will not be connected with the total potential energy from the work of the 
electric field B. It will only contain the work of such forces which are con¬ 
sidered as “external” or “applied” forces in the new representation. Thus, 
we have to exclude the part of the work which is now considered to originate 
from forces of constraint, i.e., from the motion of the field lines. 

The work of the forces of constraint is of two types. Firstly, their trans¬ 
verse component gives a contribution when there is a displacement of the 
field lines in the transverse direction, i.e. when and QiP/'bt) differ from 
zero. This produces a work by the transverse force of constraint, like that 
performed on a bead which slides on a moving curve of constant shape. 
Secondly, a contribution arises when the length of the field lines varies and 
Qisl'dt) differs from zero. This produces a work similar to that which is 
generated when a bead slides on a ring-shaped elastic wire, the radius and 
arc length of which change in time. 
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To connect these physical pictures with (3.60) we now consider the total 
work qE • dl performed by the electric field, as given in equation (2.23). 
One of the terms in the expression for this work is (l/e^) 0>P/'bt) (Fa) • dl 
~ (1/e^) (boL/lit) (VP) • dl with the present notation. The gradients of 
a and p can each be divided into two contributions according to equation 
(3.57). One is due to p^) and the other to (q^, pi). The latter comes 
mainly from the drift of particles across the magnetic field and is therefore 
responsible for the transverse work of the forces of constraint. In addi¬ 
tion, the longitudinal work of the same forces should be of the form 
( 1 /e) (— 'bsl'dt)p 2 i since ( 1 /e) (bs/T^t) represents the rate of change of the arc 
length along B and p 2 lfn the longitudinal velocity. Thus, from the energy 
corresponding to the integral of — JS • di we subtract the transverse and 
longitudinal works of the forces of constraint, and add the kinetic energy 
to get the Hamiltonian. This results in an expression of the form (3.60), 
where the last two terms represent the part of (7^P/'dt)VQc — ('boc/'bt)VP which 
remains when this subtraction has been made. 

The coefficients in (3.60) are evaluated in terms of (g^i, q 2 , q^\pi, 
by use of relations (3.57) and by setting =z sp^, P = sq^ and s = 8 ^ 2 - We 
now expand if' in powers of q^.pz since the terms sg^ 3 , ^p^ in equations (3.57) 
are of order 8 and spi are of order unity. Then, the Hamiltonian has the 

form 


H' = i. 

8 

The first terms in this series are 


and 


Ho^im\wl + feY 

L \m/ 


Here we have defined 


r_i +Ho + sHj, + - 

(3.61) 

e 

(3.62) 

\ Ejl 

ms \lt } J3^j 

(3.63) 

- -Ex BIB\ 

(3.64) 


In first order this expression becomes equal to the velocity of gyration W, 
since the second term of the right hand member corresponds to M|| and the 
last term approaches according to equation (3.34). 

Especially for a static electromagnetic field treated by Tamtjti [1961] all 
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terms of (3.60) vanish which have an explicit time dependence. In a first 
order theory we can define the velocities according to (3.9) and the magnetic 
moment M == mW^jlB is given by equation (2.83). The transformed Hamil¬ 
tonian then reduces to 

= +MB + (3.65) 

As we shall see in the next chapter the magnetic moment is an approximate 
constant of the motion in first order. This implies that the explicit depend¬ 
ence of the gyration has disappeared in (3.65) which has effectively been 
reduced to only the mean motion of the guiding centre. The term MB behaves 
here like an additional potential energy. Among other things, this equivalent 
potential will appear in the magnetic mirror effect acting on the gyrating 
particle as discussed in Ch. 2, § 4.2(i), Ch. 6, § 2.1 and Ch. 7, § 3.1. The 
present result (3.65) is also what should be expected from the equation of 
motion (3.16) of the guiding centre in a slowly varying electromagnetic 
field. The forms of equations (2.36) and (3.16) differ only by the ‘‘magnetic 
gradient force”, — MVB. 

In Ch. 4, § 1 we shall see that canonical equations can sometimes be defined 
also for the mean motion of particles which oscillate between two magnetic 
mirrors and drift around a field configuration in nearly closed orbits. 



CHAPTER 4 


ADIABATIC INVARIANTS 

The orbit theory of Chapter 3 shows that the complicated motion of a 
charged particle often can be described quite accurately by a superposition of 
a drift motion and a gyration. Both these motions change slowly during a 
Larmor period. In fact, the behaviour of the particle is characterized by a 
number of quantities which change slowly enough to become approximate 
constants of the motion. They are not exact integrals of the latter, but will 
approach a constant value in the limit of infinitely slow variations of the ex¬ 
ternal parameters. Quantities which behave in this manner are denoted as 
adiabatic invariants. As we shall see here and in Chapter 5, § 2.2 these in¬ 
variants are also directly connected with the adiabatic compression of ionized 
matter in a magnetic field. 

A unification of the investigations made so far on adiabatic invariants has 
recently been presented by Kruskal [1962]. 

1. First Order Theory 

That the equivalent magnetic moment of a gyrating particle is an approxi¬ 
mate constant of the motion was first realized by Alfvj§n [1940, 1950]. 
This property greatly simplifies the analytical treatment of particle orbits in 
terms of the perturbation theory of Ch. 3, § 1. Alfv6n’s investigations were 
inspired by studies of the aurora and of cosmic radiation. In later investiga¬ 
tions on the acceleration of cosmic radiation Fermi [1954] proposed a 
mechanism where particles move along the field lines and ‘‘bounce” between 
two magnetic mirrors which approach each other. This mechanism is con¬ 
nected with the longitudinal invariant suggested by Rosenbluth [1956] and 
further developed by Northrop and Teller [I960], as demonstrated in 
§ 1.3 of the present chapter. In a study of the Van Allen belts in the earth’s 
magnetic field the latter authors also have defined a flux invariant. This in¬ 
variant is associated with the magnetic flux enclosed by the orbit of the 
guiding centre motion. It is closely related to the conditions for flux-preser¬ 
vation and for ionized matter to be “frozen” in a strong magnetic field. 



[CH. 4 , § 1 


68 ADIABATIC INVAMANTS 

1.1. GENERAL CONSIDERATIONS 

Before a detailed analysis is undertaken we shall make some simple con¬ 
siderations on the three invariants just mentioned. According to equations 
(3.6) and (3.9) the particle motion consists in first order of a gyration at the 
velocity W and a drift motion with longitudinal and transverse components 
W|j and Wj_. The position vectors of the particle and the centre of gyration 
are p and C, and a = p -- C is a vector connected with the Larmor radius. 

There are at least three periodic motions which the particle may perform 
simultaneously in a field such as that sketched in Figure 4.1. Firstly, it will 



Fig. 4.1. Periodic motions of a charged particle in a magnetic field, a. Gyration at velocity 
W around the field lines and with the gyro period b. Oscillations between magnetic 
mirrors at velocity M|| along the field lines and with the period r ||, c. Repeated drift around 
the whole configuration at velocity w_l across the field lines and with the period t J- 

gyrate around the field lines at the velocity W and with the gyro period 
= 2%! I (Dg I as shown in Figure 4.1a. Secondly, it may oscillate between 
two magnetic mirrors at the velocity ii|| and with the period (Figure 4. lb). 
Finally, in a magnetic field of suitable form the transverse drift orbit may 
also become closed and the particle revolves around the configuration at the 
drift velocity Uj^ with a period tj_ (Figure 4.1c). Usually ^ 

It is easily seen from some crude physical arguments that there are three 
invariants associated with these motions. The situation in Figixre 4.1a is 
analogous to that of a mass point which is attached to a wire. It revolves 
around an axis at a distance equal to the radius, of gyration. The stress in 
the wire corresponds to the force provided by the magnetic field. Assume 
the system to be dissipation-free and the radius a to change slowly. Then, 
conservation of angular momentum requires mWa = mWHJ2n to be con- 
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stant. Consequently, equations (2.81) and (2.83) suggest that the equivalent 
magnetic moment M should become a constant as well. 

This is also obvious from the thermodynamic point of view. Thus, con¬ 
sider W to represent a thermal motion corresponding to a temperature 
T = mW^jlk in a gas of particle density n. In absence of dissipation a slow 
change of the radius a then corresponds to a two-dimensional adiabatic 
compression or expansion, where the density n is proportional to both 1/a* 
and to T. This implies that W^jB and M should be constant. 

We can finally assume the revolving particle to be substituted by a ring 
current in a flexible superconductor which encloses the magnetic flux na^B. 
When the radius a and the magnetic field B change slowly in time, the in¬ 
duced electric currents can only remain finite if the electromotive force 
vanishes and a^B and M become invariants. A first order proof and a simple 
physical discussion on the constancy of M will be given in § 1.2 of this chapter. 

Further, when the transverse drift from field line to field line is slow com¬ 
pared to the longitudinal oscillations, the situation of Figure 4.1b resembles 
that of an elastic ball which bounces between two moving pistons. The latter 
represent the magnetic mirrors. Their motion arises from the variations of 
the magnetic field in space and time, as experienced by the drifting and 
oscillating particle. As will become obvious from the simple analysis of 
Figure 4.4 at the beginning of § 1.3, the momentum balance then requires 
to be constant. This is also to be expected from the thermodynamic 
point of view. Thus, we consider a one-dimensional compression or expan¬ 
sion of a gas in the directions along the magnetic field lines. With a tempera¬ 
ture T = muyk adiabatic changes of state require the density to become 
proportional to both (H||t||)~’' and to T^. This shows that = M||(M||t||) 
should be invariant, where M||/|| is double the distance between the magnetic 
mirrors of Figure 4.4. 

Finally, for the motion sketched in Figure 4.1c we introduce a cylindrical 
coordinate system (r, cp, z) with z along the axis of symmetry. To simplify the 
discussion we assume the particle to have no velocity along the field lines and 
to move in the “equatorial” plane of the figure where the magnetic field lines 
are all parallel with the z axis. In absence of external force fields and with 
B = curl A, the radial drift velocity then becomes u, = — (1/5) (lAJlt) 
to lowest order. When the magnetic field changes in time, the surfaces of 
constant enclosed flux, 0 — 27trA^ = const., move in the radial direction 
in the equatorial plane. It is then immediately seen that (lilt -t- u,lllr)0 
vanishes. This implies that the flux 0 enclosed by the particle orbit becomes 
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invariant for sufiSciently slow variations of the field. The orbit of the drift 
motion then behaves like a flexible ring-shaped superconductor which 
changes its radius in such a way that the induced electromotive force around 
its perimeter vanishes. In other words, the particle drift becomes flux- 
preserving in the sense of Ch. 2, § 1.3. 

We shall now make a more detailed analysis of the situation in terms 
of the action integrals of Ch. 2, § 3.3. The total motion of the particle of 
Figures 4.1a, b and c has three degrees of freedom and is represented 
essentially by the velocity W of gyration and the longitudinal and transverse 
drift velocities W|| and To lowest order these motions are also represented 
by the canonical coordinates (^ 3 , P 2 ) and epi) of Ch. 3, § 3. 

We shall first make a mean value formation over the gyration. The result is 
a system having a Hamiltonian with two degrees of freedom which describes 
the longitudinal and transverse drifts of the guiding centre and where the 
magnetic moment M is included as a parameter. Secondly, we make a mean 
value formation over the longitudinal motion of this system. We then obtain 
a new system having a Hamiltonian with one degree of freedom. It describes 
the mean transverse drift of the guiding centre and contains both M and the 
longitudinal invariant J as parameters. We shall finally make a mean value 
formation over the mean transverse drift around a configuration like that 
given in Figure 4.1c. The magnetic flux ^ enclosed by the orbit of this drift 
will then turn out to be a constant of the motion. 

We fiurst consider the total velocity ti? = w + TF of the particle in an electro¬ 
magnetic field of arbitrary shape. The generalized momentum (2.61) can be 
written as 


p ~ m{u-\-W)qA, (4.1) 

The motion to be studied is “nearly periodic” and can be treated by a method 
introduced by Kruskal [1957,1958] and described in Ch. 2, § 3.3. With re¬ 
spect to the gyration we consider the generalized momenta and space 
coordinates to have a periodic time dependence given by a function B(f) as 
well as an explicit and slow time dependence which is not related to the 
periods of the system, as stated in Chapter 2, § 3.3. The function 3 is connect¬ 
ed with the frequency cOg of gyration as indicated in equations ( 3 . 6 ) and 
(3.37). The assumption of a time dependence of the form (2.64) with 0=3^ 
is justified since it has been shown by Berkowitz and Gardner [1959] 
that the exact solution of the equation of motion can be expressed by the 
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/* = Cp [m(lF + w) + — (C + a)t d9 = const., (4.2) 


where W = da/d^, u = dCjdt. Further, t should be kept constant in all 
places where it appears explicitly. Observe that u and C do not depend on 9. 

We now make a first order estimation of the action integral (4.2). Since 
u and A vary very little during a period of 9 we write 

J* » ^ m d9 = m^TF-da = mJ W^At (4.3) 

because da/d/ = (c)a/S9)d9 when time is kept constant in places where it 
appears explicitly. Remembering that W = da/d/ and that does not 
change very much during a Larmor period we obtain 

7* « « const. (4.4) 

The gyro period is /g = 27zml\q\B and the equivalent magnetic moment is 
M = mW^llB, Hence 

M » (|^|/47c/w)/* « (\q\l47t)W\ « const. (4.5) 

and M becomes an approximate constant of the motion. 

In the present proof of the constancy of M we have made a direct study 
of the true orbit of the particle and of oscillations which originate from the 
Larmor motion. We are on less safe grounds when we try to develop an 
analogous treatment for the longitudinal oscillations of the mean motion 
sketched in Figure 4.1b. To be able to study a motion of this kind by means 
of an action integral of the form (2.71) we have to assume that Q is now 
connected with the frequency 9|| = 27t//|| of a periodic longitudinal motion. 
Contrary to our previous study of the Larmor motion there is no expansion 
available which includes 9|j in a form analogous to (3.6) for 9. We will 
only assume, as Rosenbluth [1956] has done, that a tightly bound gyrating 
particle moves back and forth along a magnetic field line and returns nearly 
to its initial state after one ‘‘period” /[j. In other words, we assume that the 
Larmor radius and the period of gyration are very small compared to the 
changes of the electromagnetic field in space and time. This is also connected 
with the requirement that the particle should drift quite a small distance 
across the field during a longitudinal period /j|. The spread of two conse¬ 
cutive turning points will then be of the order of one Larmor radius. As 
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pointed out by Northrop [1961] this requires the transverse component Fj_ 
of the force field to be of first order in s. If it is of zero order, the drift (3.23) 
would namely displace the particle too far across the field lines during a 
period tp and our assumptions about the periodicity of the longitudinal 
motion are no longer relevant. 

It further has to be observed that it was possible to use the complete action 
integral /* of (2.71) in the previous discussion on the magnetic moment. 
Such a treatment is not possible in case of the longitudinal invariant, since 
the latter is associated with only one of the terms in the series (2.71). 

For a closer examination of these problems consider the equation of the 
longitudinal drift motion which is obtained from equation (3.17): 

(4.6) 

Here the longitudinal electric field JSj| is determined by equation (2.24). 
Under the present conditions (4.6) represents a one-dimensional case. The 
associated Hamiltonian is given in a first approximation by equations (3.60), 
(3.61), (3.62) and (3.63). For a small electric field and for slow changes in the 
magnetic field it becomes (cf. Gardner [1959]): 

-^11 “ iwiMy -h MB, 

where we have introduced the variables (p, t) instead of the variables (ep, st) 
of equations (3.52) and (3.53) and have returned to the definition of a and p 
given in Ch. 2, § 1.2. The influence of a gravitation potential <^g can easily be 
included, but will be left out here. 

For the results (4.6) and (4.7) to be valid it is essential that the transverse 
force field is of first and not of zero order in e. If it would be of zero order, 
a contribution from the transverse drift E x BjB^ has to be added to 
equations (4.6) and (4.7). The longitudinal motion can then no longer be 
treated in terms of a simple one-dimensional model and cannot be separated 
from the transverse motion. 

In a first approximation equations (4.6), (4.7) and (2.24) show that the 
longitudinal motion corresponds to a one-dimensional system with the canon¬ 
ical coordinates s and pn = 7WM|j = m(&slAt), provided that M can be con¬ 
sidered as a constant. Then, MB{s) behaves as a potential energy. As seen 
from equations (4.6), (2.24) and (4.7) if y — irnwy must have a minimum on 
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a field line with respect to s if longitudinal oscillations are to occur. We are 
then allowed to define a separate action integral (2.71) for the longitudinal 
direction. It becomes 


Ju* = J = cb 


1 


dS|| = m (p Mil ds « const.. 


(4.8) 


and will be denoted as the longitudinal adiabatic invariant henceforth. Here 
the longitudinal velocity is defined by M|| = ds/dt which can have either sign. 
Equation (4.8) can also be written as 


j = ^pijds = ^ J “ const., (4.9) 


where <Mjj> is the mean value of Mjj during a period Observe that s and 
Pll are associated with the generalized coordinates and p 2 of Ch. 3, § 3. 

In the deduction of the guiding centre drift we separated the velocity of 
gyration from the total velocity of the particle. We now try to proceed in an 
analogous manner and separate the longitudinal oscillations from the total 
guiding centre drift. Thus, we should obtain an equation for the mean drift 
of the guiding centre across the magnetic field lines. For this purpose expand 
the total time derivative of the equation of motion (3.16) in terms of liy 
and 


du 

nr 


= [^«ii + «ii(«ii • + “ii«ii(“ii • 

+ + [(«|| • + («1 • • 


(4.10) 


The first and the last terms within the first square bracket of (4.10) are equal 
to the left hand member of equation (4.6). We form mean values of (3.16) 
over a longitudinal period tp with expression (4.10) inserted. A particle will 
move nearly along a certain field line during a period tplt passes closely to 
any point on this line and this occurs twice with opposite directions and 
equal moduli of Uy during the same period. Further, is small and nearly 
constant at the point just mentioned. Consequently, the mean of the last 
square bracket of (4.10) vanishes approximately. According to equations 
(3.16), (4.6) and (4.10) the equation of motion of the mean drift therefore 
becomes 
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m<[|-+K'n 


Wi> + • F)B} 


= + Wj. X B> - <MFx-5>. 


(4.11) 


We now compare equations (2.36), (3.16) and (4.11). The equation of mo¬ 
tion (3.16) of the guiding centre is obtained from the exact equation of motion 
(2.36) by a mean value formation over a Larmor period /g. This yields an 
additional mean force, — MVB, which is the net result of all contributions 
from the Larmor motion during a period of gyration. Analogously, a mean 
value is taken of equation (3.16) over the period /j| in order to obtain (4.11). 
An additional mean force, - miujiB * FB)>, then results from the mean 
transverse drift motion of (4.11). It arises from the centrifugal force due to 
the curvature of the magnetic field lines, as experienced by the particle 
during a longitudinal period f||. Since it contains Wy and is obtained as a 
mean value over fn one would expect it to become related to the longitudinal 
invariant of equation (4.9). The terms containing Mjj and M in (4.11) have 
similar forms; the first is proportional to the ratio between and the radius 
of curvature of the magnetic field, and the latter to the ratio between and 
the transverse characteristic length of the same field. 

The changes of the electric and magnetic fields experienced by a particle 
during a Larmor period are small and the values measured at the guiding 
centre can be inserted into equation (3.16). Unfortunately, an analogous 
mean value formation of (4.11) during the period has to be performed 
along a field line between two mirror points, i.e. over a length which is 
comparable to the characteristic lengths of the electric and magnetic fields. 
This makes (4.11) less suitable for exact deductions of the transverse drift 
from field line to field line. It only gives a rough indication of the way in 
which the average transverse drift takes place. 

In a more stringent approach we have instead to use canonical equations 
for the average drift from field line to field line, in terms of the magnetic field 
coordinates a and fi. From the present considerations one would expect M 
and J to appear as parameters in such a theory. In fact, it will also be shown 
in § 1.4 that a canonical theory of this kind can be developed, provided that 
the adiabatic invariance of M and J is established. 

The average transverse drift aroimd configurations of the type sketched in 
Figures 4.1c and 4.6 may become nearly periodic, as will be shown later in 
§ 1.5. A particle then returns closely to its starting point after a time when 



CH. 4 , § 1 ] 


ADIABATIC INVARIANTS 


75 


it has drifted one turn around the configuration. To lowest order the average 
transverse drift can then be represented by a one-dimensional system of 
canonical coordinates a « zp^ and jS « zq^ given in Ch. 3, § 3. The corre¬ 
sponding action integral (2,71) is 


=f 


adjS = W A- dl ^ ^ ^ const. 


(4.12) 


according to (2.21) and with the gauge = 0. This implies that we should 
expect the magnetic flux 0 to be constant when the particle revolves around 
the configuration at the velocity provided that the magnetic field changes 
slowly during a period tj_ of revolution of It is therefore obvious that the 
assumptions leading to the constancy of 0 are even more restrictive than 
those concerning J. 

For a symmetric mirror configuration such as that shown in Figure 4.1c, 
we may consider the transverse drift velocity of (3.24) in absence of longi¬ 
tudinal motions and external force fields. Since M is constant, the variations 
of are given by We study the special case where the magnetic 

field strength can be approximated by 5(r, t) » B(ro, t) (ro/r)°‘ at the particle 
orbit, which is given by r = a-q at time ^ = 0. Here is a constant which 
differs from zero. Then, {lBI'hr)IB and the drift velocity i/j_ become propor¬ 
tional to 1/r and 

<wj> « const. (4*13) 


For a slightly asymmetric field the perimeter of the orbit and the velocity 
should only be changed little compared to the case of Figure 4. Ic, and (4.13) 
should at least hold as a rough approximation. 

We finally recall attention to the fact that equations (4.5), (4.9) and (4.13) 
represent similar relations between (WF, (w||, /jj) and (wj^, /J. They are 
analogous to conditions for the changes of angular momentum and momen¬ 
tum of a mass point which is attached to a wire and revolves around an axis 
or which bounces between two moving pistons. These results are also inti¬ 
mately connected with the effects of magnetic compression to which we shall 
return later in Chapter 6. 

A summary of the present discussion on adiabatic invariants is presented 
in Table 4.1. 
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TABLE 4.1. 

Characteristic features of adiabatic invariants for a particle moving in electric and mag¬ 
netic fields. The latter change at a time scale as seen from a coordinate system following 

the exact orbit (M) or the mean orbit (/, <&) of the particle. 


Invariants 

Associated 

velocity 

Associated 

period 

Approximation 
holds when 

Associated 

mechanisms 

Equivalent 

magnetic 

moment 

M 

Velocity of 
gyration 
W 

Gyro period 

tg = 27r/|a)g|, 

const 


Changes of the trans¬ 
verse “thermal” energy 
by compression or ex¬ 
pansion of the Larmor 
radius 

Longitudinal 

invariant 

/ 

Longitudinal 

drift 

velocity 

t€jl 

Longitudinal 
period of 
oscillation 

^11 const 

'^^11 < ^cf 

M const. 

Changes of the longitu¬ 
dinal energy by com¬ 
pression or expansion 
between two magnetic 
mirrors 

Flux 

invariant 

Transverse 

drift 

velocity 

% 

Period of 
revolution around 
configuration 

^±9 

^ const. 

« f J. « 

M const., 

J const. 

Transverse compres¬ 
sion or expansion of 
the entire particle orbit 
or plasma body 
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We have already proved the invariance of the magnetic moment M in (4.2) 
by means of the action integral (2.71). Starting instead from the equation 
(3.16) of motion of the guiding centre we can present a first order proof which 
perhaps illuminates the physical reasons for the constancy of M more 
clearly. 

Scalar multiplication of (3,16) by u yields 

■Jm (m^) == F • ti — Mu • VB (4.14) 

which can be considered as an energy equation for the drift motion. The last 
term provides couplings between the energies of the motions IF, Wy and 
Subtract (4.14) from the energy equation (2.38) of the total velocity w = 
u-\-W. The result is 

+ 2Uj_-W)== F-W + Mu-FB. (4.15) 

Further introduce the form (2.37) for the total force F, multiply by dr and 
integrate over a gyro period = 27t/|mg|. Since |Mj^ • IF | IF^we have with 
W = da/dr 

itgm ~ J ^ ^ tgM(u ■ F)B 

F(q4) + m^g) ■ da — q ‘ do + tgM(u • V)B. 

(4.16) 

Here we assume, as in the perturbation theory, that F, B, u and 
change very little during a gyro period. At the same time the radius of gyra¬ 
tion o describes a nearly closed orbit. Thus, the first integral of the last 
member of equation (4.16) vanishes approximately and the second integral 
of the same member can be written as 

g|^-da= -|q|||n--^dS« (4-17) 

The sign in front of the integrals is due to the fact that ions circulate in the 
negative and electrons in the positive direction around the field lines, with 
respect to the positive direction of B, 
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Equation (4.17) represents a betatron acceleration of the Larmor motion 
which would occur at a fixed point in space, in absence of the drift motion w. 
Remembering that M — a = mWl\q\B = lf7|<Ug| and — 2rc/|a)g| 

we obtain from equations (4.16) and (4.17) 

The term M{u ■ V)B in this equation yields a betatron acceleration which 
would be produced when the particle drifts at the velocity u in a stationary, 
inhomogeneous magnetic field B. As a consequence, the entire right hand 
member of (4.18) gives the total effect due to the changes of the magnetic 
field as seen from a coordinate system moving with the velocity u. Use the 
definition of M and the fact that the derivatives following the exact particle 
motion w and the drift u are nearly equal. We then obtain 



(4.19) 



Fig. 4.2. Path of a particle in a magnetic quadrupole field (from Brinkman 119601). 
Time scale is given by figures at the orbit in 10“ 'sec. 
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Consequently, we see from equations (4.18) and (4.19) that the constancy 
of the magnetic moment M is required by the balance of the energy of gyra¬ 
tion. The changes in energy are produced by a two-dimensional adiabatic 
“compression” of the particle orbit in the magnetic field. The magnetic flux 



Fig. 4.3. Position, equivalent magnetic moment and local magnetic field strength as 
functions of time t for the particle of Figure 4.2 (from Brinkman [I960]). The Larmor 
radius is too large for conditions (3.1) and (3.2) to be satisfied. 


enclosed by the orbit during a Larmor period is ita^B = 2(mlq^)M which is 
an approximate constant of the motion due to the constancy of M, In other 
words, the Larmor orbit behaves like a ring-shaped superconductor of 
flexible and weightless material; it changes its radius in such a way that the 
enclosed magnetic flux remains constant. 

In all physically real cases the Larmor radius is finite as well as the charac¬ 
teristic dimensions and times of the electromagnetic field. The equivalent 
magnetic moment is then not an exact constant of the motion and the particle 
orbits are in most cases slightly non-adiabatic. This can be illustrated by 
the following examples: 
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(i) Changes of the magnetic moment produced by time variations of a homo¬ 
geneous magnetic field have been studied by Hertweck and Schluter 
[1957], Their results will be described further in § 2. 

(ii) The motion of a proton in a magnetic quadrupole field, == c^r; 

= — 2cqZ, has been computed by Brinkman [I960]. Figure 4.2 shows the 
path of the particle at a field strength determined by Cq = 1 V • sec/m ^ and 
with dimensions r, z of the field given in centimeters. The particle velocity 
is 3 X lO'*' m/sec. The variations of the position (/*, cp, z) and the magnetic 
moment M of the particle are shown in Figure 4.3 as functions of time /. 
The fluctuations of M are large in this example where a\VB\lB is not too 
far from unity. As a consequence, conditions (3.1) and (3.2) as well as the 
adiabatic invariance break down. 

(iii) The particle containment in an axially symmetric magnetic mirror field 
has been investigated by Garren et al [1958] by means of analytic and 
numerical methods. The residual changes in the magnetic moment between 
successive mirror reflections are given by these authors as a function of the 
particle velocity. In particular, the effect of magnetic field imperfections by 
deviations from symmetry was found to produce particle losses out of the 
mirror ends. This occurred in a way not consistent with the constancy of M 
(see also Ch. 7, § 4.1). 

♦1.3. THE LONGITUDINAL INVARIANT 

Before starting a detailed study of the longitudinal invariant consider the 
simple example demonstrated by Figure 4.4. A particle is trapped in a region 



Fig. 4.4. Charged particle trapped between two magnetic mirrors separated at a distance 
2 which changes in time. 
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with the homogeneous magnetic field jBq by two magnetic mirrors at which 
the field strength changes from Bq to The distance 2^^^^ between the 
mirrors is altered slowly in time compared to the period of longitudinal 
oscillations of the particle. The latter is reflected in the narrow regions of 

thickness As^ 2s^ where the field strength intreases from jBq to 
The situation is analogous to that of an elastic ball which bounces between 
two moving pistons and gains the velocity — 4d^^/d/ during each cycle 
^11 = K/l«ll|- Hence 

4l“ll 1 = -(I“lllM (4-20) 

and ^ /V 

4|M|| |s„ = u| f,| = const. (4.21) 

whicli has the same form as equation (4.9). The result is a one-dimensional 
adiabatic compression which increases the longitudinal energy, as 

suggested by Fermi [1954]. 

From the simple situation of Figure 4.4 we now have to proceed to the 
general case treated by Northrop and Teller [i960]. In the configuration of 
Figure 4.4 the positions of the reflection points are easily imagined but be¬ 
come less obvious in a magnetic field of a more general shape with smooth 


Surface Surface 



Fig. 4.5. Particle at arc element dy on a field line Lq drifting towards the field line Li in 
the time dr (from Northrop and Teller [I960]). 

variations in the longitudinal direction. In addition to this, and what is even 
more important, a particle in an arbitrary field will drift across the latter at 
the velocity Uj_ during the oscillations. Thus, a particle in the position 
p(a, j?, s, t) at time t on the field line Lq of Figure 4.5 will momentarily drift 
towards the field line Li. This occurs during the short time interval At = Asju^^ 
which it would spend at the line element dj on Lq in absence of a transverse 
drift u^. If the particle would instead be situated at p' it would drift from dj' 
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towards a field line L 2 which is noi necessarily the same as L^. Because of this 
slow and variable drift off a line of force during a longitudinal period of 
oscillation there is no strict analogy between the general case and the one¬ 
dimensional motion of Figure 4.4. Thus, we shall now develop an analysis 
which considers the factithat the particle does not return exactly to the same 
point after one longitudinal period ^||. 

It will be shown later that we can uniquely define an action integral (4.8) 
for each given field line. Due to the transverse drift from one field line to 
another there will be a momentarily change dj/df of the longitudinal in¬ 
variant J as seen by an observer moving along the actual path of the particle. 
It is therefore obvious that dJ/dt will differ from zero; we are not going to 
prove that the instantaneous value of J is constant. What will be shown is 
instead that the mean value 


\dt/^ ^11 ^ d^ M|| 


(4.22) 


taken over a whole longitudinal period ^jj vanishes approximately. This 
implies that the sum of all changes of J occuring at different positions p and 
p' should nearly cancel during a period 
Assume F to arise from an electric field JE and introduce the Hamiltonian 
ffjl of the longitudinal motion given by equation (4.7). As we have seen from 
§ 1.1 a definition of a longitudinal invariant J makes only sense when the 
equivalent magnetic moment M = mW^I2B is an adiabatic invariant. 
Assume this to be the case in the discussion which follows. We also restrict 
ourselves to the case where oscillations take place in the space between two 
magnetic mirrors such that iy|| — imuf^ has a minimum between the latter. 
The terms appearing in (4.7) vary slowly compared to the gyro time /g. The 
total time derivative H|| is therefore nearly equal to the derivative following 
the drift velocity u : 


« ^ f + mb) + qu^ ’ Fa - | F^), ( 4 . 23 ) 

where V(<p + a • has been substituted from (2.23), equation (4.14) 
has been used to eUminate JS • m and we remember that Fa and F/J are per¬ 
pendicular to B. A small term (mi/M||)* has also been neglected compared to 
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unity in the present deduction. The form (4.23) contains no partial derivative 
with respect to the longitudinal direction s. Therefore 'bH^i/'bs = 0, which can 
also be obtained from the longitudinal component (4.6) of the guiding centre 
equation of motion in combination with equation (4.7). If we move along a 
field line (a = const., jS = const.) with the longitudinal velocity M|| of the 
particle we measure a rate of change in /f y given by the first term of the right 
hand member of equation (4.23). For a stationary field Hy would vanish and 
i^ll would correspond to the energy integral of the longitudinal oscillations 
in a potential “trough” given by qcj) + MB. When differs from zero 

//|l still represents the energy integral of the same motion, if y is also still 
constant along a field line when the oscillations are rapid compared to the 
time scale of the external field, but ify then changes slowly in time with 
the latter. 

With the present definitions the longitudinal invariant becomes 


J = m () wii(s')ds', u\\ — (2lm)\H\\ -- q(l> — qa^ — MB)^, (4.24) 


where integration should take place along all elements d^' of a given field 
line Lq; the functions ifn, 0, and MB are uniquely determined at 

each time t for every line Lq. When the particle moves, both changes in M|| 
and ds' in equation (4.24) will contribute to dJ/dt. These changes must be 
calculated not only for d^s but for all other arcs ds' on Lq between the 
reflection points to give the total contribution to dJ/dt. At any arc d^-' on Lq 
we define the velocity s') which is perpendicular to Bis') and carries a 
point from Lq to Li in the same time d^ that the actual particle on ds goes 
from Lq to Lj. Observe that differs from the drift velocity u\ at ds' as 
seen in Figure 4.5; when the particle actually arrives at ds', it will not be 
drifting towards Lj, but towards another line L 2 . 

We are now in a position to give a detailed definition of the instantaneous 
value of dJ/dt. When the particle starts at ds on Lq it will drift to after 
the time dt The integral (4.24) then changes from its uniquely determined 
value /(Lq) on Lq to the corresponding value /(L^) obtained by integration 
along Ljl. With Wy' = W||(s') the change can be written as 

dJ = m ^ [du||ds' + w ||d(ds')] 

= m ^ (V2«i)) [2w||^d(ds') + d(Mf)ds']. 


(4.25) 
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Thus, the iastantaneous change d/ during the time At at the point p in 
Figure 4.5 is due to changes in (m||)* as well as in the arc length d/ during 
the drift from one field line to another. 

First consider the changes in For the contribution from we 
observe that is constant on a field line. When the particle moves from 
Lq to Li during the time At this contribution to the entire integral (4.25) 
arises from dJT|| =j^|i (j)dt with given by equation (4.23). For the rest of 
the terms of defined by the last of expressions (4.24) we have 

^q(l> + qot^ + MbJ = + Fx • ^ + MBJdt, (4.26) 


where a prime indicates that they are evaluated at s'. These contributions 
vary along Lq. They are given at each point s' by the time derivative including 
the velocity Fx(5, j') which carries the points on Lq to according to the 
definitions. Finally, we obtain a change in the arc length during the time di 
from the rate of change of the radius R of curvature as seen in the frame of 
reference which follows the particle: 

d(ds') = Fx • V(As')At = - Fx • (lB/ls')As'At. (4.27) 

Equation (4.27) is easily derived from geometric considerations (cf. Fig. 3.3). 

Summing up the results (4.26), (4.27) and (4.25) the rate of change of J 
becomes 


— 

At 


f ^11 +MBj-mulf Fx • 



(4.28) 


The vector Vj_ must now be evaluated explicitly. It represents a line¬ 
preserving velocity field determined by the local drift Figure 4.5. 

Since (a, jS) determine the position of a field line we have 


a (5') = • Pa)^ = {'ba/'dt + Fj^ • (4.29) 

P(s) = • VfiX = Cdl3/lt + F^ ■ VpU (4.30) 

where V^(s' = s) = We have also defined to be perpendicular to 
the field lines: 

at all points / on Lq. The solution for Fj^ is 


(4.31) 
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where a prime denotes evaluation at s'. The result (4.32) is immediately 
seen to satisfy condition (4.31). From straight-forward vector calculations 
we obtain 


Fjl • Fa' = ~ X - Fa' = i (4.33) 

the last member being deduced by the help of equation (2.22). This result 
satisfies (4.29) and from the symmetry of a and j? we also see that (4.30) 
becomes satisfied. 

We now use these equations to rewrite the integral (4.28). According to 
(3.18), (3.19) and (3.20) the transverse drift is 

% = — MFjB — mul — m x (4.34) 

where the last term within the bracket can be neglected in a first approxi¬ 
mation. With the expressions (2.23) for JB, (2.22) for B, (4.32) for and 
(4.34) for the integral (4.28) becomes after some straightforward de¬ 
ductions 




- qk ( 


at 


+ ) + qp[^ + Uj_ - Fx 


—. (4.35) 

JuJ, 

Here a and p are evaluated at s. Comparison with eq. (4.23) now shows that 
the second and third terms of the integrand in (4.35) are equal to eval¬ 
uated at /; 


dt 


= ^|h||(s) - H||(s')+ 3 )8(s)a(s') - <4s)^{s') | ^ (4.36) 


with the notations a, P used in equations (4.29) and (4.30). 

The result (4.36) shows that there is no reason for dJ/dt to vanish in 
general. However, with the definition (4.22) we have 


-h q r K^W) - a(5)^(/)]| ^ = 0. (4.37) 

L JJ «ii“ii 
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Thus, it has been proved that the average rate of change of J vanishes 
because of the antisymmetry of the integrand of equation (4.37). 

The present conclusions agree with those drawn directly from the action 
integral (4.8) in the discussion of § 1.1. The advantage with the proof given 
by (4.37) is that it takes into consideration the instantaneous drift off 
the field lines during the longitudinal oscillations. This makes the restrictions 
less severe than those imposed on J in § 1.1 where we had to start with the 
assumption that the particle remains on a field line during the period t||. 
The present proof also gives insight into the mechanism by which J is con¬ 
served. The antisymmetry of the integrand of (4.37) shows that the contri¬ 
butions to the change of J by transverse drifts at different points of a field 
line cancel over a period fy. 


*1.4. EQUATIONS OF MOTION FOR THE AVERAGE DRIFT 

When the oscillations along a magnetic field line are fast compared to the 
transverse drift, one will be primarily interested in the average motion which 
transfers the particle from line to line, i.e., in the changes of a and This 
problem has earlier been investigated by Kadomtsev [1958] and by 
Northrop and Teller [I960]. 

The variables specifying the state of the average drift are a,)?, the energy 
integral of the longitudinal motion, and the magnetic moment M which 
represents the energy of gyration. Therefore we can consider J — J(oc., /?, JT||, 
M, f) as a function of these quantities which are constant on a field line; 
a, P, and will change during the average drift in the transverse direction. 
Equation (4.36) can be written as 

^ = <11 (-*^11 - <^|| » - €<ii(a<^> - ^<a», (4.38) 

where < > denotes average values taken over a period of oscillation • 
We can also write 


dt 


<)a“ DJfll 




Hi, 


(4.39) 


for the total changes in (a, jS, jff||) space since M is constant for a given 
particle. Comparison between equations (4.38) and (4.39) yields 
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= _ JL ^ 

(4.41) 

1 XT 


(4.42) 

^ XT 

*11 ^-^11 

(4.43) 


The last of these equations is obvious from the definition (4.24) of J, The 
first three are the required equations of motion of the average transverse 
drift with the longitudinal motion eliminated. On the average the particle 
moves towards that adjacent line on which J is unchanged. 

Equations (4.40) — (4.43) are not of canonical form because the factor 
is a function of (a, jS, Hp M, t\ However, we can solve the relation / — 
/(a, p, Hp M, t) for H\\ and write iTj| = //^||(a, ji, J, M, t). By implicit 
differentiation of J and and by substituting the expression for dJ into 
d/f|| we obtain etc. Then equations (4.40) — 

(4.43) become 

( 4 - 44 ) 




(4.45) 


<H|,> = (c)H||/H (4.46) 

1 = t„(5)H||/<)J). (4.47) 

Equations (4.44), (4.45) and (4.46) are of canonical form and correspond 
directly to equations (2.57), (2.56) and (2.59). 

The equations for the rate of change of a and p can be written in vector 
form. For an observer at a particular point s' in Figure 4.5 the particle is 
‘‘seen” to drift towards the line when it is on ds at s. This can be con¬ 
ceived as a Active drift V^{s, s') from Lq to Lj at^'. The mean velocity by 
which the particle is seen at s' to move away from Lq to another field line 
is made up by the contributions from all actual positions s of the particle 
during the period f|j. Therefore this velocity becomes equal to 

*11 J “II 

= - <^>ra' + Fa - g X (B/B^)' 
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according to equation (4.32). Substitution of <a> and <)?> from equations 
(4.44) and (4.45) yields 

<F^> = B X [fH„ _ 4 Pa - I Fp^yqB\ (4.49) 

where we have dropped the primes and remember that is constant on a 
field line. 

With the methods of Ch. 2, § 1.3 we can now investigate whether the 
field <Fj^> is flux-preserving. Consider 

curl(E + <F^> X B) (4.50) 

- - ^(P» X P« + i-rl [ PH, - Pa - g P^)_ 

- - - •'(st) X P« + P(g) X P^ - 0. 

where use has been made of equations (2.1), (2.22) and (4.49). The condition 
(2.29) for flux-preservation is therefore fulfilled by the velocity field <Fi^>. 
According to (2.34) the same field is then also line-preserving which is 
consistent with its definition in § 1.3 of this chapter. 

Let Qp(cc, P,J,M,t)\Kth.e particle density in (a, p, J, M) space at time t 
Each point in this space represents a particle somewhere on the line (a, /?) 
at time t with magnetic moment M and longitudinal invariant J. Motions 
in the space describe the average motion of the particles when mean values 
have been formed over both the gyration and the longitudinal oscillations. 
Since < j> and M vanish the equation of continuity in this space becomes 

^+s(e,<“»+,7(S,<»)-0. (4.51) 

By equations (4.44) and (4.45) (S/Da) <a> = - (S/Sj8) <)8> so that 

which implies that the density remains constant during the mean motion 
at the velocities <a> and <j5>. This is a Liouville theorem in (a, jS, J, M) 
space. A theorem of this kind exists for every canonical system (see also 
Ch. 5, § 1.1). 

When we use orthogonal coordinates in the ajS plane a surface element 
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will represent the magnetic flux = dadjS and Q^docdp is the corresponding 
number of particles of moment M and longitudinal invariant J. 

Especially, in a stationary state substitution of expressions (4.44) and 
(4.45) into equation (4.52) yields 

la ip ip la 
Equations (4.44), (4.45) and (4.46) are of canonical form with (a, p) as 
generalized coordinates and momenta and as the corresponding Hamil¬ 
tonian. Thus, we see from (2.59) that gp becomes a constant of the motion 
on a longitudinal invariant surface, i.e., on a surface of fixed J, M and H||. 
Additional discussions on such surfaces will be made in § 1.5 of this chapter. 

Let us use the obtained results to consider the particle density n{p, Hu, 
M,l) in configuration space. If a steady state exists along a given field line 
we assume the density to be given by 

n = (4.54) 

which varies inversely as U|| and is inversely proportional to the cross-sec¬ 
tional area of a flux tube; is a quantity to be determined and which is 
constant on the field line. It is obtained from integration between the reflec¬ 
tion points: 

1"^ = init,,. (4.55) 

A flux tube of cross sectional area dS" = dadp/B and length dr contains 
ndS'd.s particles. The total number of particles in this tube and between the 
reflection points is defined as N[(a, p, M, t)dadp. Then, N( — ^n^t^^ 
according to equation (4.55). The number of particles with magnetic moment 
M in the element dadp and with values of the longitudinal invariant between J 
and J dJ can either be written as Qpd/dadj8 or as JVfdHudadjS, where 
dJ and dH|| are associated values. The quantities Nf and gp are therefore 
related by HfdHn = QpdJ, or Nf — Q^JjlH^^. Further, according to equa¬ 
tion (4.43), iVf/r|| = gp. From this (4.54) becomes 

n = 2(J?/«||)gp. (4.56) 

Because gp is constant on a longitudinal invariant surface in a steady state 
this result shows that n becomes proportional to .B/M|| on such a surface. 
In absence of electric fields U|| depends only on B at given values of J, M 
and H||. Thus, contours of constant B on an invariant surface are then also 
contours of constant density n. 
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An average over the gyro period of the exact equation of motion results in 
the guiding centre equation (3.16), which contains the adiabatic invariant M. 
In its turn, the average of the guiding centre equation over the longitudinal 
oscillations results in the equations of motion (4.44) and (4.45) of the average 
drift with the invariant J as parameter. Finally, it will now be shown that 
an average of the equations of the average drift will lead to a third invariant 
provided that the motion in (a, )S, space is periodic. 

First consider a static magnetic field configuration of slightly distorted 
symmetry, somewhat like that surrounding the earth (Fig. 4.6). In absence 



Fig. 4.6. Earth’s magnetic field imagined as a dipole-like, slightly asymmetric field with 
surface of a certain field strength indicated in figure (cf. Northrop and Teller [I960]), 


of additional force fields the particle energy and total velocity Wq remain 
constant according to equation (2.38). Constancy of the magnetic moment 
M = mW^llB then leads to 

«n = wS(l - (4.57) 

where is the magnetic field strength at the reflection points of the longi¬ 
tudinal oscillations. As the particle drifts around the configuration of 
Figure 4.6 the reflection points will appear on the surface B == of the 
figure. For a dipole field the mean value of U|| along a field line obtained 
from (4.57) increases with the equatorial distance Tq of the line. Since the arc 
length between the reflection points aXB = B^ increases as well, we see tha t 
/increases with if we move from a field line Lq to Li where If 

there is only a slight asymmetry in the magnetic field a qualitatively similar 
situation is encountered. With Northrop and Teller [I960] we conclude 
that ae lines Lq and correspond to different values of the longitudinal 
invariant /. Due to the constancy of / the particle must therefore return to 
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the same field line in Figure 4.6 when it has drifted one turn around the 
configuration. This takes place in a time fj_. 

Thus, we have proved that, at least in the present stationary case, the mean 
transverse motion around the configuration is nearly periodic. The closed 
surface which the particle traces out in this way for a given value of J is a 
longitudinal invariant surface. 

Further, when the magnetic field changes slowly compared to the time 
of revolution the system will be nearly periodic with respect to the 
average drift described by equations (4.44) — (4.47). In (a, jS, s) space this drift 
traces out a cylindrical surface perpendicular to the aP plane as shown in 
Figure 4.7. The area enclosed in the ocjS plane is the magnetic flux enclosed 
by the particle orbit in configuration space. The height of the cylindrical sur¬ 
face at a certain position a, j5 in (a, jS, s) space is equal to the arc length along 
a field line between two reflection points. As the particle moves in configura¬ 
tion space the corresponding point in (a, P, s) space oscillates along the 
vertical ends of the cylinder of Figure 4.7 and drifts around its surface at 


s 



Fig. 4.7. Motion on a longitudinal invariant surface in (a, jS, s) space. 

the same time. We shall now show that the enclosed flux ^ remains constant 
when is small compared to the time scale of the changes in the magnetic 
field. This implies that the slow drifts of the particle in (oc, jS, s) space at 
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right angles to the longitudinal invariant surface will cancel during a period 
somewhat like the cancellation leading to <d//dO = 0 as discussed earlier 
in this chapter. 

Suppose that at some time the particle is on d/ in Figure 4.7 drifting slowly 
at right angles to d/ while it moves rapidly around the contour in the afi 
plane. We denote the invariant surface where /, M and have their 
values at the “starting point” / by (/, M, /f||)o- We also define a velocity 
r(/, /') perpendicular to d/' which carries a point at /' on the longitudinal 
invariant surface (J, M, J¥||)o to a new surface (J, M, //||)i in the same time 
d/ that the actual particle at / moves from (J, M, ^f||)o to (/, M, with 
the velocity «a>, <j3». The velocity F is analogous to Vj_ in Figure 4.5. The 
values of J and M are the same on the surfaces indicated by (o) and (j) in 
Figure 4.7, but not those of JT||. 

Since J and M are approximately constant and i7|| is independent of s the 
time derivative of at I during the average motion becomes 

( 4 - 58 ) 


according to the definition of Y. Here denotes the gradient in the a)S 
plane. But .H|| is constant on the closed curve of Figure 4.7 and Fa^/TnC/') 
is therefore perpendicular to the line element dl'. The instantaneous rate 
of change of the enclosed area (and of the magnetic flux) then becomes 
equal to the sum of all contributions from displacements Y{1, /')dr at different 
positions /' which are associated with the instantaneous motion at /: 


dt J |F.^H||(r)i 


(4.59) 


Substituting r • F.^H|| from equation (4.58), from 

equations (4.44) and (4.45) and from (4.46) into (4.59) we obtain 


(4.60) 

where the primes denote evaluation at /'. Thus, the instantaneous change in 
the flux ^ does not vanish. However, for a complete cycle around the 
longitudinal invariant surface the mean of d^/dt becomes 


<->= 


9 - <H||V] 


dldV 

Vafv:,, 


= 0 


(4.61) 
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due to the antisymmetry of the integrand. This implies that the contributions 
of the drifts off the invariant surface cancel during a period The cancel¬ 
lation is analogous to that found earlier for the longitudinal invariant J. 

Equation (4.61) completes the proof that the flux ^ is an adiabatic in¬ 
variant during the average motion. It is also connected with the fact that 
ionized matter is nearly "frozen" to the lines of force of a slowly changing 
magnetic field. 

2. Higher Order Invariance: One-Dimensional Problem 

In the preceding paragraph we have seen that certain adiabatic invariants 
can be defined which are constant at least in first order. In a real physical 
situation the Larmor radius and the Larmor period are not infinitely small 
compared to the changes of the electromagnetic field in space and time and 
the defined quantities are no exact constants. To investigate how large the 
deviations from constancy may become, it is therefore necessary to consider 
higher order approximations. In response to this Hellwig [1955] proved 
the constancy of the equivalent magnetic moment to second order. Kulsrud 
[1957] considered the problem of the harmonic oscillator with slowly 
changing elasticity and found that its adiabatic invariant was constant to all 
orders. The analogous result was proved by Kruskal [1958] for a gyrating 
particle and by Lenard [1959] for the anharmonic oscillator. Gardner 
[1959] has established the adiabatic invariance for any simply-periodic 
classical system to all orders, and has applied the results also to the longi¬ 
tudinal invariant J. 

In this paragraph we restrict ourselves to the one-dimensional case; an 
extension to three dimensions will be undertaken in § 3 of this chapter. The 
present discussions on the one-dimensional problem are connected with the 
papers by Hertweck and Schluter [1957], Chandrasekhar [1958], and 
Broer and van Wijngaarden [1959]. 

2.1. DEFINITIONS OF ADIABATIC INVARIANCE 

The one-dimensional problem which we are faced with corresponds to the 
equation 

C + = 0 (4.62) 

for an oscillating system. The coordinate C(^) represents the deviation from 
the equilibrium and o)(t) is the instantaneous frequency of oscillation. We 
have already mentioned one example of this kind in Ch. 2, § 4.4 where a 
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particle gyrates in a homogeneous, time-dependent magnetic field and 
0)2 = Another example is given by a harmonic oscillator with slowly 
changing elasticity, such as a pendulum the suspending thread of which is 
being changed gradually. Finally, the longitudinal oscillations of a particle 
along the axis of a slowly varying magnetic mirror field lead to an equation 
of the form (4.6) with E|[ = 0. It corresponds to (4.62), provided that the 
magnetic field B(s) is proportional to and the restoring force, — 
becomes proportional to sfox M const. Without this restriction on B{s) 
the situation becomes analogous to that of the anharmonic oscillator. 

For systems which can be described by (4.62) we will now define the 
adiabatic invariance in a way suggested by Chandrasekhar [1958]. Study 
a transition from a state where (o{f) Oq as ? — oo to a state where 

(D(t) cOf as ^ + 00 . We also assume the derivatives d^cojdt^ to vanish 

for all V > 1 in the limits t — co and f -> + oo. In these states co is con¬ 
stant and the solutions of (4.62) are simply 

C(t - oo) = Cio exp ( — ico^t) + exp {i(Oot\ 

C(t -+ + cx)) = Cif exp ( — ico^t) + exp (4.63) 

where Cjo, Qf, a^o and are complex constants. 

For a one-dimensional harmonic oscillator the displacements are given by 
C and the kinetic and potential energies are represented by | ^ and g)^| Cl ^ the 
mean values of which are equal during a period of oscillation. Each of these 
quantities is also equal to the half of the total energy. The latter is therefore 
proportional to co^ <|CI^>. The adiabatic invariant which we are going to 
discuss is in this case equal to the ratio between the energy and the frequency 
and is proportional to (u<|C|^>. 

For longitudinal oscillations of a particle between two magnetic mirrors 
in a field B(s) oc = the same ratio becomes proportional to <W[|^>?[| 
where W|| = dC/d^ is the longitudinal velocity and is the period of oscilla¬ 
tion. It is therefore proportional to the longitudinal invariant / of equation 
(4.9) and to co<|C|^> where co = 27r/^j|. 

Finally, for a particle gyrating in a homogeneous, time-dependent mag¬ 
netic field the definitions in Ch. 2, § 4.4 and equations (4.63) imply that 
the transverse motion of the particle is given by (4.63) and by 

Cl = x: + /y = C exp \i{cot + const.)] (^ -> ± oo) (4.64) 
in the initial and final states. Then C^q, C^f and a^Q, will correspond 
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to the position of the guiding centre and to the Larmor radius, respectively. 
From (4.64) and Chapter 2 follows that the equivalent magnetic moment is 
equal to the ratio between the kinetic energy of the Larmor motion and the 
frequency, i.e., 

Mo = (?/2cOo) + A = (?/2a)o) <ICJ'>o (4.65) 

in the initial state. A similar relation holds for the final state. Here we ob¬ 
serve that ICil^ = It + becomes equal to 4co^<2i2 and 4co^aff in the 
initial and final states, respectively. Therefore (l/a))<|fj|> corresponds to 
coa\ where the Larmor radius a can be considered as a “mean displacement” 
of the particle with respect to the centre of gyration. In particular, if we 
can neglect the motions of the centre of gyration and put C^o = Cjf = 0 in 
(4.63), we see that (l/co)<|fil^> becomes equal to cu<lCl^> in the case of 
a gyrating particle. 

In the examples mentioned here the expressions 

become a measure of the deviation from adiabatic invariance. The former 
of equations (4.66) is suited for considerations of the simple harmonic 
oscillator, whereas the latter has a more convenient form for the discussion 
of a charged particle in a magnetic field. We shall treat specific problems of 
the latter in §§ 2.2 and 2.3. 

The deviation A clearly depends on the manner in which co(t) varies 
between coq and cOf. Let dco/di be bounded and define the characteristic time 


CO 


dco/dt 




(4.67) 


A precise statement of the theorem on adiabatic invariance would then be 
the assertion that A approaches 1 when oo, i.e., when the changes of 
the external parameters become infinitely slow. This assertion is not restricted 
by any limitation on coJcoq. Nevertheless it will be convenient to distinguish 
two cases: 


(i) When the relative change in frequency of the transition is small we can 
define 


5 === i|(C0f - COo)/(cOf + coo)\< 1. 


(4.68) 
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If it then can be shown that -4 = 1 + 0(5^) as 4 oo we shall say that we 
have adiabatic invariance “in the small”. 

(ii) If A approaches 1 when co with no restriction on cOf/coo we say that 
we have adiabatic invariance “in the large”. This can also be formulated 
somewhat differently. Let co = co(st) represent a one-parameter family of 
time variations satisfying the requirements specified at the beginning of this 
paragraph. Then, A will depend on s and adiabatic invariance in the large 
can be defined by stating that A(coo9 cOf, st) should approach 1 as e tends to 
zero, independently of coq and cOf. 

The proof of the adiabatic invariance in the small for a system described 
by (4.62) can easily be accomplished. Let 

= f codt^ d/i = od/ (4.69) 

and (4.62) becomes 

dtl dtj dt^ 

This equation can be solved by an iteration procedure, where the right 
hand member is evaluated in terms of the solution obtained when this 
member is ignored. Of the solutions of (4.70) for — 00 , where the right 
hand member vanishes, we chose C = const. • exp. (zYi). Put this solution 
into the right hand member of equation (4.70). From the equation which 


then follows we take the solution which tends to exp when — 00 
and CO cuo: 

C = (^1 - i log exp (iti) + P{tj) exp (- iti). (4.71) 
Here we have introduced 

■P(fi) = i[ -^exp(2ifi)dti. (4.72) 

From the average of |C|^ over all initial phases we obtain for the final state 
as -> + 00 : 

limit L<lCl^>j = co/l - i log -^Y + C 0 f|P(oo)|^ (4.73) 

L j \ •"()/ 

with the notation P(oo) = P(ti = -|- oo). From the first of relations (4.66) 
we now obtain 

A:=^(l-ilog -^Y + ^ |P(oo)l^ (4.74) 

COo\ 0)0 J 0)0 ^ ^ ^ 
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When the total change in frequency, 5(o = cOf — coq, is small as stated in 
condition (4.68) we have O[(5co)^] = 0(<5^) and 


A = l + 0(5^) + |P(oo)l^ (4.75) 

III the limit of infinitely slow variations, where of (4.67) approaches zero, 
the contribution from P(oo) in (4.75) vanishes and A has the form required 
for adiabatic invariance in the small. 

Adiabatic invariance in the large is more difficult to establish. Introduce 
the variable and (4.70) becomes 


where 



(4.76) 

(4.77) 


Observe that includes the changes of co during the transition and that 
these are of second order in doldti, in contrast to equation (4.70). We try 
to solve (4.76) by an iteration process in the same manner as we have 
treated equation (4.70). The obtained solution which tends to exp (iti) in 
the initial state where — oo is 

C 2 = exp (iti) + ii jexp (iti) | ^Gi(fi)dfi 

— exp(—ifi)J Gi(<i) exp (2i(i)dfi|. (4.78) 

For slow variations of the parameters we now write et^ = Tj instead of 
and investigate the limit e-* 0. When ->■ + oo in the final state the solution 
(4.78) approaches the value 


^ 2 ( 4 - 00 ) = exp (iti) + iie exp 



Gi(Ti)dTi 


r+oo 

—-iis exp(—iti) Gi(ti) exp(2iTi/s)dTi, (4.79) 
J —00 

where Gi(ti) is the function (4.77) with replaced by t^. If the integrals 
contained in (4.79) exist, then it follows immediately from the same equation 
that C 2 -* ®xp (fti) also in the final state, -*■+ 00 , provided that s ->• 0. 
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Thus, -4(aio> ^0 approaches 1 as £ tends to zero and the adiabatic in¬ 

variance in the large follows. 

The present treatment suffices to estabhsh the adiabatic invariance in the 
large, but does not yield the error term with exactitude for e 0. The reason 
for this is that the iteration process which gives the solution (4.78) is not 
uniformly convergent for the entire range of from — cx) to ^ + cx). We shall 
return to the estimation of the error term in the specific example of § 2.3. 

*2.2. DISCONTINUOUS MAGNETIC FIELD 

The deviations from adiabatic invariance can be deduced explicitly in 
some special cases. As a first example we choose the problem treated by 
Hertweck and Schluter [1957], where a charged particle moves in a 
homogeneous field which jumps discontinuously at time ^ = 0 from = 
= mcoolq to Bg = mcOflq, Rewrite (2.138) in the form 

(4.80) 

which is integrated to 

^ + = (4.81) 

where is a constant. Since Ci represents the position of the particle which 
cannot change during the infinitely short time when co jumps from Oq to 
cOf, we immediately obtain from equation (4.81) 

^ + icooCi = Cl {t< 0) (4.82) 

and 

^ + iWfCi - ii(co, - <»o)Ci(0) = Cl {t> 0). (4.83) 

Here Ci(0) is the value of Ci at t = 0. 

Now calculate A defined in the last of equations (4.66). Since co is constant 
except at t = 0 also | is constant except at t = 0, where f i is continuous 
and has the value Ci(0). The deviation of A from 1 produced by the jump in 
CO is then easily calculated from the values of dCi/di of equations (4.82) and 
(4.83) at r = — 0 and r = + 0. Especially for Ci = 0 the initial state is 
given by Ci(t -»■ — oo) = exp (— icoot) and corresponds to a particular 
phase with respect to the jump. We then obtain 
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^ ^ (cQq + COfY ^ ^ ((Up - (OtY 

Acoq cOf 4g)o cOf 

Due to the jump in co at ^ = 0 condition (3.2) is violated and the adiabatic 
invariance is destroyed. 



*2.3. SLOWLY VARYING MAGNETIC FIELD 


As we have seen from the discussion on adiabatic invariance in the large 
in § 2.1 of the present chapter, the magnetic moment M is strictly a constant 
in a homogeneous magnetic field B only in the limit of infinitely slow field 
variations. To investigate how large the deviations from constancy are for a 
slow but finite variation of B we use a method developed by Hertweck: and 
ScHLUTER [1957]. Introduce a new variable defined by 

C = exp [i (4.85) 

Equation (4.70) then becomes 


or 


yi - licoyi + 1 ^(1 - j;f) = 0, 


(4.86) 

(4.87) 


if we introduce == cod^ according to (4.69) and a dot indicates time deri¬ 
vative. The magnetic field is assumed to stay constant during the initial 
period — oo < / < /q and during the final period /f < r < -f* oo. It varies 
during the interval tQ < t < 

We now restrict the discussion to small values of yl compared to unity. 
This is reasonable since the solution of (4.70) in a homogeneous field is 
C = const. • exp (± it^) and expression (4.85) should deviate only little 
from this form in a slowly varying field. Neglecting the term yj the general 
solution of (4.87) becomes 


3;i(t) = - P{to, t) exp (2i <wdi'), yi(io) = 0, 

J to 

2iJ 


^(jo9 0 — i 


CO 

— I exp 

CO ' ^ 


(4.88) 

(4.89) 


From equations (4.88), (4.89), (4.85) and (2.139) we can calculate in 
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terms of the obtained solution fovyl 1. We shall not present the details of 
the calculation but refer to the original work by Hertweck and Schluter 
[1957]. A mean value formation over all possible phases of the initial state 
determined by — oo) can be shown to give 

/L = 1 + [1 + cJ]|P(- 00 , + oo)|2 (4.90) 

for the transition from the initial to the final state. In (4.90) is a constant 

of order unity defined in the original paper. 

The integral P(— cx), + oo) is of the type given by the Fourier transfor¬ 
mation. We substitute by Ti = and study slow field variations (e small) 
as suggested in § 2.1. Assume co(t) to start from a constant level coq and to 
increase to a new level cOf as indicated in Figure 4.8. From (4.89) we have 

P(s) = P(- 00 , + oo) = i f f(ui) exp (- iwi/e) du^ (4.91) 



Fig. 4.8. The variation of w with time (Hertweck and SchlOter [1957]) 


with 


and 





*et 

co(8t')d(st'), d«i/d(ef') = co > 0. 

c 0 


(4.92) 

(4.93) 


With the present form (4.91) of P(8) it is difiScult to judge what happens 
in the limit e 0. However, suppose that /(w^ + zui) is an analytic and 
integrable function in the complex plane within a strip \vi\ < vim- 
We can then make the transformation where 0 < 8,^ < 

and is a constant. This implies that the path of integration of equation 
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(4.91) is displaced from the axis = 0 to the line Since/is inte- 

grable within the region we obtain 

r+oo 

\p{s)\ = exp (- eje) \ f{u[ - iej exp (- iu[/e)du[\ < 

J — 00 

< /max exp ( - sjs), (4.94) 

where is the upper limit of the integral (4.91). If we choose instead 

Sni < 0 a relation similar to (4.94) is obtained the right hand member of 
which diverges in the limit a 0. From such a relation no conclusion can be 



Fig. 4.9. The deviation A -1 from adiabatic invariance as a function of the relative rapidity 
e/ojo of the magnetic field variation. Curve (a) is calculated for slow variations according 
to § 2.3 and curve (b) for rapid variations according to § 2.2. The dashed part of the 
curve is due to numerical solution of the exact equation of motion (Hertweck and 
SchlCter [1957]). 

drawn about the magnitude of |P(e)|, but it does not contradict the result 
(4.94) for > 0. The latter shows that |P(e)| tends to zero at least as fast 
as exp (- ejs). 

The quantity eJs is essentially the ratio between the gyro time and the 
characteristic time of the magnetic field. Therefore the result (4.94) and 
equation (4.90) show that the deviations from adiabatic invariance become 
very small as soon as this ratio is much less than unity. A detailed calculation 
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has been made by Hertweck and Schluter [1957] for the special case 
where = 0 in equation (4.90) and 

co(t) = icDoP + tanh (sf)]. (4*95) 

The result is shown in Figure 4.9 which gives the deviation yl — 1 from 
adiabatic invariance as a function of the relative rapidity s/coq of the mag¬ 
netic field variation. The branch (a) is obtained from the calculations of 
slow variations in the present paragraph, whereas the branch (b) is deter¬ 
mined from the treatment of a discontinuous variation in § 2.2. The deviation 
A — 1 becomes very small as soon as s < coq. 

A theory which gives better approximations to the present problem has 
been developed by Chandrasekhar [1958]. 

It should finally be mentioned that Tamor [1960] has extended the in¬ 
vestigations to include singularities in the restoring force of the one-dimen¬ 
sional oscillator. 


3. Higher Order Invariance: Three-Dimensional Problem 

During the motion in an electromagnetic field of general shape the 
particle will drift along and across the magnetic field lines. It is not imme¬ 
diately clear that adiabatic invariance can then be studied by the methods 
of § 2 which apply to the one-dimensional case. As we have seen earlier, 
there is a coupling between the gyration and the longitudinal and transverse 
drift motions. However, it has been shown by Gardner [1959] and demon¬ 
strated in Ch. 3, § 3 that a canonical transformation can be applied to 
the exact equations of motion. The result of this is that the particle motion 
is described by three degrees of freedom which essentially represent the 
gyration and the longitudinal and transverse drift motions. In this new 
representation Gardner [1959] found that it is possible to study the adia¬ 
batic invariance by methods similar to those applied to the one-dimensional 
harmonic oscillator. A detailed description of these results is beyond the 
scope of the present volume. Instead we shall restrict ourselves in this para¬ 
graph to a treatment of the equivalent magnetic moment by the action 
integral as suggested by KLruskal [1957]. 

The development (3.6) of the position vector p(t) of the particle has been 
shown by Berkowitz and Gardner [1959] to satisfy the exact equation 
of motion (3.3). The action integral (2.71) for a nearly periodic system can 
then be defined and has the form (4.2). This is so, because the solution (3.6) 
admits the introduction of a function 5(t) associated with the gyration. 
Therefore the action integral J* of (4.2) is an exact constant. As a conse- 
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quence, we will now see that the integrand of (4.2) can be developed in a way 
to give an expansion of the equivalent magnetic moment to all orders in the 
“smallness parameter” e. The result is obtained by substitution of p and 
dp/dr from (3.6) into the integral (4.2). 

Now return to the results of Ch. 3, § 1.3. The sum of the scalar product 
between and (3.32) and between and (3.33) gives the relation 

{C\ + + 29(Ci X Si) • J5 + 269 (Si -C^-C^ -Sj) 

+ sCi • (Cl X B) + eSi- (Si X B) - eB{Cl + Sl)Aco = ©(s"), (4.96) 

where the expression (3.34) for the force F has been substituted into equa¬ 
tions (3.32) and (3.33) and we have defined 

B(Cl + Si)Aco = O • [Cl X (Cl • F)B + Si x (Si* F)B] (4.97) 

+ Cl • [(Cl • F)(C X B)] -^Si • [( 1- F) (C X B)]. 

The coefficients are evaluated at the centre of gyration. 

Relations (3.35) and (3.36) are satisfied by 

Cl = - Si X -1- 0(e), Si = Cl X B 4- 0(8) (4.98) 

in conformity with equation (3.39). As was pointed out in Ch. 3, § 1.3 in 
connexion with (3.37) the higher order terms of B are not fixed by the ex¬ 
pansion (3.6) and can be chosen freely. The form of these terms depends 
upon the way in which we prefer , to represent the vectors Cy and Sy con¬ 
nected with the gyration (Brinkman [1959]). Impose the condition 

Cl • Si = 0(e). (4.99) 

From the time derivative of the last expression (3.35) and from equations 
(4.99) and (4.98) we then obtain 

Cl • Si = - Cl • Si + 0(8) = Cl • (Cl X jg) -f 0(e), (4.100) 

and a similar relation can be deduced for Si • (Si x B). This result implies 
that we have chosen a representation where Ci and Ci are almost parallel 
as well as Si and Si, i.e., the vectors Ci and Si do not rotate around J3 but 
only their amplitudes vary in time in the first approximation. This is the 
same choice as Hellwig [1955] has made. Then the third, fourth and fifth 
terms of (4.96) vanish according to (4.100) and the solution for B is 


S = jB -1- sAco 4- 0(8®), 


( 4 . 101 ) 
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which is easily verified by insertion into (4.96) and is a direct consequence 
of equation (4.99). 

We are now in a position to evaluate the action integral of equation (4.2), 
From the expansion (3.6) we obtain 


/* = m(p C+sCiCos-+a8xsm-—&Cxsm--^hSiCos--b—A + 0(s^) 
J[_ fi S S TTl _jf 

(4.: 

[ 39 29 29 I 

— Cisin-H-Sicos— 2aC2sm —+2fiS2Cos—hO(e^) d9 = const., 

S G G G 


where subscript Q denotes that t should be kept constant in all places where 
it occurs explicitly. This implies that derivatives of C, Ci and Si with 
respect to S vanish when J* is evaluated. The integration is performed over a 
period 2jr8 of S and (4.102) becomes 

J* = smn&(Cf + S?) (4.103) 

r^TtB r n 9 ”1 

+ ^ J • (Sicos g ~ sin j )J d9 + 0(6^) = const., 

when it is observed that and Ci * 8^ vanish in first order according 

to equation (4.100). Since the explicit dependence on t is suppressed in the 
integrand of (4.103) the corresponding integration takes place around a 
closed orbit. By Stokes’ theorem the integral is then given by the magnetic 
flux encircled by the vector p during one period of 9. The surface element is 
given by 


ndS = - ip X (p H- dp) = - ia X d9 

- - i<Ci X Si)d9 + O(s^), (4.104) 

where the minus sign indicates that a positively charged particle gyrates in 
the negative direction with respect to jB. With the magnetic field given by the 
expansion (3.7) and with the surface element inserted from (4.104) the integral 
can be evaluated and (4.103) reduces to 

J* = smn&iCl 4- Sj) — amnB • (C^ x Si) -f 0(8^) = const. (4.105) 

From equations (4.98) and (3.35) we obtain 

B-{Ci xSi) = i{Cl + Si) + 0{e^) 


(4.106) 
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and the result (4.105) can be written 

J*l2ns = im(9 - iB) (Cj + Sj) + O(fi^) = const., (4.107) 

where J*l2m represents a mean value of the integrand of equation (4.102). 

The mean value of the square of the gyration velocity W = da/dt over a 
period 9 = 27te is easily deduced from the expansion (3.6): 

rins 

= (l/27ts) I (a), dS = + Sf) + 0(8^). (4.108) 

Combination of equations (4.108) and (4.101) then yields an expression for 
the equivalent magnetic moment (cf. Brinkman [1959]): 

M = m(W^yi2B = im(d - ^B) (S? + Cj) + 0(e^). (4.109) 

Consequently, equation (4.107) shows that 

M = const. 4- 0(8*). (4.110) 

We have therefore deduced an explicit expression for M including first order 
contributions from s. The result shows that deviations from the adiabatic 
invariance of M for finite values of e are limited at least to terms of second 
order. 

In principle, the present evaluations of J* can be continued by the help 
of expressions (3.6) and (4.2) to any order of e. This has been done by 
Kruskal [1958] who has deduced a power series in e for the instantaneous 
value of [j§ X (to X i§) — mJ^/B, with w = dp/df given by equation (3.6). 
As a result, this quantity becomes an adiabatic invariant to all orders. Further 
considerations about the invariance concept will be made in the next para¬ 
graph. 

An extension of the definition of the first adiabatic invariant to the relativ¬ 
istic and three-dimensional case has recently been presented by Vander- 
vooRT [I960]. He has applied the methods of § 2.1 earlier introduced by 
Chandrasekhar [1958]. 

4. General Discussion on Invariance Concept 

When an oscillating system is described by amplitudes C or Ci such as 
those given in Ch. 4, § 2.1 and in Ch. 2, § 4.4, quantities of the forms 
<(u|C|®> or <|(il^/co> can be introduced which represent adiabatic invariants. 



106 


ADIABATIC INVARIANTS 


[CH. 4 § 4 


The definitions of adiabatic invariance can then be stated as in § 2.1, i.e., 
in the way suggested by Chandrasekhar [1958] and further discussed by 
Vandervoort [I960]. This formulation of the invariance is precise and does 
not need further comments. 

An alternative possibility of defining the invariance arises from the 
development of the dynamic variables in terms of e, along the lines of 
Ch. 3, § 1 and of Ch. 4, § 3. Such a definition has been formulated most in 
detail by Lenard [1959] who states the following: 

(i) Introduce a parameter s such that 8-^0 implies the indefinite decrease in 
the rates of change of external parameters. In other words, this means that 
the radius of gyration and the gyro time become infinitely small compared to 
the characteristic changes of the electric and magnetic fields in space and 
time as s approaches zero. 

(ii) Suppose that a positive constant can be found such that the change zl% 
of a certain quantity x obeys the relation 

\Ax\ < (v positive integer) (4.111) 

for all sufficiently small s. Then, x is said to be an adiabatic invariant to the 
vth order. This implies that the change Ax in x should approach zero at 
least at the same rate as e''. 

(iii) If relation (4. Ill) holds for any v, the quantity x is said to be an adiabatic 
invariant to all orders. 

(iv) Suppose, in addition, that Ax depends on other parameters besides e. 
If both the range of e and the choice of can be made independently of 
these parameters, x is said to be an adiabatic invariant uniformly in the para¬ 
meters. 

These statements can be illustrated by the result (4.110) for the magnetic 
moment M. Since AMi% at least of the order 8^ we have | J M|/e^ = const, and 
M becomes an adiabatic invariant at least to second order. 

With Kruskal [1957] we should stress here that constancy to all orders 
does not mean exact constancy, but merely that the deviation from constancy 
goes to zero faster than any power of 8. As mentioned by Kulsrud [1957] 
such a situation is illustrated by the function z = Zo + Xi exp (— 1 /e), where 
Zo and xi are constants. Thus, z is an infinite series in e which starts with the 
constant term Xo- Here \Ax\l^^ = lzi exp (— l/8)|/8'' vanishes for any power v 
when 8 approaches zero. Therefore, x is an adiabatic invariant to all orders 
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in 6 according to the present definitions. For finite values of e it is, of course, 
not a constant. 

In most cases of physical interest the Larmor radius and the gyro time 
are finite as well as a. Thus, even if a certain quantity is an adiabatic invariant 
to all orders of the present asymptotic expansions, there is no direct infor¬ 
mation about its real deviations from constancy. To obtain such an infor¬ 
mation we have to evaluate the coefficients of the expansions in detail, 
or we have to use methods such as those demonstrated in § 2.3. 

We finally observe that deviations from adiabatic invariance can be pro¬ 
duced when the basic assumption (iii) of Ch. 2, § 3.3 is violated. Examples of 
this are the resonance phenomena between the Larmor motion and the 
longitudinal oscillations studied by Chirikov [I960]. Such phenomena pro¬ 
duce a coupling between these motions, and the latter can no longer be 
treated as independent degrees of freedom. A study of the deviations requires 
a special method of analysis. 



CHAPTER 5 


MACROSCOPIC THEORY 

Up to this point the orbits of individual particles have been used to de¬ 
scribe the behaviour of an ionized gas. In this chapter the study will con¬ 
tinue from a different angle of approach which starts from Boltzmann’s 
equation. Thus, we are going to unite the single particle picture with a 
macroscopic fluid model. For a large class of problems these approaches 
will provide equivalent methods of solution. 

The equations of motion of this chapter are derived from the moments of 
the Boltzmann equation and arise from mean values taken over the velocity 
distribution of particles. Finite Larmor radius effects which are present in 
the orbit theory will appear also in the macroscopic approach. One important 
limitation of the latter is that it does not permit a general study of the 
changes of state in velocity space. Such changes can only be treated in terms 
of a complete kinetic theory. 

For the fluid model to be developed it is necessary to assume that the 
mean free paths and the mean collision times are short compared to the 
characteristic macroscopic variations in space and time (Grad [1961]). The 
present fluid model is based on such an assumption, but is at the same time 
restricted to a local thermodynamic state where dissipation effects only 
have a minor influence on the macroscopic motion. 

1. The Boltzmann Equation 

A detailed line of deductions which leads to the Boltzmann equation and 
its moments can be found in several monographs such as those by Chapman 
and Cowling [1939, 1952], Hirschfelder, Curtiss and Bird [1954] and 
Brandstatter [1963]. Only a brief summary will be given here, which 
does not claim to present a rigorous proof of the obtained results. 

1.1. LIOUVILLE’S THEOREM 

Consider a gas consisting of N particles the state of which is given by 3 A' 
pairs (?*,/*) of generalized coordinates and momenta. We can then introduce 
a 6iV-dimensional phase space in which the gas is treated as a single system 
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with 3N degrees of freedom. Its state of motion is given by the position 
Pu • • -5 Psn) of ^ point in phase space. The corresponding 
Hamiltonian is H(qx ,. . qzN^Pu • • 

As a next step reproduce the system such as to form a large assembly of 
identical members, which do not interact with each other. Thus, we fill the 
6iV-dimensional phase space with a large number of points at time t == 0, 
each of which represents a system in a certain initial state. We then investi¬ 
gate how this assembly of phase points will move as a function of time. 
Since the number of systems is fixed, no phase points are created or de¬ 
stroyed. Consequently, we can treat the phase points as a ‘‘gas” without 
sources and sinks and write down the corresponding “equation of con¬ 
tinuity”. With F as the density of phase points it becomes 

^ I. M (5.1) 

when use is made of the canonical equations (2.56) and (2.57), and the 
Poisson bracket of the second member is defined in analogy with (2.59) for 
/c = 1,..., 3N. 

Equation (5.1) is Liouville's theorem. Since the second member has the 
form of a total time derivative dF/dr of F according to (2.59) we see that the 
fictions gas of phase points moves as an incompressible fluid in 6iV-dimen- 
sional phase space. 

Now consider again the physical gas which consists of a very large number 
N of particles. Make the special assumption that the interactions between 
the latter are weak enough to be neglected. We can then for a moment 
consider the particles as N systems without mutual interactions and study 
their distribution function /(^/t, Pk, t) in the six-dimensional phase space 
p^. In analogy with (5.1) we then write Liouville’s theorem in the form 

(5.2) 

1.2. THE VLASOV EQUATION 

We shall now make a change of representation from space to 
space which is more useful in our further treatment of the equations of 
motion (see e.g. Linhart [I960]). Using rectangular coordinates equations 
(5.2), (2.61) and (2.62) combine to 
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^ + w,-:^+ ^ = 0. (5.3) 

It ■' Iqj V ^‘Ij Mj) ^Pj 

The transformation which should be made from (q^, p^, t) to {q[, t') is 

Pk = mw'k + qAt, t = t', 

Wk 


where 


_ t Mk _ Q 

Ms ^Pj 


It 


= 0 , 


M] 


g _ 

m Iq/ Ipj 


M _ ^kj 


m 


^ = 0, 1^ = 0. 

Iqj Ipj 


hf 

c>i' 


m t)t ’ 


£)t 


= 1 . 


(5.4) 

(5.5) 

(5.6) 

(5.7) 


The partial derivatives of / with respect to qj can now be expanded in the 
form 

¥ 


_ ^M.}3h+ M + 

Iqj Iq'i, Iqj Dw* iqj It' It 


(5.8) 


and similar relations hold for V7^^- After insertion of the resulting 

expressions (5.3) becomes 


DJ^ l+wVf+^(F + qwxB)-VJ= 0, (5.9) 

where the primes have been dropped and = Ol'dWx, ‘d/lWy, denotes 
the gradient in velocity space. In this representation p, w and / are to be 
considered as independent variables. 

Equation (5.9) is the Vlasov equation (or the collisionless Boltzmann 
equation). It can easily be xmderstood from physical arguments since the 
acceleration due to the external force F + qw xB corresponds to an equiv¬ 
alent “velocity” in velocity space and the motion takes place without sources 
or sinks produced by collisions. 

When collisions occur, part of the particles in a volume element of q^Wj^ 
space will be scattered out of the element and another part will enter by 
scattering from other elements. Equation (5.9) is then modified to the Boltz¬ 
mann equation 

(5.10) 

where the right hand member is the net gain of particles per unit time and 
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volume of space due to collisions. In a rigorous theory the right hand 
member of (5.10) can be deduced from the collisional forces in the Hamil¬ 
tonian of (5.1). The density F is then integrated over the coordinates and 
momenta of all but one of the particles. 

In the next section we shall limit ourselves to a situation where dissipation 
due to collisions is of minor importance and (5.9) can be used in the deriva¬ 
tion of the fluid equations. At the same time we assume collisions to 
be effective enough to establish a local distribution function of the form 
/ = /(P» 0* These statements are not in contradiction. In terms of a 

physical picture they imply that collisions in a plasma are frequent enough to 
establish a local Maxwellian distribution, but are at the same time rare 
enough for the macroscopic motion to be only slightly affected by dissipation. 

1.3. MACROSCOPIC CONSERVATION LAWS 


The density /z(p, t) of a certain kind of particles at a particular point in 
space and time is 


n = 


JJ /(p, w, t)dWx dwy dw^ 


(5.11) 


with / as the corresponding distribution function. Accordingly, we define 
the mean value (or moment) of a certain quantity x(p, w, t) from an average 
over the velocity distribution: 


X = 



Xf dWx dWy dw,. 


(5.12) 


Multiply the terms of (5.9) by x and integrate over velocity space: 


dWydw, = —{nx) - n—. 






II. 


'+00 


-no m 


JIJ 

JJ Z ■ ^)f dw* dWj, dWj = div {nxw) — nw • Vx, 


(jP + qw X B) • F^/ dw, dw, dw^ 


(5.13) 

(5.14) 


= - (n/m)F„ • 1{F + qw x jB)x]. (5.15) 

Equations (5.13), (5.14) and (5.15) result from partial integration. In (5.15) 
has been assumed that the product x(F + qw x B)f approaches zero when 
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\w\ tends to infinity. This is a justified assumption for distributions f of 
physical interest. We use these last three equations to obtain 

+ F-(nxw) 

~ ^ X J5) • = 0 (5.16) 

for the collisionless case, provided that the only velocity dependent part of 
the total external force is gw X B, the k component of which does not de¬ 
pend on Wfc. 

The equation of continuity is obtained if we let x = 1- 

^ + div (nv) = 0, (5.17) 

where we have defined the mean velocity v = w according to equation (5.12). 

With X = equation of motion results which expresses the balance 

of momentum in the k direction: 


'bt 


(nm Djfc) + div (nm Wj,w) ~ n[F + qv x B\ = 0, 


(5.18) 


where it is observed that (p, w, t) should be considered as independent 
variables in (5.9) and in the evaluations of expressions (5.13), (5.14) and 
(5.15). Thus, IwJ'dt = 0 and (w • f)w^ = 0 here. Since F and B do not 
depend on w we have F = F and B = B. 

Introduce the deviation iv = w — v of the velocity tv from its average 
value. Accordingly w = 0 and we can define a pressure tensor 


« = (^ij-fc), = nm WjW^, w = w — v. 

Equation (5.18) can now be rewritten as 


(5.19) 


nm ^ + (i? • V)v = n{F + qv x B) - div n (5.20) 


when use is made of the equation (5.17) of continuity. 

A special case of interest is that where the off-diagonal elements of the 
pressure tensor can be neglected in a coordinate system having one axis 
along B. The pressure is assumed to be anisotropic with the components 
and parallel with and perpendicular to the magnetic field lines. With 
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Chew et al [1956] and Chandrasekhar et al [1957] we can then write 
the pressure tensor in terms of the unit vector B = B[B along the magnetic 
field: 

^Jk = + P±iSjk - BjBj,). (5.21) 

The divergence of this tensor becomes 

div n = B [(B • V)p^^ + (p,, - pj) divB] 

+ [F - B(B • F)]px + (p|, - pj (B ■ F)B. (5.22) 

Using the identity ^ div B = — (B • F) ^ and the parallel and transverse 
gradients 

F|, =B(JB-F), F^-F-F|| (5.23) 

the divergence becomes 

div It = F||P|| - ^ ^ 11 ^ + ^±Pi + (P|| - Pi) (B • F)B. (5.24) 

The first two terms of this equation are directed along B and the last two 
terms are perpendicular to B, as can be seen from equation (3.21). Especially 
for isotropic pressure distributions and 

div n = yp, (5.25) 

where p is the scalar pressure. 

Next turn to the equations expressing conservation of energy. With 
= \my^l the general equation (5.16) obtains the form 

i ^ (nmufc) + i div {nmvlv) + ^ (nm U^^)) + div (nm U^k)») + div Q^k) 

+ div (nmOfc w^w) — n(F + qv x B) ■ — nq(w x B) • = 0, 

_ (5.26) 

where we have introduced the thermal energy = i w* per unit mass 
and the heat flow vector 

Qw = inm wlw (5.27) 

associated with the velocity h in the k direction. The sixth term of 

(5.26) can be written as 

div {nmVk w^w) = div (Vj^ • n) — v^div k ^ n : Vv^, (5.28) 
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where : y stands for the product between the pressure tensor (5.19) and 
the operator p. Multiply (5.18) by Vk and subtract the obtained result from 
(5.26). After combination with the equation (5.17) of continuity follows that 

+ diw(nmU^k^v) + diy + tc: VVj^ — nq(w^ x w)'B = 0 

(3.29) 

which expresses conservation of energy for the part U^j^y For the total 
kinetic energy ^ait mass we have from (5.29) 

7“ (wwl7(tr)) + div + div 0 + 7t: Ft? = 0 (5.30) 

Ol 

with the total heat flow vector 

Q = ^nm w^w. (5.31) 

In the special case where the pressure tensor is given by the two scalar 
quantities /7|| and pj^ as shown in (5.21) we have 

n:FVk = (i)|| - Pj.)B(B ■ F)v^ + pi div v^. (5.32) 

Further, assume adiabatic changes of state where the heat flow can be 
neglected. Then, the equation (5.30) expressing conservation of the total 
thermal energy is easily shown to become 

i (-^ + ^ ■ ^) (P|| + 2Pi)+(P|| - Pj.)B{B • F)« + i(p|| + 4px) div v = 0. 

(5.33) 

A 

On the other hand, using (5.29) with tu*. = ©n = B • U|| and observing that 
hih ■ F)®ii = div tJ|| we obtain for the longitudinal direction 

(-^ + « • F)pii = - 2p||B(B • F)» - p|| div v (5.34) 

which is also obvious from (5.33) when pn and are independent of each 
other. The difference between equations (5.33) and (5.34) gives an energy 
equation for the transverse direction: 

(-^ + ® ■ F)pi = PiB(B • F)r — 2pj_ div v. (5.35) 

The adiabatic relations (5.34) and (5.35) were first deduced by Chew et al. 
[1956]. 
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Chapman and Cowling [1939], Marshall [1958] and Kaufman [1960] 
have included the effects of viscosity in the macroscopic equations and the 
latter author has interpreted his results in terms of the single particle motion. 
When the self-collision frequency between like particles is smaller than the 
gyro frequency a highly anisotropic situation arises. As a consequence the 
shear forces are cut down appreciably in a plane perpendicular to a strong 
magnetic field. 

The present deductions have been carried out under the assumption that 
dissipation effects due to collisions are very small and do not give any essen¬ 
tial contribution to equation (5.16). We still have to assume that the mean 
free paths and the mean collision times are short compared to the charac¬ 
teristic variations of our fluid model in space and time. If these conditions 
cannot be satisfied the latter usually becomes inapplicable, and the distribu¬ 
tion function / then obtains a complex form. Only in some special cases, 
such as when conditions are uniform along a magnetic field line, a fluid 
model may still be applicable to the motion across the lines of force (Spitzer 
[1960], Grad [1961]). 

*1.4. APPROXIMATE SOLUTIONS OF THE VLASOV EQUATION 

The Vlasov equation (5.9) can be solved by sucessive approximations of 
an expansion, which is developed in terms of the “smallness” parameter e. 
Our basic assumptions will become the same as in Ch. 3, § 1, i.e., the mag¬ 
netic field and the applied force field should vary slowly as prescribed by 
conditions (3.1), (3.2) and (3.34). A detailed treatment of the problem is 
beyond the scope of this volume. We only summarize some of the results 
obtained by Marshall [1958] and Thompson [1961]. 

With jP = we rewrite the Vlasov equation as 

(5.36) 

and observe that E \\/e should be of zero or higher order according to equation 
(3.34). We now make a transformation in velocity space and change the in¬ 
dependent variables from (p, to, t) to (p, w\ t) where the velocity to' is 
defined by 

w' u\ (5.37) 

and 

JBj_ -j- lif X = 0. 

To lowest order to^ becomes equal to the velocity W of gyration. 


(5.38) 
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Finally introduce a polar representation of the velocity w'j_ where 

w'j_ = w'^_ (cos (p, sin q>). (5-39) 

The result of these transformations is that (5.36) obtains the form 


— = - D/. 
l(p B ^ 


Here the operator D is defined by 


(5.40) 


Df = D7 - (D'tt') • - to' • (D'B) + wUD'B) ^ ^ 

^ sto' ^ ^to' sq 

with (5.41) 


D' = 4 + (to' + u’)-V 

ot ' 


(5.42) 


and h/Sto's . 

The right hand member of (5.40) is of order e. Thus, the zero order 
solution Jq of the equation is obtained when this member is dropped. The 
corresponding solution has the general form 


fo = /o(wf. W|| ,p,t) (5.43) 

which is independent of (p. Remembering that e represents the ratio 
l/cOgte 1 when equation (5.40) is written in dimensionless form we now 
expand/in powers of s: 

(v = 0.1,...). (5.44) 


With this expansion inserted into (5.40) we obtain a relation which should 
be valid for any value of s and therefore has to be satisfied for every separate 
power of e. Consequently, 





(v = 1, 2,...). 


(5.45) 


The first order solution is now obtained from equations (5.43) — (5.45) 


and becomes/i = + sf^^\ where= fo and 


/i) = gi(wi^, wfi , p, t) + ^ j D/o dq>. (5.46) 

We must seek solutions which are periodic in (p and a constraint is therefore 
placed upon fo, namely 



D/o d(p = 0. 


(5.47) 
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This relation can be used to rewrite the inhomogeneous part of fi given by 
the last term of equation (5.46). At each stage in this solution procedure a 
similar constraint must be applied. 

We shall not write down the resulting expression for in detail. It should 
only be mentioned that can be used to calculate the components of the 
pressure tensor by forming the moments with the velocity components as 
given by equations (5.19) and (5.12). With the z axis along a nearly homo¬ 
geneous field B and for a velocity field situated in the xy plane 

- \nm 0,5" (5.48) 

= Px + inm co^a^ (5.49) 

^xy = T^yx = ^nm (o,a^ (5.50) 

as given by Thompson [1961] (see also Roberts and Taylor [1962]). In 

equations (5.48) — (5.50) p± is the transverse scalar pressure in zero order 
and a is the Larmor radius. To lowest order the transverse macroscopic 
fluid velocity in equations (5.48) — (5.50) can be substituted by the 
transverse electric drift u^. 

2. Connexion between Microscopic and Macroscopic Theories 

The orbit theory of Chapter 3 and the present macroscopic treatment are 
both based on the collisionless equation of motion of individual particles. 
They therefore constitute equivalent methods of approach. In this paragraph 
we shall try to establish a closer connexion between the two methods and 
clarify some of the apparent contradictions which arise when the guiding 
centre approach is compared with the macroscopic fluid equations. Among 
the discussions on this subject may be mentioned those by Schluter [1952], 
Spitzer [1952, 1956], Longmire [1963], Chandrasekhar et al. [1958a], 
Astrom [1958], Northrop [1960] and Lundquist [I960]. 

2.1. THE EQUATION OF MOTION 

We shall connect the equation of motion (5.20) with the relations (3.47) 
and (3.49) deduced from the orbit theory. For this purpose divide (5.20) 
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into its longitudinal and transverse parts, 

nm 1^^ + (i? • = nF|| — (div 7t||) (5.51) 

and 

nVj^ = (riF — div n) x BjqB^ — nm + {v • F)^J x (5.52) 

where the last equation has been obtained from the vector product of (5.20) 
with B, The limit B = 0 is excluded. Observe that the derivative, 'b/'bt + 
+ V ‘ V, following the mean mass motion v is not necessarily equal to the 
total time derivative, 'bj'ht + it • F, following the drift of individual particles; 
there is a difference because v and u are generally not equal. 

We restrict the present discussion to a pressure tensor of the form (5.21), 
which can be described by two scalar pressures /?|| = 2nK\\ and = nK^- 
Here and denote the corresponding thermal energies as defined in 
(3.45). Assum e that the mean velocity W|| is small compared to the thermal 

velocity (W||^)^. By means of (5.24) we can immediately rewrite equation 
(5.52) in the form 

= nF X BjqB^ + n{K^ - 21i:j,)(FB - B x curlB) x BjqB^ 

- V(nKj) X BlqB^ - nm x BjqB^ (5.53) 

- nm + (»g • F) (tjg + «)+(«• F)»gj x 
Here we have introduced the velocity 

®g = » - u = «> - U|| - (5.54) 

which represents the particular part of the total particle flux nv per unit area 
which is due to the g3Tation W only, and not due to the mean flux nu of the 
guiding centra. To obtai n (5.53) we have also used relations (3.19), (3.20) and 
(3.21) to rewrite dujdt. An acceleration term, M||dM||/dr, originates from the 
curvature of the magnetic field lines. It gives rise to the factor 2 in front of ATn 
m equation (5.53). Contributions from the last term of (5.53) might appear 
to be negligible compared to other terms in the same equation. Nevertheless 
erraneous results will be obtained in certain cases if the contributions from 
®g are discarded. Examples of this will be given in Ch. 8, §§ 2.4 and 2.5. 
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Comparing (3.47) deduced from the first order orbit theory with (5.53) 
we see that there is complete agreement in the zero order approximation 
when the thermal motion disappears and Jf|| =0,K^ = 0, Vg = 0. Of course, 
the result requires the mean longitudinal drift Uy to be of the same order as 
and V. This is also consistent with the last of equations (3.34). 

Under certain conditions there is also agreement between equations (3.47) 
and (5.53) in first order. First observe that the acceleration term of (5.52) is 
at least of first order in e compared to the left hand member of the same 
equation. We further notice that the ratio between the div n and nF terms 
in (5.52) is of the order of kTJL^^F„ where T^, and are characteristic 
values of the temperature, the spatial variations of the pressure tensor and 
of the force field, respectively. This ratio sometimes becomes small under 
conditions of physical interest. This occurs e.g. for F = qE = — qf<j) 
when the electric potential difference associated with the Larmor energy is 
small compared to the potential difference arising from E across the charac¬ 
teristic length of the pressure distribution. The lowest order forms of equa¬ 
tions (5.52) and (5.54) therefore become 

» » ®ll + F X BjqB^, ®|| m M||, Ug = 0(8), (5.55) 

but this result holds only when div jt is small compared to nF. Observe that 
it is not applicable when the thermal velocity by far exceeds that of the 
macroscopic motion and when the pressure tensor gives contributions to the 
total particle flux which are of the same importance as those arising from the 
guiding centre drift. In such a case Vg cannot be treated as a first order 
quantity. Thus, there will be an agreement in first order between equations 
(3.47) and (5.53) only when Vg is of first or higher order in s compared to Vj_. 

Higher order approximations cannot be discussed here since equation 
(3.47) has been deduced only in terms of a first order theory. We have al¬ 
ready seen in Ch. 3, § 2 that the flux of guiding centra is not necessarily 
equal to the flux of particles, and we shall discuss this further in § 2.3 of 
this chapter. In fact, it should also be expected that the inertia force asso¬ 
ciated with the guiding centre motion is not necessarily equal to the rate of 
change of the momentum stored in a volume element of an ionized gas. This 
rate is governed not only by the acceleration of the guiding centra but also by 
the momentum changes of the corresponding Larmor motion. The latter are 
contained in the last term of (5.53). To derive more accurate expressions for 
the dynamics of ionized matter we have to evaluate higher order approxi¬ 
mations, not only for the guiding centre drift but also for the Larmor motion. 
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This is readily illustrated by the examples of Ch. 8, §§ 2.4 and 2.5 on the 
effects of a density gradient and a finite Larmor radius. There it will be shown 
that contributions from the pressure tensor due to the last terms of (5.53) and 
(5.48) — (5.50) are not always negligible in a hot plasma. 

We next turn to the longitudinal direction. With the definitions />|| = 2nK\\ 
and = nK^ and the longitudinal component of div it given by (5.24) it is 
immediately seen that (5.51) is consistent with the result (3.49) of the orbit 
theory. 

Consequently, the single particle picture and the macroscopic fluid model 
yield equations of motion which agree within the range of the approxima¬ 
tions underlying the first order orbit theory. 

We have just seen that the equations of motion are obtained quite easily 
from a macroscopic approach whereas the corresponding results can be 
deduced from the orbit theory first after a number of approximations and 
by means of rather laborious methods. However, this does not mean that 
a macroscopic treatment is free from difiSculties. In fact, problems arise which 
mainly concern the determination of the pressure tensor. As shown in § 1.4 
the form of the latter is modified in higher orders where it cannot be re¬ 
presented by simple scalar pressures. 

22 . ADIABATIC CHANGES OF STATE 

Conservation of momentum was treated in the preceding paragraph both 
in terms of orbit theory and of macroscopic theory. Here we shall establish 
a corresponding connexion between the same theories for the conservation 
of energy. 

We start with the law (2.1) of electromagnetic induction. Restricting the 
present discussion to the lowest order forms of equations (5.20) and (5.52) 
and to the conditions imderlying (5.55) we have 

Flq = E - imlq)v(l}^ = - v x B. (5.56) 

The induction law (2.1) therefore yields 

— = curl(® X H) = - (« . F)B + (b ■ V)v - Bdiv ®. (5.57) 

Assume the pressure tensor to be given by (5.21) and substitute {B • V)v 
from (5.57) into equations (5.34) and (5.35). With div v expressed by (5.17) 
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and 




(5.59) 


These equations, which represent conservation of energy for the longitudinal 
and transverse thermal motions, have first been derived by Chew et al. 
[1956]. In the isotropic case where p they should be substituted 

by the corresponding result derived from equations (5.33) and (5.17), i.e., by 

which is the well-known adiabatic law. 

In zero order the mass velocity v has the solution (5.55) which is equal 
to the zero order mean value of the guiding centre drift u. According to 
equations (5.59) and (5.58) the quantities 


nB B ’ „3 



(5.61) 


then become adiabatic invariants in a frame of reference which follows the 
mean drift of the particles. _ 

The first of the invariants, M, is the mean of the equivalent magnetic 
moment. By means of a rough consideration the second invariant, C||, is 
easily seen to be connected with the longitudinal invariant J of Chapter 4. 
Suppose that a constant number of particles of mean density n is enclosed in 
a tube of magnetic flux $ and mean area S — somewhat like that shown 
in Figure 4.4. The mean distance of the magnetic mirror points between which 
the particles are reflected is 2j„. Since the total number of particles is con¬ 
served nSsji, = 4>(nlB)s^ must be so, too. Combination with the second 
invariant of (5.61) then shows that must be constant. This latter 
quantity has the form of J® as seen from the definition (4.8) of the longitu¬ 
dinal invariant. 

Finally (5.56) immediately shows that the velocity field v satisfies condition 
(2.29) for flux-preservation in zero order. Consider an axially symmetric 
configuration like that of Figure 4.1c. Suppose a mass velocity v to be 
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produced by an axially symmetric force field F. In zero order v then be¬ 
comes equal to the velocity u of the guiding centra. Further study a curve C 
which is carried along by the velocity field v. It should have the form of a 
coaxial ring which coincides at a certain time /q with the particles at a certain 
distance from the axis. At all later times the curve will then be situated on 
the same field lines as the particles with which it coincided at time It 
therefore encloses the constant flux ^ of a time-dependent magnetic field. 
This implies that ^ is an invariant in zero order, in the same sense as in 
Ch. 4, § 1.5. 

The present discussions on fliux preservation and on the adiabatic in¬ 
variants of (5.61) are connected with the magnetic compression phenomena 
of Chapter 6. 

2.3. FLOW OF PARTICLES, GUIDING CENTRA AND DENSITY DISTRIBU¬ 
TIONS 

So far equations of motion have been established for the drift velocity u 
associated with the flux of guiding centra and for the macroscopic fluid 
velocity (mass velocity) v associated with the flux of particles. We shall 
now examine the physical reasons for these fluxes to differ. In this connexion 
we will also find it useful to study how the surfaces of constant density are 
moving, i.e., in which way a drift of density distributions will develop. 
This is of particular interest in problems where charge separation occurs 
from ion and electron distributions which move at different velocities. 

A divergence operation on (5.52) yields in combination with the equation 
(5.17) of continuity (cf. Lehnert [1962a]): 

-^={Fx BjqB^ + ®ll)- 

+ {2lqB^) {B X VB) • div re 4- n div {F x BjqB^-m^x BjqB 

+ {llqB^) div (jB x div re) + • P) (u||/B), (5.62) 

where we have introduced the derivative dv/dt = S/b? + » • p following 
the mass motion and div Un has been rewritten by means of the condition 
div jB = 0. 

First study (5.62) in zero order by dropping pressure and inertia terms and 
assuming the conditions of (5.55) to be applicable; 
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where the external force drift Up has been defined in equation (3.23). Espe¬ 
cially when 0 ||/j 5 is constant the flow along the magnetic field lines is in¬ 
compressible and does not give rise to any density changes. Further, assume 
the force field F to arise from a scalar potential and the magnetic field to 
be near to a vacuum field, which varies slowly in space compared to the 
density distribution. This implies that we can put div Up = 0, Equation 
(5.63) then shows that the density distribution n is displaced with undistorted 
form at the zero order velocity + Up of the guiding centra and the mass 
motion. This is also obvious from a divergence operation on equation (3.43). 

Next take first order effects into account and assume the pressure tensor 
to be given by equations (5.21) and (5.24). We then have 

(BxVB)' div n = (BxVB) • VxPl "" (P\\~^Pi) (BxVB) • (Bxcutl B)/B^ 

(5.64) 

when use is made of (3.21). Further 

jB X div = jB X V^Pj_ + (jE>„ - pJB X [(B • F)iB]. (5.65) 
Introduce the velocity 

U„ = ®|| + Up + + 2X11 )B X VBIqB^ + 2 K^^{c\ltlB)JqB^ 

(«ll + Up) X BjqB^ (5.66) 

and (5.62) reduces in first order to 

— + IJ„ • Fn + n divj^Mf + ^ 

+ [2B X FB + (curlB)J • VK^ (5.67) 

qB 

+ div - K^) [JB X FB + (curlB)J} 

- ~ (2/CI, - iCj.) (B X FB) • (B X curl B) + nB(®,| • F) = 0. 

Here (3.21) has been applied for a second time and ~ 2nK\\, /?j. = nJfj.. 

In (5.67) all first order effects are included which determine the motion 
of the surfaces of constant density. We first consider the velocity U„ which 
gives rise to a convection of these surfaces. If only the two first terms of 
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(5.67) would be present the density distributions would be displaced with 
undistorted forms at the velocity U^. Observe that the latter contains all 
the guiding centre drifts deduced in Ch. 3, § 1.1, including those which 
arise from the magnetic field gradient. Thus, the contribution to in the 
transverse direction is equal to the mean drift u± given by (3.22) in first order, 
when an average is taken over the velocity distribution. 

We further observe that the magnetic gradient drift (3.24) depends upon 
the velocities W|| and Wot a. particle. Thus, in absence of collisions different 
parts of the particle distribution in velocity space will drift at different speeds- 
The velocity spectrum will then change in space and time on account of the 
inhomogeneity of the magnetic field. However, in this simplified analysis we 
introduce collisions as stated at the beginning of this chapter, and as¬ 
sume a local thermal equilibrium to develop. The entire distribution of 
particles will then tend to move in space at a speed given by the thermal mean 
value of the drift velocity. This is shown by the third and fourth terms of the 
expression (5.66) for 17„. 

The fourth and fifth terms of (5,67) contain the gradients of the mean 
thermal energies, and jSTjl, and give rise to a distortion of the density 
distribution when the latter is observed in a coordinate system which moves 
with the convection velocity U^, This is understandable from the orbit 
theory, because a spatial inhomogeneity in JSTn and produces correspond¬ 
ing inhomogeneities in the magnetic gradient drift (3.24). 

The effects of the third term in (5.67) are of special interest. They clearly 
show that the surfaces of constant density neither move with the mean 
velocity of the guiding centra nor with the mass velocity. The reason for 
this is that compression and expansion effects may occur during the motion. 
In Chapter 6 we shall make a detailed discussion of the compression effects 
which arise from div Up when a force field F drives particles into regions of 
varying magnetic field strength. The contribution from inertia forces to the 
third term in equation (5.67) also gives rise to a ‘‘piling up” of particles 
in the form of compression or expansion. When the longitudinal velocity 
is small, F = qE^ and AUpjdt can be linearized, we see that this contribution 
is proportional to («m/5^)£)(div E)/2)/. A divergence operation on (2.2) shows 
that this term can be considered as the rate of change of an electric charge in 
a medium with an equivalent dielectric constant of the type (3.51). An electric 
polarization of the plasma is then produced by the inertia forces which act 
differently on ions and electrons. 
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We have just seen that surfaces of constant density move with a velocity 
which may differ both from the guiding centre velocity u and from the mass 
velocity v. According to equations (3.22), (3.43), (3.47), (5.53) and (5.67) it 
is also clear that there is a difference between the velocities u and v. We 
shall now examine this latter property more closely from the physical point 
of view. 

The mean flux nSj, of guiding centra in (3.22) differs from the mean flux 
nv^ of particles in (5.53) in that the former contains a magnetic gradient 
drift, whereas the latter includes a contribution from the pressure gradient. 
This difference can be explained by the fact that not all particles in a certain 
volume element have their guiding centra inside the same element, and 
vice versa. To proceed from the flux of guiding centra to the flux of particles 



Fig. 5.1. Connexion between the flux of guiding centra and particles through a surface S 
which is parallel with the magnetic field. Thermal energy assumed to be constant, (a) Ho¬ 
mogeneous magnetic field and density gradient directed to the right, (b) Constant density 
and magnetic field with gradient directed to the right. Particle orbits observed in a frame 
of reference mo^ung with the guiding centre drift (c) The same as (b) but particles are 
observed in the laboratory frame. 
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we have to subtract the flux of such centra which have their correspond¬ 
ing particles outside the volume element, and add the flux of such particles 
which have their guiding centra outside the same element (Spitzer [1952, 
1956]). A detailed calculation along these lines leads to the same results as 
equations (3.47), (3.49) and (5.53). 

The reason for a pressure gradient to produce a mass flow is easily under¬ 
stood from Figure 5.1a, where we have assumed the thermal energy and 
the magnetic field to be homogeneous and constant, and that a density 
gradient exists in the positive x direction. There is no drift velocity of the 
guiding centra. For a surface S perpendicular to the y axis the figure imme¬ 
diately shows that there are more particles passing upwards through the sur¬ 
face than downwards. Thus, there is a mass motion v perpendicular to B 
and to Vn which is generated by the pressure gradient. 

In Figures 5.1b and c, however, we instead assume the density n and the 
thermal energy to be constant, whereas there is a constant magnetic 
gradient VB in the positive :x: direction. This produces a drift = — K^VBx 
X BjqB^ along they direction. If we choose a frame of reference moving 
with this velocity the particles will be seen to gyrate around a stationary 
and homogeneous distribution of guiding centra, as shown in Figure 5.1b. 
In this frame there is a net flux nv'^ of particles through S directed down¬ 
wards. After some simple geometrical considerations involving the expres¬ 
sion (2.81) for the radius of gyration and the magnetic gradient drift (3.24) 
it is then found that becomes equal to - nu^. These considerations 
are based on the fact that the magnetic field strength B is inversely propor¬ 
tional to the arc length associated with the angle 6^ in Figure 5.1b, and that 
the net flux of particles in one direction is equal to one fourth of the mean 
thermal velocity. Thus, if the observer moves back to the laboratory system, 
the mass velocity will be seen to vanish. This is also easily understood 
from Figure 5.1c, where the distribution of particles is assumed to be iso¬ 
tropic in phase space. At any point P there are then equal chances to observe 
particles which have velocities of equal magnitude and opposite directions, 
and this should be so for all magnitudes and directions. Obviously, the 
flux of particles does not depend upon the fact whether the paths are curved 
by a magnetic field or not. 

The orbits of Figure 5.1b may also be taken to illustrate a gas of constant 
density which has a constant gradient VW x F(Tl)^ of the transverse 

thermal velocity. The gas is immersed in a homogeneous magnetic field. 
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In this particular situation a mass velocity Vj^ will be produced by the tem¬ 
perature gradient. 

Now consider the extreme case where the magnetic field has a constant 
modulus B and is curved as shown in Figure 5.2. According to equations 



Fig. 5.2. Motion of charged particles in a magnetic field with radius R of curvature. 

(3.20) and (3.22) this produces a mean drift into the plane of the figure having 
the modulus 

= 2K\\leBR, (5.68) 

where R is the local radius of curvature of the field. We obtain a mean 
flux of guiding centra through the shaded surface 

« 2ne{R2 - Rt)Rux = 4ne(Rz - Ri)K\\leB (5.69) 

when (Rz — Ri)IR 1- The flux is defined positive in the direction into 
the figure. The flux produced by the gyration W at the edges R = R^ and 
R = Rzof the shaded surface in Figure 5.2 is 

- nOiRz - Ri)a]V= - 2«0(1?2 - RiWJeB (5.70) 

where a is the radius of gyration. In the isotropic case of thermal equilibrium 
we have 2K\\ = ifj. and 'Vw — ~ which implies that there is no net flux 
of particles through the shaded area. This is also expected from the form of 
the second term of the right hand member in equation (5.53). When there is 
anisotropy, however, a net flux of particles arises, as is also predicted by the 
same term. 

In the situation of thermal equilibrium we expect from equations (5.20), 
(5.53) and (3.49) that there should be no mass motions produced by a 
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gradient in the magnetic field strength. As pointed out by Cowling [1932] 
and Spitzer [1956] this is also consistent with Liouville’s theorem (5.2). 
Consider namely a mixture of ions and electrons of equal and uniform 
densities and uniform and isotropic distributions of velocities w. The par¬ 
ticles are enclosed in a region bounded by perfectly reflecting walls. We 
assume the initial density of particles in phase space inside the volume to be 
uniform and the electric space charges to cancel in the initial state. Neglect 
collisions between particles and assume a stationary magnetic field. 

We first discuss only those particles which are uniformly distributed in 
a region of phase-space with the scalar velocity in the narrow range between 
w and w + Aw. According to Liouville’s theorem the density of these par¬ 
ticles remains constant along a trajectory in phase space. The only force 
which acts on the particles inside the volume is qw x B which does not 
change the modulus w but only the direction w of the velocity w. The 
same is true for collisions with the perfectly reflecting walls. Since the 
initial density is independent of the direction of motion and is also uniform 
in space, it then follows that the phase-space density will remain so for 
all later times. Particles in all other ranges Aw of the velocity spectrum 
will behave in the same way. We therefore conclude that no macroscopic 
velocities can appear if they do not exist in the initial state, regardless whether 
there is a magnetic gradient drift or not. The flux of particles reflected from 
the walls cancels exactly the flux of the guiding centra. This is consistent 
with conclusions earlier drawn by Bohr [1911] and van Leeuwen [1921]. 

The present result is understandable also from the point of view of the 
second law of thermodynamics, which states that the entropy of a closed 
system cannot decrease. A state of thermal equilibrium of the same system 
is therefore not expected to develop into a state where mass motions appear. 
When colhsions are taken into account we can consider an initial state with 
a Maxwellian distribution of velocities. If the gas is in thermodynamic 
equilibrium with the walls, it is clear from what has just been said that the 
distribution is self-maintaining and that the macroscopic velocities vanish 
for all later times. 

In conclusion a few comments should be made on the second order 
contribution to the force F given in (3.40). This contribution makes the 
external force drift Up deviate from its zero order value X BjqB^ given 
by the force Fq^X the guiding centre. One might therefore ask if the Larmor 
motion produces a change in the mean of the force F ‘‘experienced” by 
ionized matter. The macroscopic equation of motion (5.20) does not indicate 
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this. Here we shall give a simple example which shows that the contribution 
in (3.40) is exactly cancelled by the difference between the forces 
acting on the particles and the Active forces on the guiding centra. 



Fig. 5.3. The force on charged particles inside the strip -a <y< +a acts on the par¬ 
ticles only during the time intervals where the orbits are situated inside the strip. 


Figure 5.3 shows a strip of thickness 2a which is infinitely extended in 
the X and z directions and is immersed in a homogeneous magnetic field in 
the z direction. The force field F is supposed to have a component and a 
gradient only along y. With F — Fy& Taylor series expansion around the 
origin at y = 0 yields 


F = Fo + 




'c + acosO)^j 


05 


(5.71) 


where ^Vc is the coordinate of the guiding centre at the axis and subscript (o) 
indicates the value of Fand its derivatives at the origin. If the gyration of a 
particle around could be neglected the force would become 


Fc - Fo + {yc Fo • (5 72) 

The mean value of this force over the strip is 

(5.73) 

in second order. 

When the gyration is taken into account it has to be noticed that the force 
Facts on the particles inside the volume element only during the time which 
they actually spend there. As a consequence, such parts of the orbits as 
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the dashed ones in Figure 5.3 will not contribute to the mean force. The 
mean value of F obtained from integration of (5.71) over a gyro period is 


<-F> 




Po + y> 




e 


(5.74) 


+ 


fdFo^ d"Fol 


sin 6 +— sin 26 

® dy^ 


') 271-01 


Jo. 


for 0 < < 2a. For — 2a < < 0 the corresponding expression will 

be denoted by <F>. and has the limits — 6i and 
Suppose now that the density of particles is constant. The population of 
guiding centra is then also constant along the y axis and we can calculate 
the mean values of <^> 4 . and <F> _ by integration of = ± ^ cos 0 ^ 
from 0 to 2a and from — 2a to 0, respectively. Thus, the mean force expe¬ 
rienced by all particles inside the strip becomes 


«F» = ^ 


•2a I 

<F>^ dye + 

0 


2a 


<P>- dye. 

- 2 a 


(5.75) 


Substitution of (5.74) and the corresponding relation for „ into (5.75) 
yields after some straightforward calculations, that <<F» = in 

second order, as expected from the macroscopic theory. This is also reason¬ 
able since the instantaneous mean of the force F on the particles cannot 
depend on their state of motion. 

The present conclusions do not contradict the results of Chapter 8 , § 2.5 
which show that charge separation phenomena are produced by the finite 
Larmor radius effect in combination with 
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MAGNETIC COMPRESSION 

The adiabatic invariants treated in Chapter 4 are closely related to a num¬ 
ber of compression and expansion effects which arise from the interactions 
between ionized matter and a magnetic field. In the present chapter we shall 
study the corresponding changes in particle density and energy. 

1. Connexion between Particle Density and Magnetic Field Strength 

The equation of motion of the guiding centre is given by equations (3.16), 
(3.19), (3.20) and (3.21). When mean values are taken over the velocity distri¬ 
bution it becomes 

mu.|| ^ + M X B) - mF<l>, - {KJB)VB 

- 2K^^{V^,B - B X curlB)/5. (6.1) 

At the same time the mass motion obeys equations (5.20) and (5.24) which 
can be written as 

(1 + ,,. p)„ = q(E + vxB)- mF<l>, - i F|| (2nX||) - i Fx(«Kj 

+ (2K|| - Kj_) (FB - B X curlB)/B (6.2) 

when the pressure tensor is derived from the scalar pressures and /Jj.. 

We shall now examine under what conditions the velocity fields u and v 
are flux-preserving in the sense of Ch. 2, § 1.3. From the curl of (6.1) follows 
that 

curl {E+uxB) = {I I q) cnrl^KJB)FB+2^{F^B-BxcmlB)jB 


and the curl of (6.2) yields 




132 


MAONEnC COMPRESSION 


[CH. 6 , § 1 


curl (E + V X B) = (1/q) curl F,i(2nKji) + ^ F_L(nKj_) (6.4) 

+ (2Js:ii - K^) (FB - J& X curl B)jB + + m(v F)®j. 

Generally the conditions (2.29) and (2.34) for flux and line preservation are 
therefore satisfied neither by the guiding centre drift, nor by the macroscopic 
fluid velocity. They will only be so in lowest order, i.e. when the right hand 
members of equations (6.3) and (6.4) can be neglected. 

The condition for the drift velocity of a single particle to become flux 
preserving may as well be discussed in terms of the curl of equation (3.16) 
where we put F = qE — It is satisfied to lowest order where the 

inertia drift is neglected and it is observed that curl (MFB) vanishes. 

The present results indicate that there is in general a certain “slip” between 
the particles and the field lines. Matter will only become “frozen” to the latter 
in a first approximation. We now limit the discussion to the lowest order 
approximation where u and v are nearly equal and the conditions leading 
to (5.55) can be satisfied. Substitution of div v from the equation (5.17) of 
continuity into (5.57) yields 

(^ + O ■ f)b = (B ■ F)® + (B/n) (6.5) 

or 

(|. + ^.p)(B/„) = [(B/„).F]® (6.6) 

as shown by Wau6n [1946]. Introduce the displacement $ of a fluid element 
given by 

® = + (6-7) 

and (6.6) can after some deductions be rewritten as 

(^ + «. p) {Bln - [(B/n) • F]?} = 0 (6.8) 

according to Lxjndquist [1952]. 

This result can also be deduced from the equation (2.30) for the change 
of a line element dl which is carried along with the velocity field Vj. We 
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have just shown by means of equations (6.3) and (6.4) that the velocities 
u and V are line- and flux-preserving in zero order where (5.55) is applicable. 
We can then write 

dl = Bdl j dZo = jBod/o , ic. (6.9) 

The line elements are defined positive in the positive direction of B as in 
Figure 2.3. Now study a volume element of length d/o and with the trans¬ 
verse area dSo = dd>o/^o which encloses the flux d^o shown in Figure 6.1. 



Fig. 6.1. A volume element of particle density at position p — tJdf moves to the position 
p where the density becomes n (cf. Lundquist [1952]). 

This element contains a certain number of particles. During the motion the 
particles will remain inside an element which encloses a constant magnetic 
flux. After a time dt they have moved the distance vdt and form a new ele¬ 
ment of length dl and area dS == Since the particle number is constant 

we have 

n dljS = fiQdlQjB = const. (6.10) 

Combination of equations (2.30), (6.9) and (6.10) then gives 

Bjn - BJrio + [(Bq/'O * V]v dt, (6.11) 

Equation (6.7) implies that the displacement ^(p, t) is defined in such a 
way that p — § is the position at time ? = 0 of a particle which is at p at 
time r. Further if we choose ^ = 0 when the element is at p and = 0) = 
= (jy = — -i; dr, the vector v dr will have the direction given in Figure 6.1. 
It is therefore easily seen that equation (6.11) is equivalent to the expression 
v/hich results from integration of (6.8) (cf. Lundquist [1952]). 

For a motion which is flux- and line-preserving we have just found that the 
magnetic field and the particle density are connected by relations such as 
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equations (6.8), (6.10) and (6.11). There is still another way in which this 
becomes obvious. In zero order (5.67) reduces to (5.63), provided that we can 
justify the assumptions about the pressure tensor which were specified in 
connexion with equation (5.55). Observe that {Ijq) curl F = — ’bB/'bt 
according to equations (2.37) and (2.1). After some vector operations we can 
write (5.63) in the form 

S - I ■ It - B-B X F(n/B^)] 

+ ®|| • Fn + nB(v\\ ■ F) (D|| /B) = 0, (6.12) 

where the expression (3.23) for Up has been inserted. The terms which in¬ 
clude generally produce longitudinal convection and compression effects. 
They disappear when the flow along B is incompressible or when Vn has 
no component along B. Restrict the discussion to the case i?!! = 0 and 
study the following situations in a stationary magnetic field: 

(i) Suppose that the electric currents can be neglected in the region where 
the particles move. Then curl B = 0 and equation (6.12) becomes 

(^ + % • (n/B^) = 0, ®|| = 0. (6.13) 

This implies that n/B^ is constant during the motion which takes place across 
B at the velocity u^. That n is proportional to the square of B is explained 
by the fact that both the cross section dS and the length dl of a volume ele- 



'0 



Fig. 6.2. Expansion of ionized matter moving across an inhomogeneous magnetic field. 
No longitudinal motion is taking place (v„ = 0). (a) Curved field lines, (b) Straight field 

lines. 



CH. 6, § 2] 


MAGNETIC COMPRESSION 


135 


ment increase inversely proportional to B when the particles move from a 
stronger field jBq to a weaker field B as demonstrated in Figure 6.2a. That 
d/ is proportional to 1/5 depends upon the curvature of the field lines; this 
is also in agreement with equation (6.10). 

(ii) If the field lines are straight (6.12) instead reduces to 

which shows that n/B will now become a constant of the motion. The reason 
for this is that the length d/ does not vary when the field lines are straight 
as shown in Figure 6.2b. Also this agrees with equation (6.10). In a coor¬ 
dinate system moving with the velocity Uj- the density of field lines per unit 
area of the cross section dS" is therefore seen to vary at the same rate as the 
density of particles. 

2. Compression and Heating Mechanisms 

A number of compression and heating mechanisms are intimately connect¬ 
ed with the constancy of the adiabatic invariants M and 7. The former is 
related to a transverse compression and the latter to a longitudinal one. Such 
compression (or expansion) processes occur in an ionized gas which is trapped 
in a time-dependent magnetic field. The field lines then act like pistons which 
push the gas. It is not necessary, however, that the field varies in time to 
produce density changes in the gas. This has already been demonstrated by 
the examples of § 1 and Figure 6.2 where the gas was forced by a drift 
motion into regions of variable magnetic field strength. We shall here in¬ 
vestigate some of the compression mechanisms more in detail. 

2.1. MAGNETIC MIRROR COMPRESSION 

Assume as in Chapter 4 that, in absence of electrostatic and gravitation 
fields, a particle is trapped in the magnetic field of Figure 6.3, i.e. between 
two mirror points s — Si and s — S 2 on a. field line. The strength B = B(s, t) 
is a function of the longitudinal coordinate s. When the field B varies slowly 
compared to the gyro time and the time t|| of longitudinal oscillations 
between the mirrors the equivalent magnetic moment 

M = mmi2B{s, t) 


(6.14) 


(6.15) 
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B 



Fig. 6.3. Particl^oving along magnetic field line between two mirror points at and 
The cross section with the weakest field Bq is given by r^. 


and the longitudinal invariant 



m 


^ W||d5 = 


2m 


S2 


wii ds 


(6.16) 


become approximate constants of the motion. 

With these starting points we shall now discuss the compression phenome¬ 
na which occur in the field B, essentially on the basis of results earlier derived 
by Post [1958]. First consider the magnetic moment M. Since the charac- 
tenshc time AI\'bAI'ht\ of the magnetic field is long compared to t and t. 

the right hand member of (2.38) should become small. Thus, the totaWelocity 
w is given by 


« “H + (6.17) 

"nus qviantity is approximately constant during a period r||, but not during 
tames comparable to the magnetic field changes. In (6.17) W and 
IS the velocity of gyration at the turning points and S 2 , where u« = o! 
According to (6.15) die corresponding field strengths and = B^ at 
two successive reflections will then become equal. They are related to W by 

W jB(s, t) = WolBo(t) = W^/Bjf) = 2M/w = const. (6.18) 
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Here subscript (q) refers to the “equatorial” plane where the field B has its 
lowest value. Combination of equations (6.17) and (6.18) yields 

ul = ( 6 . 19 ) 

Since wjj is positive the particle cannot reach regions of fields exceeding 
B — Equation (6.19) is the well-known relation for magnetic mirror 
reflection. 

Introduce the mirror ratio 


R(t) = B(t)/Boit\ = BjBo (6.20) 

and equations (6.17) and (6.18) combine to 


w\t) = w^(0) 


■^m(0 

Rm{0) ■ Bo{0) 


( 6 . 21 ) 


which gives the increase in energy in terms of the longitudinal and transverse 
compression parameters. 

Before proceeding to the main compression problem we shall draw at¬ 
tention to a certain detail in the structure of the particle orbit. The magnetic 
flux encircled by the Larmor motion during a gyro period is ita^B = 2{mlq^)M 
which is approximately constant as pointed out in Ch. 4, § 1.2. On the other 
hand the particle touches two field lines in the “equatorial” plane at the 
points ro and r^ + Iuq, A corresponding annular region encloses the flux 
A0q ^ 47rroao^o shown in Figure 6.4. When the particle has moved 


z 



Fig. 6.4. A particle moving in a mirror field does not touch the same field lines all the time. 
Figure shows example when B increases more rapidly than l/r'^. 
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along B to a new position it touches instead the dashed field lines in the 
figure, and the corresponding fiux is a 4%raB. Thus, = (''/'‘o)' 

• (jB/5o)*. This implies that the particle touches the same field lines during 
its gyration only when B oc l/r®. This happens for a monopole field like that 
in Figure 2.6, but not for a mirror field of general shape. Thus, it does not 
occur when the particle gyrates around a field line which is off the axis of 
symmetry, as is the case in Figure 6.4. 

We further turn to the longitudinal invariant J. From equations (6.16) — 
(6.18) and (6.20) we have 


7 = 2m 


- W^fds = (SmMf - B)*ds 

J Si 

pin(2) . 

= [8mMBo(t)]* iRjt) - R{s, t)]^ ^dR 

J Emd) 


( 6 . 22 ) 


when B changes slowly during a longitudinal period ?||. From this result we 
can determine how the mirror points and move during the compression. 
In combination with (6.21) it gives complete information about the changes 
in density and energy. This is illustrated by three examples: 


(i) Suppose that the shape of the magnetic field is unchanged during the 
compression and is determined by 

Ris, t) = B(s, t)/Bo(.t) = 1 + (s/ssf, (6.23) 

where Sg is a constant. Equation (6.22) then becomes 


J = ■ [2mMFo(f)]*/sE, (6.24) 

where 2SjJt) is the distance along a field line between the mirror points at 
time t. The constancy of J then gives a longitudinal compression factor 



and a relative change in the mirror ratio determined by 


(6.25) 


iRjjt) - 1]^ _ Bo(0) 
iRjp)-if-B,{ty 


(6.26) 


Especially if we assume a small mirror ratio the strength B will become 
approximately proportional to l/A This holds along a given field line and 
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during the compression process which is nearly flux-preserving according 
to § 1. We can then write 

« ^o(0/^o(0) (6.27) 

for the corresponding compression factor in the transverse direction and 

= n(0/«(0) = [5o(/)/So(0)] (6.28) 


for the total compression factor. This determines the relative increase 
n(t)ln(0) in density. The increase in energy is given by equations (6.21) and 
(6.26): 


= M) . irgo(0)>. Ti _ Bo{0y \ Bo{0) \ 
^,\ 0 ) Bo(0) XlBoit)] L 


(6.29) 


From equation (6.25) we see that the distance 2s^ between the mirror 
points shrinks, even if the shape of the magnetic field is preserved during 
the compression. This is understandable since there are no collisions which 
directly couple the longitudinal and transverse motions. The latter is subject 
to a more powerful, two-dimensional compression than the former, and 
therefore increases more rapidly than wj. This also agrees with the 
result that > >C||. As a consequence, the repulsive force by in the 
longitudinal direction (cf. Fig. 3.1) increases more rapidly than the “pres¬ 
sure” by wjj and the mirror points move closer together. 

(ii) If there are no radial changes in the magnetic field and only the distance 
between the magnetic mirrors is changed a one-dimensional compression 
occurs like that suggested by Fermi [1954]. A very simple picture of this 
has been given in Ch. 4, § 1.3 in connexion with Figure 4,4. In such a process 
Xji is constant and increases inversely proportional to sjj). Equation 
(4.21) then shows that the increase in energy is given by the acceleration of 
the longitudinal velocity, i.e. }V(t) — PF(0) and 

^l(') ^ (6 301 

w*(0)-H''(0) „>|(0) si(»)' 

(iii) A magnetic field which changes its shape in a general way during the 
compression can in principle be treated by the present equations, but detailed 
calculations become rather involved. Here we restrict ourselves to the simple 
case where i? is a function such that 
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and s^it) changes during the compression in such a way that R is independent 
of t for all points between and S 2 - The behaviour of is then representable 
by a simple scaling of the longitudinal coordinate of the field. This is what 
would happen if the mirror ratios are left fixed, at the same time as the mir¬ 
rors are moved together slowly. Withg^^ as the inverse function of g^isjsj^ 
we have dsjAR = s^d{g'^^)l6LR and (6.22) becomes 

J = sj,i) • [8mMJ5o(i)]* f - R(s)f dR. (6.32) 

But and the square root of the integrand are functions only of the 
mirror ratios R(s) which are assumed to be independent of time for all points 
s inside the configuration. Therefore the integrand is no longer an explicit 
function of time. 

Of special interest is a situation where the values of R^^ remain constant 
for all trapped particles of an ionized gas. The constancy of J then also 
requires s/Bq to be constant for the same particles. Since the cross sectional 
area of a flux tube is proportional to l/B this implies that the compression is 
uniform in all directions. Assume the mirror ratio to be small so that (6.27) 
holds. When R^^ is independent of time the energy increases proportionally 
to the transverse compression factor. 


v)\i) _ Bo(t) 
w^(0) Bo(0) 




(6.33) 


as seen from equations (6.21) and (6.27). However, the volume of the gas 
varies as (^y • and therefore as (jci)“i, since 

Consequently, the mean particle energy varies inversely with the ^ power of 
the volume. As expected, this agrees with the adiabatic law (5.60) for iso¬ 
tropic compression of a gas with the ratio f between the specific heats. 


2.2. ALFVfiN’S HEATING MECHANISM 

In the preceding paragraph we have seen how the energy of the particles 
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can be increased by magnetic compression in a field which varies in time and 
“squeezes” the gas in the transverse and longitudinal directions. An alter¬ 
native method has been suggested by Alfv^n [1954a] by which compression 
of the gas is achieved in a stationary magnetic field. This can be done if the 
particles are forced to move into regions of increasing magnetic field strength. 

To simplify the discussion we consider the somewhat artificial case of an 
inhomogeneous magnetic field with straight field lines, like that given in 
Figure 6.2b. From equations (3.22) and (3.24) of the orbit theory we see 
that the magnetic gradient drift cannot force the particles into a stronger 
magnetic field because it is directed along surfaces B = const. However, the 
same equations, as well as (6.14), also show that a motion into an increasing 
field B will become possible if a force field F is applied in such a way that 
the corresponding drift velocity Up has a component directed across the 
surfaces B = const. In the present two-dimensional case (6.14) and con¬ 
stancy of the magnetic moment M require that 

n/no = BIBo = W^IWo^. (6.35) 

This applies to an element of the gas which starts at a point where the field 
strength is Bq and where the density is Kq and the energy of gyration K^o — 
= imWl- The compression which occurs is two-dimensional and (6.35) 
shows that is proportional to n, as expected for adiabatic changes of a 
system with two degrees of freedom. 

To illustrate the present mechanism in detail, consider the example of 



Fig. 6.5. Particle moving in inhomogeneous magnetic field B and crossed electric field 
Left hand part of figure gives situation as seen from the laboratory system and right hand 
part the situation seen by an observer moving with the drift velocity 1*1 . 
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Figure 6.5. Here a particle moves in the crossed fields B and E given by 

B = (0, 0, ^o(l + x/xo)), E = (0, Eo, 0) (6.36) 

in rectangular coordinates; Bq, Xq and Eq are constants and Xq > a. The 
total drift velocity has a constant component ii|| in the longitudinal direction 
and a transverse component 

ttj. = (Eo/Bo, Mlqx^, 0), (6.37) 

which also becomes constant in this simple case. The electric field drift Eq/Bq 
is in the x direction, along F 5, and the particle can now move into a magnetic 
field of increasing intensity by which a compression occurs. The situation is 
also understood from the fact that the magnetic gradient drift, MjqxQ, 
moves the particle in the direction along E, Thus the particle “falls” in the 
electric field and gains energy. 

If we observe the motion from the laboratory system, we see how the 
particle gains energy by drifting across the electric equipotential surfaces. 
Since is constant the mean increase in energy over a Larmor period 
becomes 

• (m + W)> 

= qE * tc = MEq/xq (6.38) 

according to equation (2.38). 

If we instead place ourselves in a coordinate system moving with the velo¬ 
city Wj_, we will see a particle which only performs a Larmor motion W' in 
a magnetic field B' which changes in time. The electric field E' measured 
in this system obeys the equation 

curl E' = - (6.39) 

If relativistic effects are neglected the observed changes of the field B' are 
related to B and the rate of displacement by 

= K. F)B . (o. 0, (B, i)) . (o, 0, ^). (6.40) 

As seen from the moving coordinate system the mean increase in energy by 
magnetic compression becomes 
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.«,•>. i [V . 

= _ i ^ ij'. di = - i jj(curl E’) -ndS 
= i 


(6.41) 


n dS 


‘g 

MEo 


during a Larmor period = 27r/ct)g. Integration is performed around the 
Larmor orbit with the radius a and area In (6.41) we observe that 
w' = — dl/dt when q > 0 and the normal n is defined in the conventional 
way. The result (6.41) agrees with (6.38) which was deduced from the motion 
in the laboratory system. 

The compression work per unit volume obtained from (6.41) should be 
equal to the work against the pressure = inmW^ when the specific 
volume I In is being changed: 


MEq 

Xq 





(6.42) 


Combination with (6.40) and the expression M == m W^jlB then shows that 
njB should be constant during the compression, as expected. 


’*‘2.3. THE GYRORELAXATION EFFECT 

So far we have not discussed the influence of collisions on the present 
compression mechanisms. We shall here use a simplified model where 
Coulomb collisions are treated as discrete binary events. Between tlie col¬ 
lisions the adiabatic invariance can then still be assumed to hold. The colli¬ 
sions provide an additional coupling between the longitudinal and trans¬ 
verse velocities which tends to establish an isotropic velocity distribution. 
Alfv^n [1954a] has suggested that particles may pass repeatedly through re¬ 
gions with different strengths of the magnetic field. The mechanism of the 
preceding paragraph, which is reversible in absence of collisions, will then 
produce a net gain of heat during each cycle when collisions are operative. 
We shall study this situation a little more in detail and follow the lines of an 
earlier paper by Schluter [1957]. 

Start with an initial state of thermal equilibrium, where the velocity distri¬ 
bution is isotropic so that= 2nK\\Q = nmu\\% is equal to= 
= Suppose that there is a magnetic field which changes in time and 
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produces compression effects which disturb the isotropy. Collisions will on 
the other hand tend to reestablish isotropy, and this effect will increase the 
larger the deviation — 2uj becomes. Assume the rate of change of this 
quantity towards its zero equilibrium value to be given simply by 
— ydW^ — 2up where is a positive constant. 

Between the collisions the magnetic moment M = m W^I2B is constant and 
in absence of collisions would increase at a rate given by ( W^/B) ’ (dB/dt). 
We restrict ourselves to straight field lines where there is no longitudinal 
compression. Energy is then fed into the system from dB/dt only by a trans¬ 
verse compression which changes W. 

Now assume the magnetic compression and the collisions to be present 
simultaneously and superimpose their effects. For the change in the total 
energy + up follows that 


1/^.2 cLB 


(6.43) 


since the magnetic field is the only external source which feeds energy into 
the system as a whole. The collisions will cause a “flow” of this energy 
inside the system between the longitudinal motion and the Larmor motion 
W. On the other hand, the quantity — 2 m| should decrease by means of 
collisions at the same time as energy is fed into the Larmor motion W by 
d5/dt: 

- 2«t) = - ylW^ - 2«f) + 5^ • (6.44) 


Combination of equations (6.43) and (6.44) yields 


dW^ 

dt 


- - 2Mf) + ^ 


dB 

dt’ 




dt 


(6.45) 

(6.46) 


Equation (6.46) does not contain dB/dt. This is expected because the longi¬ 
tudinal motion receives all its energy from the diffusion in velocity space by 
collisions. 

We consider the identity 



W^ul dB’ 
B dt 


(6.47) 
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dt\ ) 


35 " 


(6.48) 


since is a positive quantity. 

The result shows that when the magnetic field oscillates and after one 
cycle returns to its initial value the quantity will increase during the 
same cycle, as well as the energy. Thus, an oscillating magnetic field pro¬ 
vides a heating mechanism. The situation resembles that of an elastic body 
which has internal friction and is subject to pulsating deformations. The 
body will exhibit hysterisis in such a way that part of the applied work 
during a cycle goes into heat. The result of (6.48) arises from analogous 
conditions and is expected from the second law of thermodynamics. 


* 3. Magnetohydrodynamic Waves 

The electrodynamic force which is generated by induced currents in an 
electrically conducting fluid often acts like the restoring force of an elastic 
string. It is therefore imaginable that this force may interact with the inertia 
of the fluid in a way to produce wave phenomena. Such magnetohydrody¬ 
namic waves were discovered by Alfv6n [1942]. An additional restoring 
force is due to the pressure gradient which in absence of magnetic fields 
determines the mechanism of ordinary sound waves. In presence of a mag¬ 
netic field a mixture of wave types arises where both electrodynamical and 
mechanical effects contribute to the restoring force. Such waves were first 
discussed by Herlofson [1950] and Hoffmann and Teller [1950]. Further 
considerations of this subject are due to Astrom [1950, 1956] and Van de 
Hulst [1951] among others. 

Here we shall study a plane magnetohydrodynamic wave propagating in 
a homogeneous plasma and in a homogeneous and static external field JBq. 
The undisturbed state of the gas is given by a constant density Uq of ions and 
electrons which have the constant thermal energies 
J^i_L == in the longitudinal and transverse directions. The force 

field is due to an electric field E which is generated by the wave itself. The 
wave motion also induces an electric current density j and a magnetic field 
B = B — Bq, where B is the total field strength. Restrict the treatment to 
small wave amplitudes where .§ Rq. We further consider a plane wave and 
assume an arbitrary direction of its wave number k with respect to the field 
Bq. The study will include such modes which are associated both with a 
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compression and a transverse deformation of the magnetic field. 
Combination of (5.20) and (2.2) yields 

^ ~ curl JS X JB — div TT, (6.49) 

Tit plq ^ ' 

where the inertia of electrons and the displacement current have been 
neglected, Wj « i? is the velocity of the centre of mass and tc denotes 

the sum of the ion and electron pressure tensors. We take the time derivative 
of (6.49) and substitute (5.57) into the resulting expression: 

nnii ^ = — [curl curl (v x B)] x JS - ~ (div tt). (6.50) 
fio Tit 

The lowest order form (5.56) of Ohm’s law has been used in this deduction. 
The approximation holds in the present situation, which is controlled by 
magnetic induction effects and not by charge separation phenomena. 

A coordinate system is now chosen where the wave normal is in the yz 
plane and where all quantities vary as exp [i(Kyy + k^z + co?)]. Consider 
adiabatic changes of state: 

(i) In the isotropic case the pressure tensor is represented by a scalar pressure 
p = Pi ■+ Pf The unperturbed value P of the latter corresponds to a sound 
velocity given by = 5FI3nmi. From (5.60) and (5.17) we obtain 

(6.51) 

After substitution of (6.51) into (6.50) the corresponding dispersion relations 
yield three types of waves. The first is associated with and and has 
a phase velocity C/p given by 

+ Jcf) = cos^e. Fa = Bllfionmi, (6.52) 

where Fa is the Alfven velocity and cos^0 = k^I(k^ + k/). The second and 
third waves are associated with By, and Vy, and for their phase velocities 
we have (cf. Thompson [1962]) 

*^P = i (Vi + Uf) ± i [(Fi + - 4 Fi Ilf cos^e]*. (6.53) 

(ii) For anisotropic changes of state we follow some earlier deductions by 
Lust [1960] and use the double adiabatic theory of chapter 5, § 1.3 and 
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§ 2.2. Introduce the sound velocities I7s|| and given by 17,^ = 3P||/n77ii 
and = IPJnrrii where P|| and Px are the unperturbed values of the 
longitudinal and transverse pressurespn and px- Expressions for Ipn/'bt and 
Ipxl'bt are obtained from equations (5.34) and (5.35) and are substituted 
into expression (5.24) for the pressure tensor. The derivatives of B included 
in the latter are further written in terms of v by means of (3.21) and (5.57). 
The result becomes 

^ (div 7c), = - (P|| - Pj^) kX, (6.54) 

^ (div = Pxk/2 - (P,, - PJ K^Vy, (6.55) 

^(div n)^ = P||Kz(k,o, + 3 k^v^) - (P,, - Pj.) KyK.Vy. (6.56) 

With (6.54) — (6.56) inserted into (6.50) we obtain one wave associated 
with and where 


i i C7si cos^0 


(6.57) 


and two waves associated with My, M^ and Vy, u, where 




+ f I7s^|| cos^O + Ufx 1 — icos^t) 


4- 


± i 


{[»^A - I 


I l/sll COS^0 + f/sxl 1 — i cos^6 


+ Utx cos 6 sin 0 



When 0 = njl a longitudinal wave results in both of cases (i) and (ii). 
It is a compression wave shown in Figure 6.6b where the “elastic” forces 
due to the electromagnetic field and the pressure gradient are superimposed. 
In (6.53) the total pressure P contributes to this force, whereas only the 
transverse pressure Pj_ gives the corresponding contribution in (6.58). 

If instead 0 = 0 equation (6.52) and the first solution (6.53) yield a trans¬ 
verse Alfv6n wave where only the electromagnetic field produces a restoring 
force as shown in Figure 6.6c. The second solutions (6.53) and (6.58) are 
pure sound waves where a three-dimensional compression takes place in 
case (i) and a one-dimensional in case (ii). Further, equation (6.57) and the 
first solution (6.58) become equal and represent an Alfvdn wave which is 
modified by the anisotropy in pressure. If 
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P„ > + Pj. (6.59) 

an Alfven wave (or “fire-hose”) instability occurs, as first found by Parker 
[1958], It is due to the centrifugal force from the thermal motion along 
the wave-shaped magnetic field lines. 

For an arbitrary direction of 0 the second solution (6.58) becomes negative 
when 


Pj sin^0 > 3P||[(B^//io) — P|| cos^d H- Pj.(l + sin^0)]. (6.60) 

This gives rise to a mirror instability which has earlier been treated more 
rigorously by Chandrasekhar et al [1958b] and Sagdeyev et al [1958]. 
It is due to a concentration of matter in the weak field regions, which pro¬ 
duces a transverse magnetic field expansion. The latter increases the mirror 
ratio in the same regions, and this enhances in its turn the concentration 
of matter. 

We finally observe that the group velocity fJg = ^a)/c)?c has components 
only along the magnetic field for the waves (6.52) and (6.57). For the solu¬ 
tions (6.53) and (6.58) it also permits propagation in certain other directions. 



Fig. 6.6. Plane magnetohydrodynamic wave of wave number k moving in a homogeneous 
external magnetic field (a) Arbitrary direction of wave normal, (b) Longitudinal wave 
with B = Jtt. (c) Transverse wave with 0 = 0. 

























CHAPTER 7 


CONFINEMENT OF CHARGED PARTICLES 

It is clear from the discussions in the preceding chapters that ionized 
matter is limited in its motion across a strong magnetic field. Figuratively 
speaking, it should be “frozen” more or less effectively to the magnetic lines 
of force. The general behaviour of an ionized gas in a magnetic field is essen¬ 
tially based upon this feature. 

The present chapter will be devoted to a special study of the confinement 
of charged particles in different types of magnetic field configurations. 
Among the astrophysical applications of this subject may be mentioned 
the study of forbidden regions for cosmic rays in the terrestrial field and 
of the mechanisms which govern the Van Allen belts. Another important 
application concerns the study and design of “magnetic bottles” for the 
confinement and heating of a dense plasma at thermonuclear tempe¬ 
ratures. Such temperatures are of the order of 10® °K. They can be reached 
by means of practically available amounts of energy only if the particle 
losses out of the confinement region are reduced to their utmost limits. In 
addition to these losses energy can also be drained from a thermonuclear 
system by such effects as momentum losses by viscosity and heat losses by 
radiation and thermal conduction. 

The motion and confinement of a particle in certain fields of regular geo¬ 
metry is treated in §§ 1 —3 of this chapter. In § 4 a summary will further be 
given of a number of loss mechanisms by which particles escape the con¬ 
finement of a “magnetic bottle”. 

1, Survey of Different Confinement Principles 

There are several schemes which have been proposed for the production 
of a magnetic confinement. As seen from the single particle picture the total 
velocity w consists of three components, W|| and which represent a 
gyration, a longitudinal and a transverse guiding centre drift. The gyration 
forms by itself a closed orbit in first order and the confinement therefore 
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mainly concerns the drift motions U|| and of the guiding centre. In order 
to obtain a perfect magnetic bottle we have to limit both these drifts. This 
can be done either by an arrangement where the particle orbits are closed 
inside the intended confinement region or by producing turning points for 
the motion at the boundary of the latter. 

For the velocity Wjj this implies that the magnetic field lines should not 
lead from the trapped plasma out to external space, or there should be some 
force which turns the longitudinal motion back into the plasma. The latter 
situation can be achieved by means of magnetic mirrors or by a centrifugal 
force. 

For the velocity the geometry of the applied magnetic field and other 
force fields can be chosen in such a way that the transverse drift orbits do 
not lead out to external space. There also exists the possibility of producing 
turning points for e.g., by the application of oscillating fields. For a 
cycle of motion around the configuration it is also possible to cancel the net 
transverse displacements by means of a “rotational transform”. 

In the present discussions on single particle motion it is immaterial 
whether part of the magnetic and electric fields arises from currents and 
space charges in the plasma itself or not. This is, of course, only so as long 
as we take neither the conditions for a steady-state equilibrium into account, 
nor the conditions for instabilities to develop. If the state of the plasma 
changes, also the self-fields generated by the plasma currents and space 
charges will change, and this affects in its turn the resulting magnetic field 
and its confining properties. 

Table 7.1 gives a summary of some of the confinement types which have 
been suggested and may serve as an illustration to the present survey. 

Before turning to a detailed analysis of magnetic bottles it should be 
mentioned that an ionized gas can possibly be trapped by other means than 
by a magnetic field. Thus, a number of methods for radio-frequency con¬ 
finement have been investigated by Vedenov et al [1958], Linhart [1960] 
and many others. Even if a trapping of this kind hardly becomes complete it 
may be combined with a magnetic bottle to block the leaks of the latter. 
Recent experiments by Arseniev et ah [1962] have shown that the particle 
losses along the magnetic field lines are reduced by means of an applied 
radiation pressure. These confinement methods can therefore be used to 
suppress the energy loss from escaping particles, but it should also be 
remembered that they require additional energy to be fed into the system to 
produce the radiation pressure. 
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2. Forbidden Regions 

The exact equations of motion can be used to draw some general con¬ 
clusions about the confinement in magnetic fields with a high degree of 
symmetry. For such fiields it is possible to determine the forbidden regions 
of a particle even without knowing the detailed solution of its orbit. We have 
already seen three examples of this in Ch. 2, § 4.2 (ii) and (iii) and § 4.3, 
where such regions were discussed for the magnetic dipole field, for the field 
from a line current and for the hyperbolic field. 

In this paragraph we shall concentrate mainly on axially symmetric fields 
which are poloidal or toroidal The former are situated in planes through the 
axis of symmetry, somewhat like the main part of the earth’s magnetic field 
which runs through the earth’s poles. The latter are perpendicular to the same 
planes. The contents of the coming paragraphs is partly based on earlier 
results by Stormer [1955], Cosslett [1950], Ltjsx and Schluter [1957], 
Lehnert [1958a, 1959, 1960], Fisser and Kippenhahn [1959], Hertweck 
[1959] and Bonnevier and Lehnert [I960]. 

2.1. SYMMETRIC CONFIGURATIONS 

Introduce the canonical coordinates and momenta defined in Ch. 2, 
§ 3. We also define the line elements d4 and scale factors /zit == as¬ 
sociated witli 

d4 = wt = d4/d< = (7.1) 

For a rectangular system = (x, y, z) we have h^ = and for cylindrical 
coordinates q^ = (r, q>, z) the scale factors become = I, = r, = 1. 
Assume q^ to be orthogonal. 

The Lagrangian (2.47) is with this notation 

L = \mY, - m<l>g- q(l> + (7-2) 

k k 

According to (2.51) the generalized momenta are 

Pk = + qhj4f (7-3) 

These relations can be inserted into the definition (2.52) of the Hamiltonian, 
which reduces to 

H = imY, (Kqkf + rn4>g + q<j> 

k 


(7.4) 
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in analogy with equation (2.62). We use (7.3) to eliminate and obtain the 
Hamiltonian 


H — — y 
2m k 


+ m(j>^ + = H{q^, p^, t). 


(7.5) 


Thus, (qi^, Pk, t) can be used as independent variables as pointed out in 
Ch.2, §3.1. 

Now suppose that the potentials A, 0 and (^g of the external fields and the 
scale factors A*, are independent of a certain coordinate qj. Such a coordinate 
is said to be cyclic, or ignorable. Examples of this are given by a cylindrically 
symmetric configuration where qj — cp, and by a two-dimensional case where 
qj = z and the field quantities do not vary along the z axis. Then, the 
Hamiltonian (7.5) does not contain qj explicitly and with x = we im¬ 
mediately obtain from equation (2.59) 

^ = 0, pj = const. = pjo = mh% qjo + qhjoAjo, (7.6) 


where pjQ is the generalized momentum of the particle at the starting point 
(9mo> ?jo> ^no) ^nd initial time /q, and q„, q„ denote the two residual coordi¬ 
nates which are perpendicular to qj. 

In the expression (7.5) for the Hamiltonian we introduce the result (7.6). 
Further solve for the two velocities and w„ which do not correspond to 
the ignorable coordinate qji 

+ w^) = H - Hq + imwo + m(<^go - ^g) + - <l>) 

- (l/2m/ij) [mhjoWjo + q{hjoAjo - hjAj)y >0. (7.7) 

As seen from (7.4) this result does not contain A„ and A„ explicitly. The 
quantity ej)^^ is equal to the kinetic energy of the motion in the mn plane and 
should always be positive. We shall see later that it can be regarded as an 
equivalent potential for the motion in this plane. 

We now turn to a physical analysis of the obtained results. Let us assume 
that the vector potential A only has a component Aj in the direction of the 
cyclic coordinate qj. This is, e.g., the case for a poloidal field with z along the 
axis of symmetry; <p then becomes cyclic. Another example is given by the 
field from an assembly of parallel line currents, where the coordinate z along 
the currents becomes cyclic. The magnetic flux enclosed by a contour C with 
line elements along .^4^ as those in Figures 7.1a and b is 


0 = 


n 


B ds = Cj> Jl • dl = CD Ajhjdqj 


(7.8) 
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For such contours the flux will remain constant when the integrand of (7.8) 
is constant. The relation 

Ajh^ == const. (7.9) 



Fig. 7.1. The magnetic field lines form the boundary of regions enclosing the same magnetic 
flux <5. (a) Cylindiically symmetric case with poloidal magnetic field. The integral of 
equation (7.8) has equal values for two contours Q and C touching the same field lines, 
(b) Two-dimensional case with field produced by a straight current system along the z axis. 
The integral (7.8) has equal values for the two contours Q and C. 


then describes a magnetic field line in the mn plane. Figure 7.1a shows this 
for a poloidal field and Figure 7.1b for a straight current configuration, 
where the field lines are given by = const, and = const., respectively. 
A toroidal field is a special case of the field in Figure 7.1b where the straight 
currents are axially symmetric around the z axis and the magnetic field lines 
form circles in the xy plane around the same axis. 

The equivalent potential of equation (7.7) cannot have negative values. 
Consequently, the forbidden regions for a particle starting at a certain point 
(9m05 ?no) is determined by such regions of space where the third member 
of (7.7) becomes negative. This will certainly be the case when the last term 
within the square bracket dominates over all other terms of the same member. 

Now compare the contribution qhjA^ from this term with rnkj^Wj^ and 
with the rest of the terms outside the square bracket of equation (7.7). When 
the magnetic field is strong enough the Larmor radius becomes very small 
compared to the characteristic length = Al\ curl A .along which the 
magnetic field B = cml A changes appreciably. The period of gyration 
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is then also small compared to (1>IBL\b and to m<j)JeBL\s- The latter ex¬ 
pressions give the times during which the magnetic field changes noticeably 
as seen from a frame which follows the electric and gravitation drifts and 
Wg = — my(l>g X BlqB^ of the particle. For a strong magnetic field each of 
the terms HjqAjq and hjAj in (7.7) will therefore give contributions which 
are much larger than those of any other term in the same equation. Conse¬ 
quently, the slightest deviation of the particle orbit from the surface 
hjAj = hjQAjo will make the third member of (7.7) strongly negative, i.e., 
this deviation would displace the particle into a forbidden region. We there¬ 
fore conclude that the particle will be trapped in a narrow strip around the 
field line hjAj = hjoAjQ in the mn plane; the breadth of this region is of the 
order of the Larmor radius. 

It should be observed that this result has been obtained for a time- 
dependent field, where dH/dt = 'bH/'dt according to Ch. 2, § 3.2. In a 
stationary state the lines hjAj = hjoAjo will not move in space and their 
projection in the mn plane will run through the starting point. If the field 
instead changes in time the surfaces hjAj{t) = jq can still be defined by 
field lines but the latter will then “move” in space. What has been proved 
for the present symmetric configurations is therefore that the particle follows 
the moving field lines in such a way that the flux of (7.8) is preserved. This 
is nothing but a magnetic compression phenomenon where the field lines act 
like pistons which push the particles, as is also expected from Ch. 4, § 5 and 
Ch. 6, § 1. 

The results (7.6) and (7.3) are easily understood in the axially symmetric 
case from some simple physical arguments. In the laboratory frame 
the electric and magnetic fields are 


^ _ . l(j) 'bAr lAq, b<l> 

' at ’ at ’ az 


and 


bt J 


B= - 


bAg 1 () 


Iz ’ bz 


br r br 


{rA^) I 


(7.10) 


(7.11) 


In the coordinate system of the particle the electric field becomes JE' = 
= JS -f tc X B. In this frame we measure a torque 


on the particle with respect to the axis of symmetry. It should be balanced by 
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the time derivative of the mechanical angular momentum, mrw^. This yields 
equation (7.6) with = mrw^ + qrA^. 

Finally the following examples are used to illustrate the stationary state 
where H= Ha'. 


(i) In a poloidal field, like that given by Figure 7.1a, the equivalent potential 
becomes 


^eq = + m(^go - ^g) + 4(00 - 0) 

— (l/2m/-^) [mroW^o + ^('■o^q.o - rA^)] ^ > 0. (7.13) 

Since cannot become negative the forbidden regions in a strong magnetic 
field are at least situated outside a narrow strip around the field line 
= roA^o in the rz plane. This is a suSicient condition for the forbidden 
regions, but not always a necessary one. We shall see later in § 2.2 that the 
regions may extend further than what can immediately be judged from 
equation (7.13). Notice that condition (7.13) is not affected by a super¬ 
imposed toroidal field A^ = Ag(r). 

If the magnetic field is purely poloidal as in Figure 7.1a we have 
A = (0, 0) and the equation of motion in the rz plane becomes 

mp=-F^eq (^-l^) 

as is easily verified by direct application of the equation (2.36) of motion. 
Obviously the particle moves in an equivalent potential ‘"trough” given by 
and centered closely to the field line through the starting point, (ro, 

2 ^ 0 )- 

An interesting special case is that where the magnetic field is homogeneous, 
= 0, and an electric field is applied in the radial direction. Suppose the 
latter to be large enough for the initial velocity Wq to become unimportant. 
This corresponds to the conditions of the magnetron tube. Then an electron 
which starts at the surface r = /*o will not be able to reach a surface r = 
if the magnetic field JBq = 2AJr satisfies the condition 

Bl > 8m(^i - ^o)lerl [1 - (rolrif ]^ (7.15) 

where > <j>Q and > rg. Equation (7.15) is the condition for cut-off 
of the electron current in the magnetron. 

(ii) In a field generated by an assembly of straight currents like that shown in 
Figure 7.1b the equivalent potential is 
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^eq = i'WWo + - <l>s) + - <l>) 

- (l/2m) [mw^o + - A)V > 0. (7.16) 

The motion in the xy plane obeys an equation analogous to equation (7.14). 

For a toroidal field we have A = (0, 0, where oc log (1/r). The 
particles are then confined to cylindrical shells centered around the axis of 
symmetry and having a thickness of the order of the Larmor radius. This is, 
of course, only true as long as the assumption 'bH/'bz = 0 holds. In the later 
parts of the present chapter we shall discuss the consequences of a charge 
separation in the axial direction and the corresponding changes in the 
electric potential cj). An axial electric field then arises and the 

Hamiltonian is no longer independent of z. 

For two current leads immersed in an external homogeneous magnetic 
field Bq in the y direction the resulting field is as shown in Figure 7.2. The 
distance between the leads is 2<^i. With the currents having the directions 
given in the figure and the magnitudes /i = db the leads become 

force-free and are surrounded by a region in which the field lines circulate 
around their centra. The region is bounded by the surface S corresponding 
to a certain constant value of Consider a particle which approaches the 



Fig. 72. A pair of force-free current leads infinitely extended in the z direction and 
immersed in a homogeneous magnetic field JBq (Lehnert [1959]). 
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lead region from infinity and from any direction. It is then immediately clear 
from (7.16) that the particle will not be able to reach the surfaces of the leads 
if the magnetic field is strong enough. The reason for this is that the values 
of qA^ at a lead surface deviate strongly from that at S. 

2.2. ROTATING SYSTEMS 

In the preceding paragraph has been shown how a particle can be confined 
to the magnetic field lines under certain circumstances. It can also be trapped 
in the longitudinal direction, e.g. between two magnetic mirrors. This is 
possible when its velocity components are related in a suitable way, as has 
already been demonstrated in Chapter 6. Here we shall consider another 
possibility of reducing the longitudinal particle losses. It is due to an arti¬ 
ficial “gravitation” force which arises from the centrifugal acceleration in a 
rotating system. This type of confinement was first suggested by Baker and 
Anderson [1956] and has been further treated by Anderson et ah [1958], 
Boyer era/. [1958], Longmire era/. [1959], Bonnevter and Lehnert [1960] 
and Lehnert [1960, 1962b]. 

Consider a particle the position vector of which is p = p(r) in the labora¬ 
tory system. Introduce in this system three orthogonal vectors, «*(r), «/*(r), 
«*(r), the sum of which is equal to the position vector at any time: 

p(r) = x*x* + y*y* -1- = p*. ("7-17) 

Here {x*, y*, are time-dependent unit vectors. The velocity of the 
particle is then 

p = x*x* + y*y* + + x*x* + y*y* + z*^*, (7.18) 

with a dot indicating time derivative. In the same way the acceleration 
becomes 


(7.19) 

(7.20) 


_ = p = x*x* + y*g* + ■£*«* + 2{x*x + y*y* + z*i*) 

+ X*x* + y * y * + Z*z*. 

Now specify ( x *, y *, z *) by stating that z * — zz and that 
X * — SI y . X *, y * = SI X y *. 


= Q X X* + Q X £*, y * = Q X y * + Q X g*, (7.21) 


and 
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where Q = sfl is a function of time and of (a?*® + y*^). This implies that the 
vectors as* and y* rotate at a time dependent angular velocity Si which is 
a function of the distance from the axis z = »* of rotation. We can then 
interpret the vectors (as*, y*, «*) as the coordinate axes of a frame rotating 
at the local and instantaneous angular velocity Si around z, and p* as the 
position vector in this new frame. The velocity and acceleration measured 
in the same frame are 


w* = x*x* + y*y* 


dm* 

dt 


= x*X* + ji*^* + 2 *«*. (7.22) 


Combination of equations (7.17) — (7.22) yields 


for the velocity, and 

dto _ dto* 
dt dt 


w = w* Si X p* 


dO 


+ 2Q X w* - Si X (p* X Si) + ^ X p 

dt 


(7.23) 

(7.24) 


for the absolute acceleration. The second term of the right hand member of 
(7.24) is the Coriolis force and the third term is the centrifugal force. The 
equation of motion is 

di^* 

m = qE + qw* x JB + q{Si x p*) x B + 2mw* x Si 


— mSi X {Si X p*) + mp* x — mF^g (7-25) 

in the rotating system (see also Chandrasekhar [1961]). 

In the axially symmetric case where all quantities are independent of the 
coordinate ^ of a system (r, q>, z) the electric and magnetic fields are given 
by equations (7.10) and (7.11). The (p component of (7.25) yields 

^ (rw/ + i vA^j + 212r + .^ = 0, (7.26) 

which is integrated to 

mrvi^* + qrA^ + mQr^ = mroW^o* + qr^A^o + mSioro = P^o- (2-27) 

Here is a constant having the form of a generalized angular momentum. 
This result is equivalent to (7.6) and can also be obtained if w is sub¬ 
stituted from (7.23) into (7.6). 

We shall now bring (7.25) to a form equivalent to (2.36) by introducing 
the modified potentials 



160 


CONFINEMENT OF CHARGED PARTICLES 


[CH. 7 , § 2 


■A* = A + ^ Q X r, r = (r, 0, 0) (7.28) 

and ^ 

= + Q{fjq - rA^), (7.29) 

They correspond to the modified electric and magnetic fields 
E*^-V4>*-^=E+'^QrV{Qr) 

- - SirA^) +^rx^ (7.30) 

and € ot 

B* = cuTlA* = B + 2^Q + j(rxQ)x VQ. (7.31) 
With these definitions equation (7.25) changes into the form 
dw* 

= qE* + qw* X B* - mV^g (7.32) 

as is easily seen when expressions (7.30) and (7.31) are inserted into (7.32) 
and use is made of equations (7.11) and (7.27). The obtained result (7.32) is 
analogous to the equation of motion (2.36). Of special interest are the 
second terms of the last members of equations (7.30) and (7.31) which cor¬ 
respond to the centrifugal force and to the Coriolis force, respectively. 

Equation (7.32) refers to a coordinate system which follows the rotation. 
The accelerations arising from the latter, and the corresponding transverse 
particle drifts, have been taken explicitly into account. When E* satisfies the 
conditions of Ch. 3, § 1 we can therefore develop a first order orbit theory 
on the basis of (7.32) for the motions observed in the rotating frame. 

We now return to the discussion on the forbidden regions and consider a 
stationary state. According to equations (7.32), (7.28) and (7.29) the equiva¬ 
lent potential (7.13) in a rotating frame is given by an expression where A, 
are substituted by A*, <t>*, w*. After such a substitution has been made 
the equivalent potential of (7.13) is changed into the modified form 

<l>\ = + m{cl>go - <l>g) + g(0o - 4>) 

— qiPo^o^vo — ^rA^o) -t- (Qq — — ^m{Qlrl — Q^r^) 

- (l/2mr") + qir^A^o - rA^) -t- mQorl - mQr^f >0. 

(7.33) 
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The same result can be derived from an insertion of expression (7.23) into 
(7.13) and from a rearrangement of the obtained terms. It can also be de¬ 
duced from (7.27) in combination with the condition (2.38) for conservation 
of energy. 

So far the angular velocity has not been specified. Now consider an 
ionized gas immersed in the poloidal field of Figure 7.3. We restrict the dis- 



Fig. 7.3. The shaded area in the figure represents the cross section of a thin toroidal shell 
generated by the field lines of a strong poloidal field J5. An electric field JB is imposed at 

right angles to B. 

cussion to a situation where the longitudinal and transverse particle energies 
are comparable and where the latter corresponds to a potential which is 
much smaller than the transverse potential difference across the whole 
macroscopic configuration. Since the particles can move quite easily along 
the magnetic field lines it is then justified to suppose that the applied electric 
field E has a longitudinal component JSjj which is small compared to the 
transverse component U_l. In other words, we assume to be of first 
order in the smallness parameter, whereas JSj. is now allowed to be of zero 
order. This is consistent with the approximation (3.34) to lowest order. We 
therefore assume that the electric field adjusts itself so that the magnetic 
field lines nearly become equipotentials. In a general case this requires some 
space charge formation. For a narrow cylindrical shell between two field 
lines with the electric potential difference dej) the electric field is E= — d^/d/j, 
with the directions given in the figure. In lowest order all charged particles 



CONFINEMENT OF CHARGED PARTICLES 


162 


[CH. 7 , § 2 


move with the electric field drift. The whole mass of gas then rotates around 
the axis of symmetry at the angular velocity 

Q = ExBlrB\ (7.34) 

Use this relation as a definition of Q. It implies that we separate the electric 
field drift from the rest of the particle motion and introduce a frame of 
reference where the former disappears. The magnetic flux d^ = 
enclosed by the strip is related to A<j> and to Q by 

£2 = - EjBr = 2nd<l>/d0 = d<j)ld(_rA^). (7.35) 

It should be observed that both d<^ and d$ are constant along the strip, and 
that the gas therefore will rotate at the constant angular velocity Q = Qq 
along the entire length of a field line. This is consistent with the isorotation 
law earlier discovered by Ferraro [1937]. 

It is now assumed that the magnetic field is very strong so that each of the 
contributions from (7.33) is much greater than that of 

any other term in the same equation. This is justified under the same con¬ 
ditions which were already discussed in connexion with equation (7.7). 
It also implies that the angular velocity Q should be much smaller than the 
gyro frequency cUg. We can then stiU draw the conclusion that the particle 
is confined inside a narrow shell around rA^ = const., as that shown in 
Figure 7.3. However, with the present representation we have split off the 
rotation by means of the transformation (7.23). As a consequence, more 
information can be gained about the forbidden regions than what is directly 
obtained from equation (7.13). Since the particle has to move inside the shell, 
Q will have values close to Qq aU along the particle orbit. According to 
(7.35) the third and fourth terms of the third member of expression (7.33) 
then cancel in the limit of infinitely strong magnetic fields. In this limit 
we arrive at the expression 

^eq* = — imQo(ro — r^) (7.36) 

- (l/2m7-^) [mroW^o* + «(ro^^o - ^A^) + mQo(ro - r^)]^ > 0 

when the gravitation field is neglected. The second term in the second mem¬ 
ber of this expression represents the work performed by the particle against 
the centrifugal field. The last term within the square bracket arises from the 
Coriolis force. A condition analogous to equations (7.7) and (7.33) for a 
time dependent external field can also be derived for a rotating system where 
Q = i2(0- A detailed analysis will not be given here. 
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Relation (7.36) shows that there is absolute confinement for a particle 
inside a region /• > of Figure 7.3 provided that the thermal energy 
at the starting point is less than the centrifugal work ~^w)- 

The latter approaches the value for large ratios ro/r„. 

When Q -4 (Og the modification introduced by the Coriolis force inside 
the square bracket of (7.36) becomes small. It affects the shape of the 
“bottom line” in the “potential trough” corresponding to The reason 
for this follows from (7.31) which shows that the particle moves in an equiv¬ 
alent magnetic field B* which differs slightly from the field B observed in 
the laboratory frame. Thus the particle will no longer “slide” exactly along 
the magnetic field lines in the limit of an infinitely small Larmor radius. 
It will instead be slightly deflected from these lines due to the Coriolis force. 
This effect depends upon mjq. Even if it is of minor importance to the present 
analysis we shall see later in Ch. 8, § 2.7 that it may have influence on charge 
separation phenomena. 

3. Confinement in Different Field Configorations 

A wide variety of field configurations and methods have been suggested 
for the confinement of a high-temperature plasma. In this paragraph we 
shall discuss some concrete examples on the basis of the theories on for¬ 
bidden regions and particle orbits. 

3.1. POLOIDAL FIELDS 

The magnetic mirror devices investigated by Post [1958], Coensgen et al. 
[1958] and many others are in principle as sketched in Figure 6.3. Plasma is 
contained between two mirrors at j and 3 = 32 and is compressed as 
described in Ch. 6, §2.1. 

The mechanism for mirror reflection is easily treated in terms of the 
longitudinal equations of motion (3.17) and (4.6) of the orbit theory. Since 
the magnetic moment is a constant of the motion we have 

where s is the coordinate along the magnetic field. Clearly q<t> + MB plays 
the role of a potential in this problem. Assume a quasi-stationary state. 
During a period /|| of the longitudinal motion between the mirrors the 
particle moves along the surface and (j) and B are only functions 
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of s, in the fibrst approximation. We can then multiply equation (7.37) by M|| 
and integrate with respect to s. From this follows that 

im{ul - o) = -<l>)- M(B - Bo). (7.38) 

We now introduce the angle 0 between the total velocity Wq and the longi¬ 
tudinal component Uyo at the starting point. Due to the smallness of the drift 
Wj_ we can put » W^, where Wq is the corresponding velocity of 
gyration. For the turning points ^2 = at the mirrors of a 

symmetric configuration as in Figure 6.3 we have M|| = 0. Then, 

imufio = imWl/{tgey = q(<p„ - 0o) + - 1), (7.39) 

where subscripts (q) and (j^) refer to the starting point in the equatorial plane 
of Figure 6.3 and to the mirror points, respectively. Further the mirror ratio 
jRni = ^m/^o of (6.20) has been introduced. It should have the value 

= (sin 9)-^ + 2q{(f>o - (7.40) 

for the particle to be reflected. 

In absence of electric fields all particles inside the cones given by (sin BY > 
> 1/jRj^ will remain trapped between the mirrors according to the present 
approximate theory. On the other hand, particles for which (sin BY < IjRm 
will be lost. The corresponding values B^ = arcsin (l/i?m)^ define two loss 
cones in the directions parallel and antiparallel with the longitudinal com¬ 
ponent Ws in velocity space. This is indicated in Figure 7.4. Starting from 



Fig 7,4. The loss cones of a mirror device in velocity space. 
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some mathematical discoveries of Moser [1962], Gardner [1962] has 
receDtl}^ shown that if the magnetic field is strong enough a particle out¬ 
side these loss cones will be contained for all times. 

If an electric field is present the mirror ratio for particle reflection is no 
longer proportional to (sin 0)"^, and the presence of cj) in equation (7.40) 
makes the loss cones depend upon sin 0. For q(^Q — > 0 electrostatic 

forces will act in a way to pull out the particle through the mirrors and a 
larger mirror ratio is required to produce a turning point for M[|. The 
electric field may arise from ambipolar effects as discussed in § 4.4. 

We further conclude from equation (7.38) that it is possible for the poten¬ 
tial difference 0 — (^>0 along a magnetic field line to approach the value 
— {m Wyiq) (R — 1) and still have a particle trapped between the magnetic 
mirrors. If the ratio R = B/Bq is far greater than unity and if M||o and Wq 
are of the same magnitude, this implies that q((l>o — (j>) may become much 
greater than \mWl for such a particle. This result, which was first obtained 
by Alfv]§n and FXlthammar [1963], is at least valid as long as conditions 
(3.1) and (3.2) of the perturbation theory are satisfied. It is also consistent 
with the second of expressions (3.34) since the magnetic gradient term in 
(7.37) is of order e according to Chapter 3, § 1.3. 


B 



Fig. 7.5. Sketch of the Van Allen belts of particles trapped in the earth’s magnetic field. 

We observe that when q{(^o — <^) > 0 the longitudinal electric field 
forces the particle into a stronger magnetic field, provided that the latter 
has a shape as indicated in Figure 6.3. The increase in the Larmor energy 
from \mWl\.o can then be considered as the result of a transverse 

magnetic compression which takes its energy both from the longitudinal 
velocity tt|] and from the longitudinal electric field JEij. 

The poloidal field used in a mirror device has the advantage that the 
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transverse drift of particles given by (3.22) forms closed orbits in the 
cp direction. In an equilibrium state no charge separation is therefore gene¬ 
rated by the transverse drifts. 

There exists at least one cosmic example of magnetic mirror confinement 
in a nearly symmetric configuration. This is given by the belts of particles 
trapped in the earth’s magnetic field, as discovered by Van Allen [1959] and 
sketched in Figure 7.5. 

The configuration of this figure has the advantage of large mirror ratios. 
One can proceed one step further in order to reduce the end losses from a 
mirror device of similar geometry. This is shown in Figure 7.6 where a 



Fig. 7.6. Magnetic bottle with poloidal field formed by a ring current through the 
main coil in the figure in combination with the field from a surrounding spherical coil. 
The main coil is supported by leads. The plasma trapped in the magnetic field can be set 
into rotation around the axis of symmetry by an applied transverse electric field E. 
A toroidal magnetic field may be superimposed for stabilizing purposes (Lehnert 
[1958a, 1959,1960], Bonnevier and Lehnert [I960]). 

poloidal field J5p is produced by a ring-shaped coil and a surrounding 
spherical coil, and a toroidal field may be superimposed for stabilizing 
purposes (Lehnert [1958a, 1959]). Since the main coil is suspended by 
current leads in the form of spokes, most of the field lines can pass freely 
through its interior and the cross section for end losses at the mirrors is 
reduced. An additional reduction is possible when the leads are arranged 
in a way given by Figure 7.2 which shows their cross section. By such an 
arrangement the lead surfaces become magnetically screened (cf. also 
Greyber [1958]). 

As an alternative approach to the ring current configuration of Figure 7.6 
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the leads can be removed so that the main coil hangs freely in space and all 
field lines are closed inside the confinement region. The coil position then 
has to be controlled by some means. One possibility has been realized in the 
“Levitron” by Colgate and Forth [1958] (see also Birdsall et al. [I960]). 
Here the core is levitated by induced electric currents and is kept in due posi¬ 
tion for some time by means of the same currents. 

In the “Astron” device by CHRiSTOraos [1958] a ring current is instead 
produced by a layer of high energy electrons. Together with an external 
magnetic mirror field this layer produces a resulting field with closed lines 
of force inside the confinement region. One of the main problems of this 
device concerns the stability of the electron layer. 

ALFvfiN [1958] has suggested that a ring current may be produced by the 
plasma itself. The problem is then to shoot a heated plasma into a magnetic 
field in such a way that a stable plasma ring is formed which is confined in a 
static equilibrium only by means of its self-field. 

The mirror confinement can be enhanced by the help of the centrifugal 
force if the plasma is set into rotation as proposed by Baker and Anderson 
[1956] and shown in § 2.2. According to Baker [1950] a rotating plasma is 
easily generated by crossed electric and magnetic fields. Such conditions have 
been established by Boyer et al. [1958] in the “Ixion” device where a dis¬ 
charge runs across a magnetic mirror field. Similarly, in the device of 
Figure 7.6 the trapped plasma can be set into rotation around the axis of 
symmetry when an electric field is applied between the main coil on one 
hand, and the spherical coil and the central rod on the other (Lehnert 
[1959]). It has earlier been shown Bonnbvier and Lehnert [1960] by that 
the particle losses along the magnetic field are controlled by the centrifugal 
work in the radial direction, and not necessarily by the mirror ratio. The 
configuration of Figure 7.6 is especially suitable for a strong centrifugal 
confinement, on account of its large radial extensions. This is also obvious 
from a discussion in terms of the macroscopic fluid equations (Lehnert 
[I960]). 

Due to the equivalence between equations (7.32) and (2.36) we can im¬ 
mediately apply the result (7.38) from the orbit theory to a rotating system 
with the equivalent fields <l>* and A* given by equations (7.28) and (7.29). 
The modified equivalent magnetic moment M* — mWo*^/2B* should then 
be a constant of the motion for a particle moving in the modified magnetic 
field B* of equation (7.31). This implies that we use a somewhat 
better approximation to the perturbation theory of Chapter 3 by taking 
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the regular rotation Q into account explicitly. In a stationary state the rela¬ 
tion equivalent to (7.38) becomes 


im(u||*^ - «||o*^) = qi<Po -<!>) + (Po - P)P,po + 

- - Q^r^) - M*(B* - Bo*). (7.41) 

When the magnetic field is strong and O ^ cOg the corresponding relation for 
the turning points of the longitudinal motion is 

imu\\*^ « imWo*\R^ ““ 1 ) + ^”^^ 0(^0 - ( 7 - 42 ) 


We have here assumed that there are no electrostatic fields in the frame 
which follows the rotation at the points along the field line through ro, Zq. 
The present relation shows how the mirror containment due to the mirror 
ratio is enhanced by the centrifugal containment due to the radial 
ratio ro/r. 

As compared to an ordinary mirror device the configuration of Figure 7.6 
has the advantage that strong magnetic fields can be obtained in the “equa¬ 
torial” plane of the main coil, at the same time as large radial ratios are 
preserved. A further development of the arrangement in Figure 7.6 along 
these lines is possible by increasing the dimensions of the main coil with 
respect to those of the external coil system (the spherical coil). The confine¬ 
ment region will then consist of a thin toroidal shell within which there is a 
high magnetic field strength in the equatorial plane where the plasma 
density and the centrifugal force have their maxima. This should improve 
stability. 

In this connexion we should mention that the velocity of rotation in a 
straight Homopolar device appears to be limited to the value (2eFi/mi)^, 
where Vi is the ionization potential and mi the ion mass (Fahleson [1961], 
Angerth et ah [1962]). This occurs within a wide range of discharge para¬ 
meters and is consistent with a theory by Alfv^n [1954b]. The latter suggests 
that a neutral gas cloud will put a strong brake on a cloud of ionized matter, 
as soon as the relative velocity of the clouds approaches the value just men¬ 
tioned. In a rotating plasma device this situation may be realized by the 
back-flux of neutral gas. It arises from plasma particles which escape along 
the field lines to the end insulators and recombine there. If this mechanism 
produces a velocity limit in a stationary state, and if the angular velocity Q 
of rotation is constant along a field line, we see that equatorial velocities can 
be obtained which exceed the velocity limit and reach the value (^o/O ‘ 
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• Here is the radial ratio with respect to the radius at the 

walls of the end insulators (cf. Figure 7.3). In a stationary state large 
velocities of rotation would then be available only in devices with large 
radial ratios. 

So far we have discussed magnetic bottles of the poloidal type where there 
exist regions in which the magnetic field bends concavely towards the main 
plasma body. As will be seen later in Chapter 8 this may sometimes produce 
instabilities and spoil the confinement (Berkowitz et ah [1958], Bernstein 
et al [1958]). To avoid such instabilities the magnetic field can instead be 
arranged such as to bend convexly towards the plasma all over its boundary. 
This leads to the cusped geometry suggested by Tuck [1958] and shown 
in Figure 7.7. A combination of cusps gives the ‘‘Picket Fence” configu- 


s 



Fig. 7.7. Magnetic bottles with field bending convexly towards the plasma body, (a) Single 

cusp, (b) “Picket Fence”. 

ration of Figure 7.7b. In addition to the mirror ends at the axis there exist 
ring-shaped regions S through which particles can escape. 

At the centre of a cusp there is a zero-point around which a weak magnetic 
field region exists. This region has the disadvantage of acting somewhat like 
a big scattering centre, because the adiabatic invariance breaks down for 
particles which pass through it. To avoid the corresponding particle leakage 
to the loss cones a “stuffed” cusp can be arranged where a central conductor 
is placed along the axis of symmetry. A current which is fed through the rod 
generates a superimposed toroidal magnetic field. This removes the particle 
leakage just mentioned, but introduces at the same time an inner boundary of 
the confinement region where the magnetic field bends concavely towards the 
plasma body. 

•There are several methods by which a plasma can be introduced into a 
mirror device, as shown in a survey by Post [1958]. By one of them the 
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plasma is injected into the confinement zone through one of the mirrors. 
It is then trapped between the mirrors when the magnetic field rises rapidly. 
By another, ion sources are placed inside the confinement zone and the 
field is changed in time, rapidly enough to prevent the reflected particles 
from hitting the sources. A further method has been used in the “DCX” 
(Barnett et al [1958]) and ‘‘OGRA” devices (Artsimovich [1958]), where 
ions of very high energy become trapped between the mirrors after having 
been created from molecular ions in a dissociation process. Part of these 
methods and similar arrangements can also be applied to devices of cusped 
geometry. 

3.2. TOROIDAL FIELDS 

Several plasma experiments are based on a study of high-current dis¬ 
charges in toroidal magnetic fields. The currents are generated in a torus- 
shaped chamber by means of electromagnetic induction effects. Investiga¬ 
tions of such discharges have been undertaken in “ZETA’’ by Thonemann 
et al [1958] and Butt et al [1958] as well as in a great number of similar 
devices. 

For a toroidal field the lines of force can be closed inside the confinement 
region and there is no escape of particles by the velocity M||. On the other 
hand, it was found in the example of § 2.1.(ii) that the boundary of the for¬ 
bidden regions consists of a cylindrical surface. The latter runs through the 



(a) Single particle (b) Low-density plasma (c) Low-density plasma 
in toroidal field in toroidal field in "Figure-eight" device 


Fig. 7.8. Particle motions and associated separation of charge, (a) Single particle in toroidal 
field, (b) Plasma of low density in toroidal field (m^ is electric field drift), (c) Rotational 
transform in “Figure-eight” Stellarator gives a mean cancellation of electric field drift. 










CH. 7 , § 3 ] 


CONFINEMENT OF CHARGED PARTICLES 


171 


Starting point of the particle and is parallel with the axis of symmetry. This 
result applies to a single particle moving in a vacuum field as sketched in 
Figure 7.8a. Equation (3.24) also shows that the magnetic gradient drift is 
directed along the z axis. In a torus of finite size single particles are therefore 
not contained by a toroidal field alone. 

The situation is altered when an ionized gas is introduced into the toroidal 
field. Its ions and electrons will drift in opposite directions along the axis of 
symmetry according to equation (3.24). This produces a charge separation, 
and for a torus of finite size an electric potential will arise which varies along 
the axial direction. The analysis of § 2.1.(ii) then breaks down and we have 
to reconsider the situation in terms of the orbit theory. If the pressure of the 
gas is small compared to the magnetic energy density we can still assume the 
magnetic field to be a vacuum field which is produced by external sources 
only. The situation then becomes as demonstrated by Figure 7.8b. The axial 
charge separation hy VB gives an axial electric field E which in its turn 
generates an electric field drift = E x B/B^, Consequently, the whole 
plasma escapes to the wall in the radial direction and there is no confine¬ 
ment in this case either. 

To avoid these drawbacks and still use the advantage of field lines which 
are closed inside the confinement region Spitzer [1951] suggested the use 
of a rotational transform of the magnetic field in the “Stellarator” device. 
The simpliest way to achieve such a transform is to twist the original torus 
of Figures 7.8a and b into a ‘“Figure-eighf ’ device as shown by Figure 7.8c. 
The result of this is that the field lines do not close upon themselves after one 
turn around the configuration, as they do in an ordinary torus. Instead, a 
field line passing at a point of a cross section of the tube will pass the same 
section at points P 2 , P 3 ,... after successive turns around the device (Figure 



Fig. 7.9. Cross section of Stellarator tube. Points P^, Pg, Ps,... represent successive inter¬ 
sections of a single magnetic field line (Spitzer [1958]). 
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7.9). A set of points Pj will be transformed into a set of points P 2 after one 
turn; this is called a “magnetic transform” of the cross-sectional plane. We 
are especially interested in the case where the transform is primarily rota¬ 
tional in the sense that at least the outer portions of the plane all rotate in 
the same direction. Then, there must be at least one point in the plane which 
is transformed into itself. In the Stellarator systems there is one such point, 
i.e., the “magnetic axis” of Figure 7.9. Kruskal [1952] has shown that any 
point, other than that defining the magnetic axis, will not move far from a 
single closed curve when followed through successive magnetic transforms. 
A single line of force will therefore generate a '"magnetic surface'" after many 
circuits around the tube (Figure 7.9). 



Fig. 7.10. Helical windings with currents -[-4 and -4 in alternate directions generate 
field components Bj. and which produce a rotational transform together with the axial 

field 

For the “Figure-eight” device all points of a cross section will rotate the 
same angle l after one turn around the tube. There is an alternative way in 
which a rotational transform can be produced, namely by the application 
of helical windings around the tube of an ordinary untwisted torus. This is 
demonstrated in Figure 7.10 for a part of the tube where the curvature has 
been omitted for the sake of simplicity. With currents +4 and —4 
alternating directions in these windings an additional field with components 
Bj. and is superimposed on the field along the tube axis. By this arrange¬ 
ment a rotational transform is generated which produces different angles 
of rotation, i and for points P^, P 2 and P^, P^ at different magnetic 
surfaces S, S' (Figure 7.9). 

For a detailed analysis of the present situation reference is made to the 
original papers by Spitzer [1958] and Krusbcal et al [1958]. Here we 
shall only make a brief physical consideration of the consequences of the 
rotational transform. First notice that the directions of the magnetic gra¬ 
dient drift and of the resulting electric field drift are such as to cancel for a 
particle during a complete transit through the tube of Figure 7.8c. There is 
a difficulty with this cancellation for particles which have too small or too 
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large values of u^^lW, since these particles may get lost before a cycle has 
been completed. In the former case, the particles move too slowly along the 
field lines and will have time to drift to the walls during part of the cycle. 
The transverse drift is then produced by W^in combination with a transverse 
magnetic gradient as indicated by the first term of equation (3.24). In the 
latter case, the drift due to the curvature of the magnetic field lines dominates 
and forces the particles to the walls before a cycle has been completed. T his 
drift is proportional to u\, whereas the longitudinal displacements are pro¬ 
portional only to W||. The present loss mechanisms can be minimized in the 
“Figure-eight” device by means of “scallops” with “corrugated” magnetic 
fields at the curved end sections. 

In connexion with the rotational transform we also observe that space 
charges generated by the magnetic gradient drift can be short-circuited 
along the field lines, since the latter do not close upon themselves as in an 
ordinary torus. 

With the rotational transform produced by helical windings the super¬ 
imposed components and form a field which resembles that of the 
cusped and “Picket Fence” geometry in Figure 7.7. The resulting Stellarator 
field has angles of rotation t which differ for magnetic surfaces at different 
distances from the magnetic axis. The pitch of the field lines will therefore 
be non-uniform over the cross section of the tube, i.e., the field is '‘sheared”. 
From energy considerations later discussed in Ch. 8, § 2.1 we should then 
expect the stability of the arrangement to become improved. 

So far we have only considered the vacuum field of the Stellarator. When 
the pressure of a confined plasma cannot be neglected perturbations of the 
field and of the drift motions will be introduced by the plasma itself. This 
changes the rotational transform and may sometimes “unwind” it or pro¬ 
duce an angle i equal to a multiple of 27r. From this simple picture one 
would then expect the cancellation of space charges and stabilization by the 
rotational transform to vanish at a certain critical value of the axial plasma 
current. The existence of such a limit has also been proved rigorously by 
Kruskal [1954] and Kruskal et al. [1958]. 

Another difficulty with the rotational transform is that it has to short- 
circuit the separated charges in the longitudinal direction, i.e. along distances 
comparable to and exceeding the perimeter of the device. The presence of a 
finite electrical conductivity may therefore weaken the effects of the longitu¬ 
dinal short-circuit and of the rotational transform. 
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It is evident that a rotational transform will be produced by a plasma 
current which is flowing around a simple torus. The present discussions 
appear to indicate that this should have a suppressing action on the leakage 
by transverse drift motions and on instabilities. One might therefore ask if 
there is any essential difference at aU between the Stellarator and an ordinary 
toroidal discharge. The answer is that a rotational transform with shear is 
already present in the vacuum field of the Stellarator. This makes possible a 
steady state confinement with nonzero pressures and axial currents. The 
confinement is insensitive to a large group of instabilities as found by 
Johnson dz/. [1958]. 

3.3. ASYMMETRIC CONFIGURATIONS 

In connexion with the helical field of the Stellarator we have already 
touched the problem of asymmetric perturbations of the confining field. 
The transverse drift motions arising from the corresponding magnetic field 
inhomogeneities are cancelled during a cycle around the device. A some¬ 
what analogous situation arises in an arrangement recently described by 
lOFEE [1962] with the purpose to stabilize a magnetic mirror device. This is 
achieved if a number of conductors are introduced around the circumference 
of the mirror field in Figure 7.1a. The conductors should mainly follow the 
lines of the field and carry electric currents in alternating directions, some¬ 
what like the windings of Figure 7.10. The resulting field will then become a 
superposition of the mirror field and a field similar to that of the “Picket 



Fig. 7.11. Gross section along equatorial plane of mirror device with auxiliary windings 
which produce superimposed cusp field (cf. Ioffe [1962]) 

Fence” (Figxire 7.7b). A cross section along the equatorial plane of the 
device would become as sketched in Figure 7.11. With a proper choice of 
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the parameters the field strength can be made to increase in the radial 
direction as in a cusped field, and the field lines will still run out through 
the mirrors before they reach a wall. In this device no cancellation of the 
drifts arising from the components Bj, and can be obtained by a rotational 
transform along the field lines. However, the regularity of the arrangement 
still suggests that there is a rather well expressed cancellation of the drifts 
for particles which oscillate repeatedly up and down along the field lines and 
drift around the configuration in the (p direction at the same time. 

A similar situation is faced also in connexion with particles travelling 
around the configuration of Figure 7.6 including the magnetically screened 
leads of Figure 7.2. The latter introduce a regular type of asymmetry and 
one should expect the displacements by drift motions to cancel at least 
in a first approximation. In a small region around the zero lines of Figure 7.2 
the field is very weak and in the corresponding cylindrical case of Figure 7.6 
there are some field lines leading from the confinement region out to 
external space. This does not imply, however, that particles necessarily get 
lost here. This is so, because the spatial extensions of the weak field region 
may become quite small compared to the Larmor radius within the same 
region. Particles approaching the latter from the interior of the plasma will 
all have velocity vectors situated close to the plane of Figure 7.2. 

The transverse particle drifts in a toroidal magnetic field cannot only 
be cancelled by a rotational transform of the magnetic field lines. A rotational 
particle drift around the magnetic axis can equally well be produced by 
means of a “corrugated” magnetic field such as in a “bumpy” torus (cf. 
Artsimovitch [1958]). The strength of the toroidal magnetic field is then 
made to fluctuate periodically around the perimeter of the torus. The 
magnetic gradient drift arising from these inhomogeneities has the same 
effect on the transverse particle leakage as a rotational transform. 

Even in configurations where the asymmetries are quite irregular, the 
confinement need not necessarily be spoiled. This has been shown by 
Northrop and Teller [1960] and is also outlined in Ch. 4, § 1.5. The result 
depends on the constancy of the longitudinal invariant J which can be 
defined for fields like that given in Figure 4.6. Here the particles oscillate 
between two mirror points and the field strength has only one minimum 
between the points on a field line. 

* 4. Mechanisms for Particle Losses 

Up to this stage we have treated the confinement of a collisionless plasma, 
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partly on the basis of the first order orbit theory. This paragraph summarizes 
a number of non-adiabatic effects and dissipative mechanisms which may 
produce particle losses in a real plasma. 

4.1. NON-ADIABATIC EFFECTS 

Due to the finite Larmor radius the results of the perturbation theory of 
Chapters 3 and 4 are only approximately valid and the adiabatic invariants 
are no exact constants of the motion. The examples of Figures 4.3 and 4.9 
show that the deviations from constancy can become quite large when con¬ 
ditions (3.1) and (3.2) no longer hold. In a study of the boundaries of the 
forbidden regions we can use the results (7.7) and (7.36) for symmetric con¬ 
figurations, also when the basic assumptions of the perturbation theory 
become invalid. The end losses of a mirror device are more difficult to cal¬ 
culate explicitly for particles not encircling the axis of symmetry. In any case 
recent investigations by Gardner [1962] show that particles outside the loss 
cones of a strong magnetic mirror field are contained for all times. 

To determine the particle losses due to deviations from adiabatic invarian¬ 
ce there still exists the possibility of using numerical computers. This has 
been done for a mirror device by Garren et ah [1958] who arrive at the 
following results: 

(i) The variations of the equivalent magnetic moment M during one cycle 
of motion between the magnetic mirrors were found to be quite large for 
Larmor radii of practical interest. 

(ii) The fluctuations of M are nearly periodic and the residual change in M 
between successive reflections appears to be rather small. It was also found 
that the cumulative effects of many traversals were quite small for orbits 
which intersect the equatorial plane of the device in points which could be 
joined by smooth curves. Other orbits were found where this was not the 
case and the particles escaped. 

(iii) The relative fluctuations in M were found to decrease as exp (— const. 

where cDg is the gyro frequency, 2s^ the distance between the mirrors 
and w the particle velocity. This is what should be expected from the 
theoretical results by Hertweck and Schluter [1957] and by Kruskal 
[1958] (see also Chapter 4, § 2.3). 

(iv) The effect of magnetic-field imperfections was studied by introducing 
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asymmetries in the field. In some cases it was then found that particles were 
lost through the mirrors. 

Non-adiabatic losses have further been considered by Grad and Van 
Norton [1962] for a cusped magnetic field. They find that there are three 
types of orbits, i.e. one class of highly adiabatic orbits which are contained 
indefinitely, one of highly non-adiabatic orbits which undergo substantial 
changes, and an intermediate class where the changes are relatively small 
and uncorrelated. 

A theoretical investigation of the losses from a magnetic trap is also due 
to Chuukov [I960]. He finds that particles escape according to a resonance 
phenomenon which occurs between the longitudinal oscillations and the 
Larmor motion for particles which are trapped between two magnetic 
mirrors. These results are in agreement with experiments made by Rodionov 
[I960]. 

Recent investigations on the containment of charged particles in an 
asymmetric mirror geometry have been reported by Gibson et al [1962]. 
Two mirror coils were tilted from their symmetric positions to form a section 
of a “bumpy” torus. Experiments on the trapping of positrons emitted 
from a radioactive source into this field indicated that the latter were con¬ 
tained for many seconds. 

4.2. DIFFUSION IN COORDINATE SPACE 

When non-identical, charged particles collide their guiding centra will be 
displaced and this produces a transverse diffusion across the magnetic field. 
Consider a collision between two particles of masses mi and m 2 , charges 
qi and ^2 and velocities Wi and W 2 * Their radii of gyration are given by the 
vectors and a 2 directed from the corresponding guiding centra to the 
positions of the particles. After the collision corresponding quantities will 
be denoted by a prime. The vector connecting the centre of mass, CM, of the 
guiding centra and the point of collision is initially 

<*CM = + wa2®2)/(w^i + ^ 2 ) 

= JBo X (—'^i + — ^2)/(^i + ^ 2 )^ 1 , (7.43) 

\ €2 

where the magnetic field is assumed to be homogeneous and the drift veloc¬ 
ity u is neglected compared to the velocity W of gyration. Conservation of 
momentum requires 


miWi -i- m2W2 = miW[ + m2W2 


(7.44) 
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and the displacement of CM therefore becomes 

®CM ®CM = wiiBo (^i “ ‘ - 

\yi y 2 / 


Consequently, CM will be displaced only for particles with different values 
of miq. 

Next consider an assembly of identical particles of mass m, charge q and 
constant density n in an inhomogeneous magnetic field J5. In the first ap¬ 
proximation the position of the centre of mass of the guiding centra is 
obtained from a summation over all particles of a volume element (cf. 
Spitzer [1956]): 

<^> = ^ E (P» - «v) = J E (P» + X BjqB^ (7.46) 

^ y ^ V 


where is the velocity of gyration. The velocity of <C> becomes 
^ E ^ X BlqB^ + mW^ x A (BjqB^) 


(7.47) 


In absence of electric fields, and in presence of a force due to collisions 
between the /z-th and v-th particles, the equation of motion of the v-th 
particle would become 


W ^ (Mv + Wy) = qw^xB + '£ (7.48) 

After insertion of dWJdt from (7,48) into (7.47) the result becomes 

A<c> = X -^(B/qS^) - X J5/q52+w„||/mJ 

+ llUU^BIqB^). (7.49) 

The total collisional force L, should vanish according to Newton’s 
third law since the collisions produce an internal force on the system. In 
case of a homogeneous magnetic field we therefore have (d<C>/dOx = 0, 
in agreement with (7.45) for = ffi 2 /? 2 - For inhomogeneous field 
the two first terms inside the square bracket of (7.49) will give a contribution 
which is due to the magnetic gradient drift of (3.24). At the same time the 
last term of equation (7.49) does no longer vanish. It will be of the order of 
the ratio dJLcs of the mean distance between particles during collisions 
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and the characteristic length of the magnetic field variation. Thus, there 
should arise a displacement of the centre of mass by the combined action 
of collisions and a magnetic gradient. 

From the simple considerations of (7.45) we have seen that the centre of 
mass of the guiding centra does not move in the transverse direction under 
the influence of like-particle collisions in a homogeneous magnetic field. 
Care, however, necessary when this result is used to conclude that identical 
particles do not produce any transverse diffusion across such a field. The 
drift of the centre of mass of the guiding centra is not necessarily equal to the 
diffusion velocity of the plasma. A further analysis by means of the Boltz¬ 
mann equation can be applied to the flux of particles in the diffusion process. 
This shows in fact that the first order flux vanishes for collisions between 
identical particles (Longmire and Rosenbluth [1956]). 

In higher orders there will also exist a slow diffusion for like-particle col¬ 
lisions due to higher derivatives of the density gradient (Simon [1955]). 

The transverse diffusion rate for non-identical particles is cut down con¬ 
siderably in a strong magnetic field as suggested by (7.45) and which also 
becomes obvious from a macroscopic diflFusion theory. As long as there are 
no instabilities in the plasma, of large or small scale, the transverse particle 
losses should therefore become quite small in such a field. 

The presence of neutral particles produces additional losses by encounters. 
Elastic collisions between charged and neutral particle enhances the trans¬ 
verse diffusion rate of the plasma. Further, the neutrals may exchange charges 
with the ions. Such collisions have the same effect as a loss of energetic 
plasma particles. Processes of this kind have been investigated in the DCX 
device by Barnett et al. [1958]. 

4.3. DIFFUSION IN VELOCITY SPACE 

Particles are lost not only by diffusion in coordinate space but also by 
diffusion in velocity space, e.g., into the loss cones of a mirror machine. 
Coulomb collisions cannot be treated strictly as encounters between rigid 
spheres, because their potential of interaction has a long range. Instead the 
diffusion process is mainly determined by cumulative effects from distant 
encounters. For the diffusion into the loss cones we further observe that 
collisions between identical particles produce first order effects. Thus, there is 
no analogy with the cancellation of the diffusion rate for like-particle colli¬ 
sions in coordinate space. 

A detailed treatment of this problem is due to Chandrasekhar [1942] 
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and Spitzer [1956], Only part of the main results will be presented here. 
Assume a “test particle” of mass m, charge Ze and velocity w which col¬ 
lides with “field particles”, all of mass and charge Z^e. 

For close encounters we need only consider the collision between a pair 
of particles. The distance of closest approach, i.e. the “impact parameter”, 
becomes e^ZZJ47tBomy\^ for an angular deflection of 90°. We can define 
a sphere with this distance as radius, as well as a corresponding mean free 
pa&. When there is a density ni of the field particles the time 

le^n^Z^Z\ (7.50) 

becomes an approximate measure of the collision time for close encounters. 

For distant encounters the long range of the Coulomb forces has to be 
taken into account. Thus, we have to calculate the effect of many small 
deflections which occur simultaneously. A time for a gradual deflection 
which reaches 90° can be defined by 

(7.51) 

where is the transverse deflection of w with respect to its initial direction 

w and the mean value given by the denominator indicates the increase of 
velocity dispersion per second due to encounters. With ^ 
and Tx being the temperature of the gas consisting of the field particles we 


have 

to = In Ao • 

(7.52) 

where 

Ao = (l27r/e^ZZi) • {k^T^ sl^f, 

(7.53) 

We is the electron density and 



nh«) 

(7.54) 


f/iw 

'I'nihvd = (2/7C*) J ^ ® ^ dy. 

(7.55) 


Both In Aj^ and W{liw) are rather slow functions of their arguments; the 
former is of the order 20 and the latter of the order unity in many cases of 
practical interest. 

The results (7.52) — (7.55) have been deduced under the assumption that 
the maximum impact parameter can be put equal to the Debye distance, 
{sokTJe^n^)^. In a more refined theory Rostoker and Rosenbluth [1960] 
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have evaluated the frictional drag on the test particle without such a limita¬ 
tion on the impact parameter. As well as Pines and Bohm [1952] they also 
include the drag due to plasma-wave emission. 

The present results can be used in a calculation of the rate of diffusion 
into the loss cones. When the mirror ratio and the angle are small the 
probability for a particle to fall into the loss cones of Figure 7.4 by large 
angle scattering is simply 

Pc, = 1 — cos i sin"* (7.56) 

as given by (7.40) in absence of an electric field. For distant encounters the 
corresponding probability becomes 

■Pd «-7-: 

I + In {BJBo) 



according to Judd et al. [1955]. Observe that the probability Pd only has a 
slow, logarithmic dependence on the mirror ratio. This is due to the cumula¬ 
tive effects of distant encounters. 


The plasma decay by diffusion into the loss cones proceeds at a rate 
(cf. Linhart [I960]): 



If expressions (7.50) — (7.57) are inserted and integration is carried out, the 
result becomes 

n{t) = no xj{t + ty,), (7.59) 

where 

X — eoUpm V . fi. ^0 4 In /I ?'(liw)"| ^ 

~ e^nlZ^Zl L* ^ 1 + In {BJBo)i 

is the corresponding decay (or scattering) time and «o is the initial density. 
For values of practical interest the second term within the square bracket is 
usually of the order 100 which is much larger than the first term within the 
same bracket. The scattering time is therefore mainly determined by the 
distant encounters and is increased only very slowly by an increase in the 
mirror ratio, BJBq- Unfortunately, this limits the effectiveness by which 
the end losses along the field lines can be reduced in a mirror machine. 

As an example we may mention that a deuterium plasma of density 
n = 10^° m-^ and temperature T = 10® °K will escape through the loss 
cones in a time of the order of — 10"’^ seconds. If the temperature is 
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raised to T = 10^ the corresponding time becomes about 0.5 seconds. 
In this latter case the power produced by thermonuclear reactions in a tri¬ 
tium-deuterium plasma would become about four times larger than the 
power loss due to diffusion into the loss cones. 

4.4. AMBIPOLAR EFFECTS 

The diffusion rates of ions and electrons are in general different both in 
coordinate space and in velocity space. This produces space charges and an 
ambipolar electric field which in its turn affects the escape rate of the 
particles. A detailed treatment of the effect is due to Kaufman [1956]. 

Especially if the electron temperature is much smaller than that of the 
ions, Tj, so that m\w\ < m\w\ the scattering time (7.60) of electrons into 
the loss cones of a mirror device becomes shorter than that of the ions. The 
central parts of the plasma will then become positively charged. The mirror 
ratio iJjn for particles at the boundary of the loss cones is given by equation 
(7.40). In the present situation we will have ^ of order 

of kTJe. Further = 2kT. for ions and sin^ 9 is of order unity. The 
effective mirror ratio for ions in a corresponding device with (j>o = (l>m 
with the same value of 9 then becomes 




Rrr 


eff 


1 -h 


(7.61) 


where c\ is a constant of order unity. The effective mirror ratio is thus re¬ 
duced and this shows that the ion losses are enhanced by the ambipolar 
field which tends to pull the ions out through the mirrors. 


4.5. INSTABILITIES 

In addition to the drift motions in external fields and to the loss processes 
discussed so far there may arise cooperative phenomena inside the plasma 
itself, by which the particles are driven out of the confinement region. Con¬ 
sequently, deviations from the equilibrium state sometimes become 
unstable and the charged particles interact with themselves and with the 
external fields in a way to spoil the confinement. The instabilities can be of 
a more or less irregular character and occur both in coordinate space and in 
velocity space. 

Reviews of these phenomena have been given by several authors. In this 
book we shall only treat a certain type of instability in Chapter 8, mainly 
from the point of view of the single particle picture. 



CHAPTER 8 


STABILITY 

The purpose of the present chapter is not to give a complete survey of 
plasma stability. It merely presents some illustrations to the subject with 
special attention to the motion of individual particles. 

In general there exist two classes of instability phenomena, denoted as 
magnetohydrodynamic instabilities (or macroinstabilities) and micro¬ 
instabilities. In this chapter we shall only concentrate on a restricted part 
of the former, namely on the so called “flute type” instability. We assume 
the plasma particles to have Maxwellian velocity distributions and use 
macroscopic fluid equations to describe their motion in space. Thus, we shall 
not present any treatment of the motions in velocity space and their con¬ 
nexion with microinstabilities. The discussion will further be limited to small 
plasma energies corresponding to that of the magnetic field, and electro¬ 
magnetic induction effects are excluded which give rise to instabilities such 
as those of the “kink” and “sausage” types. 

Non-linear stability theory is still in an early stage of development. The 
theory to be presented here is linear and does not take into account what 
happens when the amplitude of an unstable disturbance grows to large 
values. This fact should be kept in mind since it restricts severely the applica¬ 
tion of linear theory to actual physical problems. 

1. Principles 

The stability of a system, originally at equilibrium, can in principle be 
treated in two ways: 

(i) A disturbance is resolved into elementary modes and the development 
of the latter is studied as a function of time. 

(ii) A virtual displacement is performed on the system from its equilibrium 
state and the change in the potential energy is deduced. 

The first method, which often is denoted as the “principle of normal 
modes” has the merit of its relative simplicity and that it takes dynamical 
effects into direct account. It is especially suited for linearized problems 
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where the growth of small perturbations of the equilibrium state are to be 
studied. Instability of the system manifests itself as an unlimited growth of 
the perturbation amplitudes. A drawback of this method is that it is not well 
suited for a treatment of non-linear phenomena, i.e. for perturbations of 
large amplitudes. Conclusions about stability from a linearized theory should 
be taken with care. There may very well exist systems with positive growth 
rates for small disturbances, but which are limited by non-linear effects such 
as to make the system stable from the practical point of view. A reverse 
situation is also imaginable. 

The second method, which is often called the “energy principle”, has 
earlier been applied to physical problems in general and was first introduced 
into magnetohydrodynamics by Lundquist [1951] and further developed 
by Bernstein et al [1958]. It makes stability considerations possible even for 
systems of rather complicated geometry, and is not necessarily restricted to 
small perturbations. The advantage of this method lies in the fact that, if 
only stability is to be determined and not the growth rates or oscillation 
frequencies of particular types of disturbances, it is only necessary to discover 
if there is any perturbation which decreases the potential energy or not. 
One may certainly state that the system must be stable if the equilibrium has 
a lower potential energy than all neighbouring states. On the other hand, if 
there exists a neighbouring state with lower potential energy than the 
equilibrium it is not always quite clear that the former can be reached im¬ 
mediately. The transition between the states and the rate at which it takes 
place are determined by the equations of motion. As a matter of fact, the 
latter are also included in a rigorous analysis based upon the energy principle. 

Finally, a theoretical development of the energy principle has to be modi¬ 
fied when energy is being fed into the system by external sources. 

2. Flute Disturbances 

In this paragraph we shall study a plasma of low energy density confined 
in a strong magnetic field. The latter is then nearly a vacuum field. Any dis¬ 
tortion of the confining field increases its energy by amounts far greater than 
those available in the plasma. At a first sight, one may conclude from this 
that the plasma should be effectively trapped in the field, provided that the 
latter constitutes a suitable magnetic bottle in the equilibrium state. How¬ 
ever, the plasma may itself set up electric fields and additional drift motions 
by which it is able to escape across the field, leaving the latter unchanged at 
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the same time. A phenomenon of this kind is the so called “flute” instability 
which will be the subject of the subsequent paragraphs. 

Starting with the one-fluid equations of magnetohydrodynamics Kruskal 
and ScHWARZSCHiLD [1954] proved the instability of a plasma which is 
supported under gravity by a magnetic field. Their result is closely related to 
the Rayleigh-Taylor instability in hydrodynamics. A further discussion on 
plasma stability was inspired by Teller [1954] who suggested that the 
“interchange” between parts of a plasma and its confining magnetic field 
may lead to instabilities for certain configurations. Rosenbluth and Long- 
mire [1957] were the first to make a closer examination of the situation in 
terms of particle orbits. Almost simultaneously the problem was also analysed 
by Berkowitz et ai [1958] in terms of a macroscopic fluid model. 

A study of the sources of the “flute” phenomenon and its development 
will now be presented. 

2.1. PHYSICAL DISCUSSION OF INSTABILITY MECHANISM 

Consider a plasma of uniform and low density n supported against a 
homogeneous gravitation field fir by a homogeneous and strong magnetic 
field jB, as shown in Figure 8.1. In the equilibrium state the plasma is sup¬ 
posed to have a sharp boundary along the surface y = 0, perpendicular to g, 
and the lower half plane is a vacuum region. The magnetic field which is 
induced by the plasma currents should be small compared to the externally 
imposed field B, 

Now make a displacement of the boundary so that it obtains the 
sinusoidal shape given by Figure 8.1 in all planes perpendicular to B. The 



Fig. 8.1. Plasma supported against the gravitation force g hy e. magnetic field B. Charge 
separation occurs at a sharp boundary which divides the plasma from vacuum and^electric 

field drifts are generated. 
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resulting change of state can be considered as a displacement of fluid from 
the region of volume V to the region of volume K' = Vin the figure. These 
two regions have cross-sectional areas of a sinusoidal half-wave and extend 
in the z direction. Since they are equal there is no change in the magnetic 
flux enclosed by the plasma. By the interchange of fluid from V to K' the 
corresponding centre of mass CM in V is lowered to the position CM' in V\ 
The same thing happens for all pairs F, F' of elements along the boundary 
and the potential energy is thus decreased by the displacement. 

If instead gravity would act in the opposite direction the potential energy 
would increase. The latter situation is true for all possible perturbations and 
the system should therefore be stable in such a case. 

When gravity acts downwards as in Figure 8.1 the potential energy has 
just been found to decrease, and one would therefore guess that the special 
mode pictured here should become unstable. However, the present simple 
arguments form no rigorous proof, since it has also to be shown that the 
plasma particles are able to move in such a way that states of decreasing 
potential energy actually can be reached. This will be the case for the mode 
in Figure 8.1, but not always for that in Figure 8.5a. 

For further information about this question we therefore investigate the 
particle motions at the boundary. The external force drift of equation (3.23) 
becomes = niig x BleB^ for ions and = — m^g X BjeB^ for 
electrons. These velocities are oppositely directed as in Figure 8.1 and pro¬ 
duce a charge separation at the plasma boundary, as soon as it becomes 
rippled. The electric field E which arises from the charges produces a drift 
E X BjB^ which enhances the crests and troughs of the perturbed boundary. 
The perturbation therefore grows and this makes the ripples steeper and the 
charge separation by the horizontal drifts and increases. Thus, we 
obtained the required mechanism which drives the plasma across the mag¬ 
netic field at the vacuum boundary, leaving the field uninfluenced at the same 
time. As a result, the plasma will in the present case be able to reach states 
of lower energy and becomes unstable. However, we shall also see from a 
more detailed analysis in the coming sections that there are effects which can 
stabilize the flute disturbances under certain conditions, even if there seem 
to exist neighbouring states of lower energy. 

According to the orbit theory a gravitation field is not the only means by 
which charge separation can occur at a plasma boundary. Inertia forces of 
an accelerated plasma body may serve the same purpose. Of greatest interest 
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in connexion with experiments is perhaps the gradient drift which occurs 
from the inhomogeneity of the confining magnetic field itself. 

As an example on the effect of a magnetic gradient, we may consider the 
cylindrical shell of plasma confined in the field from an axial line current 
as demonstrated in Figure 8.2. Suppose that the outer boundary is deformed 
by a wave-like perturbation such as to produce no change to lowest order 
in the enclosed magnetic flux; this is a necessary condition for the creation 
of a flute disturbance which has to leave the magnetic field nearly undistorted. 
The magnetic fluxes contained in the volume elements V and V' of Figure 8.2 



Fig. 8.2. Cylindrical shell of plasma confined in the magnetic field from an axial line 

current. 

should therefore be approximately equal. Thus, <j5> • S = <5'> • S' = 0, 
where and <jB'> are the mean magnetic field strengths inside the ele¬ 
ments and S and S' are the areas of the corresponding cross sections. The 
change in volume of the plasma when matter disappears from V and goes 
into V' is therefore given by the change from to Irir'I^B'y, For 

the outer boundary of Figure 8.2 the quantity rjB increases with r and the 
volume V' is therefore larger than V, This implies that the plasma can expand 
without changing the magnetic field noticeably, and the perturbation should 
therefore give a state of lower potential energy. For the inner boundary a 
wave-like perturbation has the opposite result. We therefore conclude that 
the inner boundary of the shell is stable and expect the outer to become 
unstable. The latter is then subject to an ‘‘interchange’* instability where 
matter leaves the volume V and enters K'. 

After an interchange of the volume elements there should arise a corre- 
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spending change in the pressure balance and in the magnetic field at V and 
V'. However, as long as the pressure is much smaller than the magnetic 
energy density, the change in the magnetic field will affect the enclosed 
flux 0 and the areas S and S' only very little. The present conclusions about 
the sign of the changes in potential energy are therefore not influenced by 
the detailed pressure balance. 

For a magnetic field geometry of more complicated shape, like the mirror 
geometry of Figure 8.3, we can write the condition for stability as 


dV=V' -V = 05 




( 8 . 1 ) 


where integration should take place along a field line at the boundary, the 
flux 0 enclosed by the volumes V and V' should be constant, and s is the 
coordinate along B. Since curl JB « 0 the line integral around the small 
shaded area of Figure 8.3 should vanish, and this yields 5RIR = SBjB, 
where R is the radius of curvature of a field line. Observe also that the mag¬ 
netic flux <5^ = 2nrB 5R between the two lines Lq and Lq is constant in the 
direction along the latter. With these relations inserted condition (8.1) 
becomes 



> 0 


( 8 . 2 ) 


as shown by Rosenbluth and Longmire [1957]. Note that R is positive at 
the ends of the configuration of Figure 8.3 and negative in the middle region. 



Fig. 8.3. Relations between strength and radius of curvature of the magnetic field. 

The contributions from the latter will dominate and tend to make the 
system unstable. 

When a sheared field is present as described in Chapter 7, § 3.2 we observe 
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that the interchange of fluid elements can only take place if there arises a 
distortion of the latter, and this improves stability. 

An examination of the magnetic gradient drifts due to the inhomogeneity 
and curvature of the magnetic field shows that a charge separation occurs 
at the boundaries of the shell in Figure 8.2. The resulting electric field has 
such a direction that the perturbation amplitude is increasing at the outer 
boundary but is decreasing at the inner one. Consequently, we have here 
again the required mechanism which causes the assumed displacements of 
the outer boundary to grow, but suppresses those of the inner, stable 
boundary. 

The situation can be considered in the same way for a plasma-vacuum 
boundary in any type of inhomogeneous field, as indicated in Figure 8.4. 
The corresponding conclusions are that the boundary is stable if the mag¬ 
netic field bends convexly towards the plasma, i.e. for the ‘"cusped geometry” 
of Figure 8.4a. It may become unstable when the opposite is true, i.e., for 
the “mirror geometry” of Figure 8.4b. In the forthcoming discussion on 


magnetic fietd B 



magnetic fietd B 



(b) Mirror geometry 


Fig. 8.4. Plasma confined in magnetic field of cusped geometry (a) and mirror geometry (b). 


particle motions we will see that there are effects which may stabilize the 
flute disturbances under certain conditions, also in the case of mirror geo¬ 
metry. 

We shall now start a more detailed investigation of the flute instability and 
the effects which influence its growth rate, as found in contributions by 
Rosenbluth and Longmire [1957], Lehnert [1961, 1962a, c], Rosenbluth 
et al. [1962] and Roberts and Taylor [1962]. 

The study which follows does not make any pretention to give an ex- 



































190 


STABILITY 


[CH. 8 , § 2 


haustive analysis of all instabilities which may arise. Its purpose is merely 
to demonstrate how the flute mechanism operates and to draw attention to a 
number of effects which influence the corresponding growth rates. We shall 
investigate normal modes and make a simple localized perturbation analysis 
of disturbances in a limited region of the plasma. The latter is assumed to 
extend far away from the same region in all directions before it reaches its 
boundaries. The corresponding dispersion relations are then independent of 
the boundary conditions. Thus, we shall not solve the complete eigen-value 
problem in terms of the exact solution of the equilibrium state. In the analysis 
of the disturbed state we shall instead treat all undisturbed quantities as 
constants and afterwards examine the validity of the dispersion relations 
obtained from such a procedure. It should of course be kept in mind that 
such a localized perturbation analysis does not permit a general study of 
disturbances the scale of which is comparable to the macroscopic dimensions 
of the plasma and its boundaries. 

2.2. BASIC RELATIONS 

The starting points of the present treatment are the equations (5.17) and 
(5.20) expressing conservation of matter and momentum. The latter is 
equivalent to equations (3.46) and (3.47) deduced from the orbit theory in 
first order. At an early stage of our treatment we shall also rearrange the 
basic equations in a way to demonstrate the single particle behaviour of the 
plasma. Such a representation has already been touched in Ch. 5, § 2.3 in 
connexion with the drift of density distributions. 

Consider the equation of motion (5.20). Since we shall also be interested 
in the stability of a rotating plasma we extend our basic relations such as to 
include a frame of reference which rotates at the angular velocity Q. For 
simplicity assume the plasma to perform a stationary, rigid body rotation 
with constant ^2. According to the transformation (7.23) of Ch. 7, § 2.2 we 
now write the macroscopic equation of motion as 

® >= -S) + nmg 

- divjt + ^nmV{Q x py + 2nmv x Q, (8.3) 
where g is the acceleration due to gravity and all quantities refer to the 
rotating system. The quantity — ^(Q x p)^ represents the centrifugal po¬ 
tential. The origin of the coordinate system has been chosen on the axis of 
rotation. 

We now denote ions and electrons by subscript v = i, e and introduce 
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dv/dr = 'bj'dt + Vv ‘ F- Equation (8.3) becomes after vector multiplication by 

B: 

”v^v± = WyJE X "b ^v^v9 X Bjq^B^ -f- B X div 

- X Bjq^B^ — In^mJB x (a?y x Q)lq^B^ 

+ in^m^V(Q X p)^ x Bjq^B^. (8.4) 

The present analysis will be based on the following assumptions and 
starting points: 

(i) The plasma pressure is small compared to the magnetic energy density. 
Any transverse plasma motion which would produce noticeable distortions 
of the magnetic field is then energetically impossible, because it would in¬ 
crease the field energy far beyond the energy content of the plasma. Thus, 
the magnetic field is close to a vacuum field. We therefore put curl JB = 0 
and consider only the flute-type of disturbances by which matter moves 
across the field, leaving the latter unchanged at the same time. The magnetic 
field from the plasma currents has then a negligible influence on the particle 
drifts. The external sources of the magnetic field are stationary. 

(ii) We assume that the electric field in the plasma can be derived from an 
electric potential only, i.e. JB = — This implies that we decouple the 
phenomena to be studied from transverse modes such as electrodynamic and 
magnetohydrodynamic wave phenomena (cf. Rosenbluth et al [1962]). 
The latter give rise to electromagnetic induction effects which increase the 
field energy. In other words, the disturbances which are to be studied should 
change slowly in time compared to the velocity of light and to the Alfv6n 
velocity. The assumed form of the electric field is then easily verified by 
simple estimations of (8.4), (2.10) and (2.2). Since the external sources of the 
magnetic field are stationary and the induced field is neglected we can put 
^Bjlt = 0 . 

(iii) Since we neglect the inertia forces involved in the macroscopic 

motion of electrons compared to those acting on ions. We also neglect the 
dissipation produced by a finite resistivity. For further discussions on the 
effects due to finite current-carrier mass and to finite resistivity reference is 
made to recent investigations by Furth [1962] and Furth et al [1962]. 
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(iv) In the unperturbed state the centre of mass of the plasma is assumed to 

be at rest with respect to the frame of reference defined at the beginning of 
this paragraph. The plasma should then be in an electrically neutral state 
with density N and pressure tensors tcjo and tc^q of ions and electrons. The 
density gradient piNT, the divergence div tc^q and div of the pressure ten¬ 
sors, the gravitation field g and the centrifugal force X pY are all 

assumed to be perpendicular to the magnetic field in the special applications 
to the theory. Since we put = 0 in the initial state. A small 

electron current generates the force — eNv^^ X B which then supports the 
dilute plasma against the pressure, gravitation and centrifugal forces. Ions 
and electrons are coupled by the unperturbed electric field Eq, With '*;jo = ^ 
and curl J5 « 0 the unperturbed ion pressure tensor tcjq is assumed to be 
given in terms oiVB and the unperturbed scalar pressures Pyi and P^i as 
expressed by equation (5.24). Then, 

JSo a - (jnje)g H- (1/eiV) (div - ^mile)V(Q x pf (8.5) 

according to equation (8.3) which is applied to the ions. No longitudinal 
velocities Uv|| present. The influence of such motions will be discussed 
briefly in § 3 of this chapter. 

(v) Consider small perturbations of the initial state, where the densities are 
given by Mj = iV + Ki, «, = iV + the pressure tensors by Ttj = jiio + «i» 
’'e = ®e0 + ^e. th® m^SS VelOCitieS by Uj = Ujo + Vi = Vi, 

and the electric field by JS = JSq — F?- All perturbations, which are denoted 
by a curved bar, are small and their products will be neglected in the present 
linearized theory. 

(vi) Only velocity perturbations in planes perpendicular to the magnetic 
field are considered here so that = Wij. and = v^^- 

(vii) The particle density is high enough for the plasma to become electrically 

quasi-neutral in the sense that [hi — <^|ni + n^\, and that Sq -4 

The approximation nj « n* can easily be verified by substituting (8.10) into 
the results of the present chapter. 

(viii) The periods of gyration of ions and electrons are much shorter than 
the characteristic times during which the perturbations change appreciably. 
Likewise, the Larmor radii should be much smaller than the wave lengths 
of the perturbation. 

With these starting points we substitute (8.5) into (8.4) which becomes 
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«v»vi = - B x(v, X n)- n,F$ X BIB^ (8.6) 

qy,B 

+ «v(-^ - -^)[sr + X pf2 X 

~ ~W "*°) ^ ^ ^ V=i, e. 

Unperturbed quantities are time-independent and from (8.6) therefore 
follows that 


t>V. 


vl 


Df 


2mv 

gvB" 


B X 


«)»V 


X 12 1 - V^xBIB 


It 




- ^ div Jt, j X Blq^B^ - m, ^ x BlqJB^ 


(8.7) 


and 


^®vJ. » 17 ^' 5 *> ^ I * j- 

X JB = + ;:7 -divit, 

It It it\n,q^ Vl 


-I- 


m„ 2) t?, 


vx „ 2mv / ^ ^ I 

/1 


( 8 . 8 ) 

Now take the divergence of (8.6) where the left hand member is connected 
with the density changes by (5.17) and = 0. From well-known vector 
identities, and with the assumptions of (iv) in mind, we obtain in analogy 
with equation (5.62): 

- ^ = div {n,v,) = - 2 div x (v, x i2)j 

-(F ^ X B) • F(n,/BV + ^ (“^) {[sr+iF(l2 x pf] x B} ■ Vn, 

H—^ (B X FB) • div Ttv-^ B • curl (div 

q^B q^B^ 

-^(Bxdivjtio) • Fnv-div|-^rFj^.^-l-A(_L-divitv) 1 

eNB^^ ' at V»v9v /JJ 
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where we have introduced the gyro frequencies cOy = including the 

sign of the charge. 

To the linearized equation (8.9) which contains Wj, and we 

shall add Poisson’s equation (2.7) for the perturbed electric potential: 

- (eo/e)F^ (8.10) 


In many situations of practical interest even a small deviation Wj — We 
from electric neutrality produces excessively large electric fields, which 
cannot be created by the limited amount of energy stored in the plasma. This 
occurs e.g. when the characteristic macroscopic dimensions are much larger 
than the Debye length, {eQkTJe^n)\ where Ty is the temperature. The plasma 
then has to be quasi-neutral in the sense defined in (vii) of this paragraph. 
On the other hand, when the plasma density is very low, the deviation 
I 1/1 + «e I inay approach unity. With the exception of § 2.3 of 

this chapter such a situation is ruled out in the treatment which follows. 

Before turning to the special applications of these results we shall discuss 
the physical significance of the different terms in the last member of equation 
(8.9). The third term contains g and Q x p. Its coefficient ahead of friy is 
the drift velocity of the particles due to the gravitation and centrifugal 
fields. The form is analogous to that deduced earlier in Ch. 5, § 2.3 for the 
drift of density distributions. The fourth term contains VB and represents 
the magnetic gradient drift. Both the third and fourth terms are difierent for 
ions and electrons and produce a charge separation. The latter is due to the 
relative motion between the disturbed density distributions of ions and 
electrons. 

In the second term are represented two effects of the electric field and the 
potential ^ which arise from the charge separation. Firstly, a contribution 
- X BjB^) • p/Zy is included which generates a convection of surfaces 
of constant density at the electric drift velocity = E x BfBK This 
velocity is equal for ions and electrons. Secondly, in the case of an inhomo¬ 
geneous field, there is also a compression of the ion and the electron gases at 
the rate liriyjB^) (p^ X B) ' VB = riy when particles are forced to 

drift across the surfaces B = const, at the velocity W£. This latter effect has 
been discussed in Ch. 6, § 1 in connexion with magnetic compression phe¬ 
nomena. 

A further influence of the electric field comes from the first contribution in 
the seventh term which includes It is due to a deviation from the 

zero order orbits being caused by the inertia drift of ions according to 
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equation (3.25). As a result, the ions will be displaced somewhat with respect 
to the electrons, and this produces an electric polarization. The latter can 
sometimes be described in terms of an equivalent dielectric constant, as 
shown in equation (3.51) and in Ch. 5, § 2.3. 

The main contribution from the Coriolis force comes from the first 
term. It differs for ions and electrons, and produces additional charge sepa¬ 
ration effects. According to Ch. 7, § 2.2 the motion in a frame rotating at 
the constant angular velocity becomes equivalent to the motion in a sta¬ 
tionary frame where ions and electrons “feel” the equivalent magnetic fields 
B + Im^Qle and B - Thus, the equivalent electric field drifts of 

ions and electrons are no longer equal in such a frame. 

The total flux of particles through a surface and its changes in time are 
not only given by the guiding centre motion, but also by the gyration which 
is represented by the contribution from the pressure tensor in the fifth, sixth 
and seventh terms of the right hand member of equation (8.9). Finite Larmor 
radius effects associated with higher order contributions to the pressure 
tensor arise mainly from the fifth term of the same member. They will be 
treated in § 2.5. Similar effects are also due to the unperturbed tensor in the 
sixth term. 

Finally, the last term of (8.9) includes some higher order contributions 
from the inertia force on ions. It can usually be neglected. 

2.3. GRAVITATION INSTABILITY OF A SHARP PLASMA BOUNDARY AT 
SMALL LARMOR RADII 

In Figure 8.5a a sharp boundary is assumed which in the unperturbed 
state separates a plasma of density N = Ni in the upper half plane from a 
plasma of density N ^ N 2 in the lower half plane. Both iVi and are con¬ 
stant. A gravitation force g exists along the positive or negative y direction 
and the plasma is supported by a homogeneous magnetic field directed out 
of the plane of the figure. For the sake of simplicity we assume here that the 
thermal energies of ions and electrons are very small, so that all finite Larmor 
radius effects can be neglected. 

Suppose now that the boundary between the upper and lower regions is 
perturbed sinusoidally at a wave length Inlk^ and that the perturbed state 
initially is electrically neutral with the constant densities and N 2 on 
either side of the boundary. Thus, the amplitudes and X^ of the spatial 
perturbations of the ion and electron clouds are 
Aj(0) == Xq sin = ^^(0) 


in the initial state. 


( 8 . 11 ) 
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Fig. 8.5. Charge separation in the interior of a magnetized plasma due to gravitation drifts 
of density perturbations, (a) Shaip boundary between two regions of densities Ni and Nz. 
0?) Continuous unperturbed density gradient, dN/dy^ with sinusoidal density perturbations 
in the x and y directions forms a “bumpy” pattern of surfaces of constant density. The 
vertically shaded areas indicate excess of density when deviation from horizontal line is 
downwards and deficit of density when it is upwards. 


For the internal regions of the plasma, with the exception of the boundary, 
equation (8.9) reduces to 

- ^ - (r? X BIB -). F„, - i |£ (8.12) 

and £)w , ~ 1 

- TT = ~ (8.13) 

Since the unperturbed densities and N 2 are constant the linearized 
equation (8.13) yields 


(8.14) 
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which shows that the electron density distribution is constant in a frame 
which moves at the velocity te, = - j, x with respect to the centre 

of mass of the unperturbed state. In the initial state we have ^^(O) equal to 
Ni and ATj in the upper and lower regions, respectively. We therefore con¬ 
clude that remains constant inside the plasma at all later times. This is so, 
because the inertia drift of electrons has been neglected. 

The difference between equations (8.12) and (8.13) can be combined with 
( 8 . 10 ) from which follows that 


1 

e 



+ p2 M ^ 

J 


1 

co^B 


{g X B)-Fn^. 


(8.15) 


Observing that is constant inside the plasma and that ^ vanishes in the 
initial, neutral state, we now obtain 


= 0 (inside plasma). (8.16) 

Due to the continuity of the electric potential across the boundary the solu¬ 
tion of this equation becomes 

^ = [^^(t) sin + Cb (0 cos exp (T k^) (8.17) 

which is finite for j = ± oo. Here 1 S 5 and Q are functions of time, 2itlk^ 
is the wave length of the disturbance at the perturbed boundary and the 
minus and plus signs refer to the upper and lower half planes of Figure 8.5a. 

According to the orbit theory and to equations (8.12) and (8.13) the guid¬ 
ing centre drifts of ions and electrons are in first order equal to the drifts of 
the corresponding density distributions. The vertical drift velocity is 
for both ions and electrons. Further, the horizontal drift of the 
ions is nearly zero and the electrons move along the x axis with the velocity 
Ug = — g/cOi, where g can have either sign. In the coordinate systems 
following the particle drifts we should therefore observe spatial amplitudes 
which change at the rate 



(8.18) 


where the right hand member is evaluated at the boundary which is only 
slightly perturbed. For the amplitudes of the spatial perturbations we 
further assume the forms 


Xi — 5i(f) sin k^ -|- Ci(t) cos k^x (8.19) 


2, = S',(/) sin (k^ - a j) + C^{t) cos 


and 


(8.20) 
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where = kyU^ is the frequency at which the perturbations of the electron 
cloud are seen to pass the ion cloud. 

The separation of the ion and electron clouds by the drift motions produces 
an electric charge 

( 8 - 21 ) 


per unit area of the xz plane. Since the perturbation is small this can be 
considered as a surface charge located closely to the undisturbed boundary 
j = 0. Its rate of change follows from 




( 8 . 22 ) 


when use is made of equation (8.18). The change is determined by the rate at 
which the electron cloud "‘sweeps” across the ion cloud in the x direction. 

Observe that the motion of the electron cloud is undistorted by inertia 
drifts and that the rate of change of the charge density produced by the 
electrons is given purely by the convective motion Wg. The ion cloud, on 
the other hand, moves only slowly by the inertia drift, but is “piled up” by 
the latter in such a way that an additional contribution to the space charges 
is generated. 

We assume for a moment that the density gradients are finite but very 
large at the boundary. Then, the rate of change of the charge by convection 
of electrons is given by the right hand member of equation (8.15). This 
expression tends to the right hand member of ( 8 . 22 ) in the limit of a sharp 
boundary. We therefore conclude that the present problem can be treated 
as that of a surface charge given by ( 8 . 21 ) and situated between two equivalent 
dielectric media with the dielectric constants Sq + m^NxIB^ and eo+miN 2 lB^. 
This is only true as long as we can neglect the influence from the Larmor 
motion of ions and electrons (cf. the discussion in connexion with (5.55)). 
The present result holds also when condition (vii) of § 2.2 is no longer 
applicable. 

According to electrostatic theory the normal components of the electric 
field — on each side of the charged layer will be related by 

<7, = - (fio + + (8o + m^N^IB^) (8.23) 

where the derivatives are evaluated at each side and close to the boundary. 
In combination with the solution (8.17) we obtain 
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" (^)i " W)2 " ^ 

From combination of equations (8.18), (8.21) and the partial derivative 
of (8.24) with respect to x we have 

Si sin + Ci cos = S^ sin (k^ - a-j) + Q cos (k^ - Xi^t) 

= iai.r [Si cos k^ - Q sin k^ - cos (k^ - Xi^t) + sin (k^x - ajeO] 

(8.25) 

with 

r = —- 4e\Ni — Nj) _ 


fc,gmi[2eo + mi(Ni + 


(8.26) 


The present equations can be solved by elementary methods and for the 
detailed deductions reference is made to earlier investigations (Lehnert 
[1961]). After development of the trigonometrical functions and rearrange¬ 
ment of the equations in terms of Si -f S^, Si — S„ Q -1- C, and Cj - 
the result becomes Si = S, = 2s and Q = — where 


IsMo = cos (iaieO cosh ar'Xi^t) 

-I- (l/ro sin (iXiJ) sinh (ir'ai^O, 
AJXo = cos (ittieO cos (iir'IaieO 

-1- |l/r| sin (iase/) sin (iir'IajsO, 


r> 1, 


r< 1, 


and r' = (r — 1)^. Similar relations are valid for 2^. 

The results (8.26), (8.27) and (8.28) show that the system is unstable 
when r > 1 and stable when T < 1. The sign of F is given by the sign of 
{Ni — N 2 )lg according to equation (8.26). There are three possibilities: 

(i) If (Ni — N 2 )lg > 0, i.e. F < 1, we have a light fluid on top of a heavy 
one. This system is always stable. 

(ii) If r > 1 and (iVi — N 2 )/g < 0 we have a heavy fluid on top of a lighter 
one. The system is unstable. This always occurs for sufficiently large values 
of (Ni — N 2 )KNi ■+ iVj). In the limit where JVj tends to zero and the 
boundary divides the plasma from vacuum as in Figure 8.1 the solution 
(8.27) becomes 

2, = 2o exp (gk^t^)* (8.29) 

for small separations XiJ (see Figure 8.5a). This result was earlier found by 
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Rosenbluth and Longmire [1957]. The plasma then “explodes” at an ex¬ 
ponentially increasing rate across the magnetic field. When the amplitude 
has increased far enough its growth rate will be limited by non-linear effects. 

(iii) If 0 < r < 1 we will still have a heavy fluid on top of a lighter one and 
{Ni — N 2 )Jg < 0. In this case the growth also starts with an increasing am¬ 
plitude at small separations aiJ, as in case (ii). However, the driving force 
from the density difference — N 2 which produces the electric field is 
now smaller and the growth slower. When the separation has reached 
the electric field drift is reversed and oscillations are produced. 
Such oscillations also occur in weakly unstable situations in case (ii), but 
in the present case the amplitude remains limited as shown by equation (8.28) 

It should be noticed that the solution in the limit of (8.29) is independent 
of the magnetic field and the growth rate is exactly the same as that found 
for the hydrodynamic Rayleigh-Taylor instability. In the more general cases 
of equations (8.27) and (8.28), however, the solution depends on the mag¬ 
netic field strength. 

2,4. THE EFFECT OF A FINITE DENSITY GRADIENT 

In connexion with Figure 8.5a we have just seen that a sufficiently small 
density jump at an inner plasma boundary gives driving forces which are 
small enough for the boundary to remain stable against flutes of a given wave 
length. A real plasma never has a sharp boundary and we are therefore lead 
to discuss what happens in presence of a finite density gradient. In particular^ 
it should be remembered that equilibrium configurations in which a sheet 
current separates a field-free fluid from a vacuum magnetic field have stability 
properties of entirely local character. The situation is quite different for a con¬ 
figuration of mixed fluid and magnetic field with distributed volume current 
and finite pressure and density gradients (cf. Berkowitz et al [1958]). 

Assume the unperturbed density distribution to be given by a gradient 
s ANjdy as demonstrated in Figure 8.5b. We still consider gravitation 
instability in a homogeneous magnetic field JJ, but shall now include effects 
of the thermal motion and of a finite Larmor radius. On the other hand^ 
we restrict the treatment to characteristic lengths = NI\dNI(Xy\ of the 
unperturbed density distribution which are much larger than the length 
i'cmin of steepest spatial variation of the perturbation. Finally assume the 
velocities of gyration and of ions and electrons to be constant over 
space in the unperturbed state. 
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Density perturbations are now imposed on this state which are sinusoidal 
in the and y directions with wave lengths — Inlky. and Ly = Iniky, 
The perturbed surfaces of constant density will then become deformed a 
little from their unperturbed horizontal positions as indicated in Figure 
8.5b. This produces a sinusoidal “bumpy” pattern superimposed on the 
unperturbed density distribution and gives rise to space charges and a per¬ 
turbed electric field distribution analogous to that of the sharp boundary 
case of Figure 8.5a. 

According to the discussions inCh. 4, § 1.2 and in § 3, equation (4.110), 
we assume the equivalent magnetic moment M = to be constant 

for ions and electrons. Since B is constant in the present problem also 
and remain at their constant unperturbed values. Later in § 2.5 we shall 
discuss the influence from higher order contributions to the pressure tensor. 
Here we restrict ourselves to the case where the latter can be approximated by 
scalar pressures and write 

(div 7Ei)j. « (div (8-30) 


according to equation (5.24). As we shall see in § 2.5 this approximation is 
justified as long as we restrict ourselves to flat density distributions, where 
^cjv ^ rcmin = l/2:i:(fc^ + Aiy)*. In the present case the magnetic field lines 
are straight and the energies jRTjj, = M^B and — M^B remain constant 
to lowest order. 

Equation (8.9) now reduces to 


- ^ . -(Fj X B/B») ■ r„. H- i (i - i)(j X B) . F„. 

+ _^.(FJV X J}).F„,_divr-^^rF-?|- + 4f—(8-31) 

eNB^ ^ ’ Lc^v-B L VJJ 


Linearize this expression and neglect contributions of the order + 
+ compared to unity in the last term of equation (8.31). 

The result then becomes 


_ ^ p2 p2 

It ~ B lx ^ lx cOjB It ecOiB It 


(8.32) 


/ \ c>n- 

1 I ** f I I ^ 


^8 


for ions and 
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for electrons, where Wf = N'K^JeNB and Mg == — g/coj. Observe that the last 
term of (8.32) arises from a contribution by in (5.53). 

For (L”^ + < 1 and Sq < NmJB^ equations (8.32), (8.33) 

and (8.10) can be combined to 




2 )^ 


^ + (wg + Mf - 


3 ^ 3 ^ 1 


«e) = 0 , 


(8.34) 


where = Ki^N'INmiCOi and Gj^ = —Mg coiN'/N, We have here assumed 
that the terms containing and ^ in equations (8.32) and (8.33) do not 
vanish separately. Otherwise the system would become overdetermined and 
could possibly be satisfied only under very restricted conditions. 

In the deduction of (8.34) we have neglected Bq compared to NmJB^, 
which is usually a good approximation. It implies that the Alfvdn velocity 
in the medium is much smaller than that of light. The “true” electric charge 
e(ni — «e) is then very small. The charge generated by the gravitation drift, 
is mainly represented by the right hand member of equation (8.15). It is 
balanced by a charge arising from the inertia drift of the ions, as given by 
the contribution from miNIB^ in the left hand member of the same equation. 
Due to this effect the plasma behaves like a polarizable medium with a high 
dielectric constant, but generally there are also other charge separation 
effects involved as will be shown later in § 2.5. 

For normal modes of the form exp [i{ky.x + kyy + cor)] equation (8.34) 
immediately gives the dispersion relation (Lehnert [1961 ], Roberts and 
Taylor [1962]) 


(O = - Mf + Mk) ± i[(aie - Kut + Mk)^ - 4aie®r]* 

= i«i. ± icCied - n* (8.35) 


with aje = — and 

r 


4jV'cjf 
+ ^y)s' 


(8.36) 


The last member of (8.35) is obtained because Wf = %. In fact, we have used 
separate notations for % and only to be able to examine how different 
physical effects enter the problem. The contribution comes from the last 
term of (8.32). We shall discuss this further in the refined theory of § 2.5 of 
which (8.35) is a special case valid for moderately large density gradients. 
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The obtained, result for o apparently depends on y and one might there¬ 
fore ask whether it is in fact a solution of (8.34) or not, i.e. if a method based 
on localized perturbations is applicable here. However, since is much 
larger than Zemin the expressions (8.35) and (8.36) for co will become approx¬ 
imately independent of y for arbitrary distributions N(yy Moreover, in the 
particular case where N == const, exp. (const, y) the dispersion relation for co 
does not depend on y and becomes an exact solution of (8.34). Thus, in a 
theory on localized perturbations we can always choose such functions N 
which yield at least approximate solutions of the form (8.35) within a large 
region of space, and which represent the essential physical properties of our 
problem. 

Equations (8.35) and (8.36) yield the stability condition T < 1 which is 
closely related to the results (8.27) and (8.28) for a sharp plasma boundary. 
Thus, there is stability for all modes when N'/g > 0 and the density gradient 
and the gravitation force act in the same direction, as in case (i) of § 2.3. For 
r > 1 there is instability since the driving forces are too large; this corre¬ 
sponds to case (ii) of § 2.3. Finally, when 0 < T < 1 and N'/g < 0 the 
destabilizing effects are suppressed on account of the small driving forces of 
the flat density distribution and of the scrambling mechanism due to the 
reversals of the electric field as demonstrated in case (iii) of § 2.3. Then, the 
density disturbances and the perturbed electric field oscillate with limited 
amplitudes. 

In the present example finite Larmor radius effects appear in the terms Wf 
and Uk which arise from the sixth and seventh terms of the right hand 
member of equation (8.9), respectively. With the assumption of scalar pres¬ 
sures in (8.30) these contributions cancel since Wf = %. The stabilization 
which is found here can be considered as an effect of the finite density gra¬ 
dient in (8.36) where \r\ is seen to decrease with \N'\. However, it may equally 
well be considered as a result of the Hall effect. This is easily seen if equations 
(8.3) for ions and electrons are combined to the generalized form of Ohm’s 
law (cf. Roberts and Taylor [1962]). A study of the Hall effect in connexion 
with plasma stability is also due to Ware [1961] and to Tayler [1962]. 

2.5. FINITE LARMOR RADIUS EFFECTS FROM HIGHER ORDER CONTRI¬ 
BUTIONS TO THE PRESSURE TENSOR 

When we no longer impose the restriction that the characteristic length 
Lcn of the density distribution should be much longer than the wave length 
Zemin of steepest variation of the perturbation, the situation becomes altered. 
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In particular, this requires higher order approximations to be taken into 
account in the pressure tensor and the fifth term of the right hand member 
of (8.9) should be included. This leads to a finite Larmor radius effect and 
a charge separation phenomenon in addition to those involved in § 2.4. It 
was first treated by Rosenblxjth et al [1962] in terms of the Boltzmann 
equation and is connected with the term (l/4)a^p5F in equation (3.40). 
Here the stability criterion found by the latter authors will be deduced from 
the theory of § 2.2, including terms up to second order, as compared to the 
second member of equation (8.9). 

For the sake of simplicity, we put N'jN = const, and assume the y de¬ 
pendence of the perturbation to be negligible, so that the flute disturbance 
has the form of long ‘‘spokes”, extended in the j; direction as demonstrated 



Fig. 8.6. Conditions similar to that of Figure 8.5b, but the density perturbation has the 
form of long “spokes”, extended in they direction. Surfaces of constant density in initial 
state are given by sinusoidal lines. 

in Figure 8.6. We still treat the gravitation instability earlier discussed in 
§ 2.4. In equation (8.32) we then only have to put the derivatives of the 
perturbation with respect toy equal to zero and further use the more general 
expressions (5.48), (5.49) and (5.50) for the pressure tensor. This yields 

(div7ii)j. = 

= + ieBaj(-N ^ + N'N'^ + N o\ (8.37) 

\ lx Dx^ J 
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Since the Larmor radius of electrons is small we still assume the electron 
pressure tensor to be given by (8.30). Consequently, 

B • curl (div «;) = ia? — (8.38) 

eB^ ^ ' B ^ ^ 

in second order. The result of this is that equation (8.33) of § 2.4 remains the 
same and that the term (8.38) has to be subtracted from the right hand 
member of (8.32). 

In analogy with (8.34) and in the first approximation we obtain with 
Mf = N'KJeNB 


V 


+ (Ug 


ud:^+G, 

TaxTit 






Q>, K ^e) = 0, (8.39) 


where Gje = — Wg (o^N'IN as in § 2.4. For normal modes of the form 
exp [i(kxX + cot)] and with the dispersion relation is 




(I - k^la,.Y^ ' ■ 
where F is given by equation (8.36) for = 0. A direct solution of (8.4) 
without iteration yields a cubic relation with two roots corresponding to 
(8.40) and one root of order coj. The latter is irrelevant since adiabatic 
invariance has been assumed. We further observe that steep density gradients 
are allowed to exist here and the present localized perturbation analysis is 
therefore correct only when N'/N = const. 

Equation (8.40) agrees with a relation found by Rosenbluth et al [1962] 
and has also been derived from a single-fluid model by Roberts and Taylor 
[1962]. The stability criterion now becomes 


r < 1 1 - 

where 


a. 


or 


K^' 

N 


1 - 




> 16 - 


gN' 

Ncof 


2N' N' 




Ng 


Ng 


(8.41) 


(8.42) 


When the Larmor energy is small compared to the gravitation 

work 7n]g’|iV/A/''| along the characteristic length L^if = \N/N'\ the modifica¬ 
tions introduced by higher order contributions to the ion pressure tensor 
can be neglected and the result becomes identical with that earlier found in 
§ 2.4 for ky = 0. 

On the other hand, when the Larmor energy of ions becomes much larger 
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than the gravitation work performed along the stability is mainly deter¬ 
mined by the contribution in the first of conditions (8.41). The 

system is then stabilized for a perturbation of a certain wave length, provided 
that the density gradient and the Larmor radius become large enough to 
satisfy conditions (8.41). 

We observe that the finite density gradient effect represented by aje and the 
finite Larmor radius effect of the ion pressure tensor represented by kyU^ 
cooperate towards stability for a system where gravity acts in the opposite 
direction of the density gradient. The former effect determines the stability 
at flat gradients and the latter at steep gradients of the density. 

At this stage attention should be called to a curiosity involved in the 
present results. If we start with the tensor of (8.30) given by scalar pressures 
and for a moment discard the term % in (8.35) a stability condition would be 
obtained which happens to be formally identical with the relations (8.41) 
found by Rosenbluth et ah [1962]. To neglect % implies that we neglect the 
last term in (8.32) which represents the rate of change of the momentum stor¬ 
ed in the Larmor motion. If we, as a next step, keep this term and still 
assume the expression (8.30) for the pressure tensor to be vaUd, there is an 
exact cancellation of the terms containing Wf and in equation (8.35), 
because % s Then, the stability condition changes from relation (8.41) 
to r < 1 as given in § 2.4 (Lehnert [1961]). However, this does not mean that 
the effect found by Rosenbluth et ah [1962] is cancelled. As shown by 
Roberts and Taylor [1962] and by the present analysis the higher order 
terms of the ion pressure tensor give an additional contribution to the 
stability condition of exactly, the same magnitude as Wf. Therefore we now 
have — Mf + Mf = in the coefficient in front of 'd^j'dx'bt in equation 
(8.39). Thus, the stability condition (8.41) is recovered. 

The present results give a good illustration to the pitfalls which may 
arise if terms are discarded only on account of their order in the parameter e, 
as they appear in the differential equations. Thus, the ratio between the last 
and the second terms of the right-hand member of (8.32) is of the order of 
(m/eB) (N/N'LJ^) where and are the characteristic lengths and times 
of the perturbation. Likewise the ratio between the term (8.38) and the first 
term of the right hand member of (8.32) is of the order of At a fihst 

sight one could then be tempted to discard the last term of (8.32), i.e. to 
neglect the contributions from in (5.53) which are due to the momentum 
changes of the Larmor motion. Likewise one could be tempted to neglect the 
finite Larmor radius effects represented by the term (8.38). However, such 
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approximations lead to incorrect results, because the last term of (8.32) and 
the term (8.38) give rise to contributions in the final results (8.35) and (8.40) 
which are equally important as those arising from the terms containing 
UfCilTix in equations (8.32) and (8.33). Apparently, not only the order of a 
certain term is of importance, as it appears in the differential equations, but 
also its mathematical form. 

Finally, the results also demonstrate that a direct substitution of Sq in (2.5) 
by an equivalent dielectric constant, NmJB\ is a too crude approximation 
here. With the term (8.38) included the difference between equations (8.32) 
and (8.33) contains additional pressure terms associated with the Larmor 
motion which are not included in such an approach. Thus, the resulting 
equation for the local rate of change of the electric charge density 
cannot be brought to a form analogous to equations (2.5) and (3.50). 

2.6. THE EFFECT OF MAGNETIC COMPRESSION 

So far we have only treated the gravitation instability of a plasma in a 
homogeneous magnetic field. For the case that there is no external gravitation 
field present but the magnetic field is inhomogeneous, one might expect the 
gradient of the latter to produce flute instabilities of a similar kind as those 
arising from the gravitation drift. Thus, a charge separation results from the 
magnetic gradient drift. Part of this effect is due to a centrifugal acceleration 
of the longitudinal particle motion along the curved field lines. However, 
it is not sure that there is a complete analogy between the gravitation in¬ 
stability and the effect of an inhomogeneous field. The latter produces mag¬ 
netic compression and expansion effects when matter is forced to move 
across the surfaces B == const, under influence of the electric field drift 
WjE = jB X B/B^, This will change the stability situation (Lehnert [1962a]). 

The present compression mechanism is directly related to the discussions 
of Ch. 5, § 2.3 and Ch. 6, §§ 1 and 2.2 which show that the surfaces of con¬ 
stant density do not move with the particle velocity. The corresponding in¬ 
fluence on a flute disturbance is demonstrated by the following simple 
example. Assume a cylindrical configuration like that of Figure 8.2, but 
with a finite density gradient of the plasma in the radial direction. A wave¬ 
shaped distortion of the surfaces of constant density will still produce an 
electric field E and a corresponding drift motion somewhat as indicated in 
Figure 8.2. Pressure and density gradients along the field lines are assumed to 
be rapidly smoothed out so that we can consider the disturbance to be cylin- 
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drically symmetric with no dependence of the azimuthal coordinate (p. For 
the displacements of a flute disturbance we then have a situation similar to 
that of Figure 6.2a and treated in Ch. 6, § 1, (i). 

As in the earlier problems of this chapter space charges will arise from the 
drift motions of ions and electrons along the unperturbed surfaces N = 
const. In the present situation, however, the motion of the perturbed sur¬ 
faces of constant density is not given solely by the convection of matter at 
the velocity E x B/B^, Additional effects arise from the compression and 
expansion produced by this velocity during the motion across the surfaces 
B = const. This occurs at a rate given by div (E x B/B^). In other words, 
localjdensity changes will not only be generated at a rate (E x B/B^) • VN = 
— (EJB) (dN/dr) by convection, but also by magnetic compression and 
expansion at a rate N div (E X B/B^) = 2N(E,/B^) (dB/dr). This occurs 
because particles are piled up by a non-uniform drift in the radial direction 
across the surfaces B = const, of Figure 8.2. It is therefore clear that the space 
charge distribution will be affected by the inhomogeneity of the magnetic 
field and that this will react on the driving forces of the flute instability. In 
particular, for a finite density gradient in the outer boundary region of 
Figure 8.2 we see that the “crest” of a wave-shaped density perturbation 
will be weakened when it moves out into a weaker magnetic field since 
n/B^ = const, according to equation (6.13). The same is true for a “wave- 
trough” of the perturbation, and we should therefore expect the driving 
forces to be suppressed by the magnetic field inhomogeneity. 

We shall now start a detailed analysis of the present stability problem 
under the condition that the characteristic length of the unperturbed density 
distribution is much larger than the wave length Zemin steepest varation of 
the perturbations. For the sake of simplicity we study only effects of lowest 
order and assume the pressure tensor to be given by a scalar and isotropic 
pressure as in equation (5.25). Before turning to equation (8.9) we consider 
the relation (5.60) expressing conservation of energy. Without losing the 
essential features of the present problem we can achieve a considerable sim¬ 
plification by assuming the unperturbed plasma pressures Py, and the density 
N to be adiabatically distributed in the sense that Py, = const. The 
relation between the pressure and density perturbations is then immediately 
deduced from (5.60) and becomes 

p, = i5PJ3N)n, 


for all points in space. 


(8.43) 
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Taking the smallness of Lcmin account and using equation (8.43) we 
can now write (8.9) as 


_ Fj + (»,. + «,)■ F„, - ^ ; ;;f‘ (8.44) 




5-, 


c)n„ 


It " - • It 

where s, = NmJB^, = W^/cOy and 

x = V{NIB^) X B, 

Mbv X VB, 

3NqyB ^ 

Mf = VPi X BleNB^. 


It 


(8.45) 

(8.46) 

(8.47) 


The velocities represent mean magnetic gradient drifts. Here scalar 
products vanish between VN, FjBand VPy on one hand, and and % on 
the other. 

In analogy with equations (8.32) and (8.33) and with the coordinates of 
Figure 8.2 the perturbations now obey the relations 




Iz 


lit 


It 


for ions and 


(8.48) 



'bS , s bn^ 

Xz ^ + (Mbc* + Wfz) 


(8.49) 


for electrons. In combination with (8.10) we obtain for Si > Sq 

Tf" —, - {uBi, - UBez)F" ^ + Gu :^1 ($, fil, K) = 0, (8.50) 

L Ir lz7)t 

where = - cOiiByN) {ugi^ — %ez) (d/d'') (NIB^). 

Normal modes of the form exp [i(A:*z + (at)] yield the solution 

m = - \kluB,, - Ub„) [1 ± (1 - m (8.51) 

with 

_ 4co,B^(d/dr)(JV/J3^) ^ GcOjeB^ / dNjdr _ ^ 2 ) 

Nkl{uB,. - Ub„) 5/cf(P,+ Pe)JVVdB/dr B/^ ' 

Since Lcmin is assumed to be much smaller than Lcjy and L^b = B/\dB/dr\= 
r, the expression (8.51) for ca becomes nearly constant within the local region 
of a wave length Inlk^ of the perturbation. 
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For a very large radial distance r from the axis the present problem de¬ 
generates into a plane case. A radial dependence of the form exp can 
then be included with good approximation in the form of the normal modes. 
This only changes the stability parameter T of (8.52) in such a way that 
is replaced by -f if regions in the vicinity of the symmetry axis are 
excluded. 

The results (8.51), (8.52) and (8.46) show that one can distinguish between 
three cases as far as stability is concerned: 

(i) When dA^/dr and dB/dr have opposite signs the magnetic field bends 
convexly towards the main body of the plasma as in cusped geometry. The 
situation is as in Figure 8.4a and at the inner boundary of Figure 8.2. Then 
r is negative and there is always stability for the present perturbations, as is 
also necessary from energy considerations. 

(ii) When dN/dr and dB/dr have the same sign and (d/dr) (NfB^) > 0 the 
magnetic field bends concavely towards the main body of the plasma and 
the density N varies more rapidly in space than B\ We then have a situation 
like that in Figure 8.4b for mirror geometry or like that at the outer boundary 
of Figure 8.2. For small Larmor radii and small magnetic drift velocities 
^Biz “ '^Baz the value of F becomes strongly positive and dominates the 
square root of equation (8.51). The situation is then unstable. However, if 
the Larmor radii become larger the value of F decreases, and for fc/ above 
a certain value the same square root becomes real. The stabilization which 
results from this is due to the same scrambling mechanism as that discussed 
in § 2.3 (iii); the only difference is that the drift is produced by the magnetic 
gradient and not by the gravitation force. 

(iii) When dN/dr and dB/dr have the same sign but (d/dr) (N/B'^) < 0 the 
magnetic field is still of mirror type like in Figure 8.4b and at the outer bound¬ 
ary of Figure 8.2, but now the gradient VB^ is steeper than VN. This yields 
negative values of F and stability is secured for all modes of the present type. 
The reason for this is as stated at the beginning of this paragraph, namely 
that a motion of matter across the magnetic field takes place both in the 
form of convection and of compression or expansion. The destabilizing forces 
are weakened in the present case. This is also easily seen from the special 
situation when N/B^ is constant all over the plasma, when the lowest order 
solution (6.13) is valid and when x and F vanish identically according to 
equation (8.45). Then, it does not matter how an element of the fluid moves. 
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because it always adjusts itself to the local density at the point where it 
arrives. This implies that the surfaces of constant density remain fixed, 
whatever motion there may take place in the plasma. 

It should be stressed that the result (8.51) is modified by higher order con¬ 
tributions when a more accurate expression is used for the ion pressure ten¬ 
sor, as in § 2.5. However, this does not change the present conclusions 
(i)—(iii) regarding the magnetic compression effect which is of zero order and 
works also at vanishingly small Larmor radii. 

When a local thermal equilibrium no longer can be established by colli¬ 
sions this simplified analysis breaks down, and the velocity spectrum of 
particles will change in space and time on account of the magnetic gradient 
drift. 

2.7. THE EFFECT OF CORIOLIS’ FORCE 

It is obvious that every effect which produces a charge separation will have 
an influence on the development of a flute instability. A further illustration of 
this will be given by the effect of Coriolis’ force on a rotating plasma. It gives 
rise to a situation equivalent to that which occurs if ions could move in a 
magnetic field slightly different from that experienced by the electrons. Con¬ 
sequently, a charge separation will be produced in addition to those arising 
from external force drifts and inertia drifts. 

We shall demonstrate the mechanism in a simple example where a homo¬ 
geneous magnetic field is directed along the axis of rotation and where the 
Larmor radius is assumed to be very small. Then, equation (8.9) reduces to 

- /Iv ^ = Av div (wv^v) = - X • Vn^ 

(8.53) 

where Q can have either sign and 

A,= l+ 2Q/CO,, V = i, e. (8.54) 

If we again assume aj = m^NjB^ > Bq and electric quasi-neutrality, and 
neglect besides equations (8.53) for ions and electrons can easily be 
combined to 
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div(iVF^^) + 2QAi{B x V^) -VN 

+ Q\p xB)-V ^AlB X V^)-fN - div (^§-J = 0 - (8-55) 


Similar differential equations are valid for the perturbations and in the 
special situation where the characteristic length of iV^ is much larger than the 
wave lengths of the perturbation. The operators acting on and ^ in equa¬ 
tions (8.53) do not vanish separately; this would otherwise lead to an un¬ 
interesting special case. 

Study normal modes of the special form ^ cx: r” exp [i(w<p<?> + (ot)], 
where «is a constant. The dispersion relation then becomes 


nrN' 
" Nml 
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iVm^ 


Ql^ rN'‘ 
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(Oi 


- Q%rN'IN = 0 , 


(8.56) 


with N' = dN/dr. This relation is independent of r if iV = const, 

In situations of practical interest the angular frequency Q becomes much 
smaller than coj. The dispersion relation then reduces to 



(8.57) 


where the first term of the right hand member and the first term inside the 
square root arise from Coriolis’ force and the last term inside the same root 
is due to the centrifugal force. We shall examine three cases: 


(i) « = 0. The disturbance has then the form of radial spokes which are in¬ 
dependent of r. Equation (8.57) yields stability for such modes when 
r > — m^NIN', This is possible at a given value of for a sufficiently 
steep density gradient N\ The stabilization is due to Coriolis’ force which 
generates a charge separation counteracting that produced by the centrifugal 
force. 


(ii) n = In this particular case all the terms in (8.57) which are indepen¬ 
dent of N' will vanish. An instability given by co/Q = — 1 + (1 — 
now arises for all modes > 1, as shown by Rosenbluth et aL [1962] 
and Taylor [1962]. A stabilizing effect by Coriolis’ force still exists and is 
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represented by the unity term in the square root of 1 — However, this 
effect is now too small compared to the destabilizing contribution which is 
represented by m^. 

(iii) n 0, ^ 0 and n ^ The sign of the expression inside the square 

root of (8.57) depends upon the magnitude and sign of rN'INm^, and 
n. There are stable as well as unstable modes. 

Thus, we have seen that the Coriolis force should have a stabilizing effect 
on the flute disturbance, but this effect is not sufficient to secure stability 
for all modes. To study this problem more in detail, we have to introduce the 
boundary conditions of the special configurations of interest. Such an ana¬ 
lysis is out of the scope of the present elementary study of localized pertur¬ 
bations. 

2.8. CONCLUSIONS 

A sufficient condition for stability in the present problems is that the 
magnetic field bends convexly towards the main plasma body or that the 
gravitation and centrifugal forces are antiparallel to the density gradient. 
This has been shown in the detailed study of the plasma motion and is 
also required from energy considerations. 

When the magnetic field lines bend concavely towards the plasma body or 
the gravitation and centrifugal forces point in the direction of decreasing 
density, stability may still be secured at certain conditions. The simple energy 
considerations given here provide a necessary condition for instability to 
occur. However, they are not always sufficient since it has also to be proved 
that the particles actually can perform the required displacements to lower 
the state of potential energy. This is, in fact, also what is taken into account 
by the rigorous theory based on the energy principle, where the equations of 
motion are included. 

In this chapter a number of mechanisms have been demonstrated which 
sometimes reduce the growth rates of the flute instabilities for a certain wave 
number range, and sometimes even stabilize the systems considered for all 
possible wave numbers. These mechanisms arise from a weakening of the 
driving forces by a finite density gradient and the Hall effect, from finite 
Larmor radius effects, from magnetic compression effects, from a separation 
current produced by the Coriolis’ force and from the eiSfect of a sheared 
magnetic field. In addition to these intrinsic mechanisms there are also such 
effects as that produced by a conducting wall. Thus, a short-circuit across the 
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magnetic field at the ends of a magnetic bottle may remove the charges along 
the magnetic field lines and suppress the driving force of a flute instability 
(Rosenbluth and Longmire [1957], Post et aL [I960]). Finally the un¬ 
perturbed electric field may introduce finite Larmor radius effects which 
influence stability as suggested in the experiments with ogra by Bogdanov 
et al [1962]. 

As far as experimental and observational tests of the theories on flute 
instabilities are concerned the situation is not fully clear, and the theoreti¬ 
cally predicted conditions for the occurrence of instabilities have only been 
partly verified. When experiments are compared with the results of a localized 
perturbation analysis it is not sufficient to discuss the stability of the more or 
less pronounced plasma boundary. It is of equal importance to study whether 
the interior of the plasma body is stable against flute disturbances or not. 

One interesting example in cosmical physics is given by the radiation belts 
discovered by Van Allen [1959]. These belts consist of charged particles 
trapped in the magnetic mirror field of the earth, as sketched in Figure 7.5. 
To be judged from observations, they appear to be stable. One way to explain 
this is to assume that the space charges arising from a flute disturbance are 
removed along the magnetic field lines and are short-circuited across the 
ionosphere which should act somewhat like a conducting end plate (Post 

Another possible explanation is suggested by the results of § 2.6 of the 
present chapter. Under the special conditions treated here it has been shown 
that, if the magnetic field gradient is at least half as steep as the density 
gradient, the system should become stable for all wave numbers in the 
directions across the magnetic field. For the Van Allen belts there are no 
material walls near the convex boundary regions of the plasma. It is there¬ 
fore possible that the present condition for stability, Bj\VB\<lNI\VN\^ can 
be fulfilled also in these outer regions, especially as the magnetic field falls 
off steeply in the radial direction. 

In plasma experiments in the laboratory the situation is somewhat different 
as compared to cosmical conditions because the plasma has to be con¬ 
tained inside a vessel of finite size. Thus, the density of the plasma in the 
outer regions is likely to fall off more steeply than the confining magnetic 
field and the values of would approach zero at the plasma boundary. 
This applies to a large number of magnetic mirror devices and similar ar¬ 
rangements. Stability may still be secured, or the growth rates of flutes will 
at least be reduced, by means of the stabilizing mechanisms just discussed. 
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It should also be observed that the driving forces and the growth rates of 
a flute instability may become reduced under certain experimental conditions, 
even if approaches zero at a vessel wall or at an electrode surface. This 
is expected to occur in a rotating plasma which is bounded by electrode sur¬ 
faces at which the fluid velocity approaches zero on account of viscous forces. 
The angular velocity of rotation is then no longer constant in space, but gives 
rise to an equivalent, non-uniform gravitation field, g = which vanishes 
at the electrode surfaces. From the stability point of view this corresponds 
roughly to a case where N and gin § 2.4 simultaneously tend to zero at the 
boundary. Similarly, a reduction of the growth rate of a flute disturbance is 
expected to occur in a plasma the temperature of which approaches zero at 
the boundary, e.g. at a metal wall. This latter case corresponds roughly to a 
situation where Pj, and N all tend to zero at the boundary in the example 
of § 2.6. 

The exponential growth rate of a flute disturbance predicted by the present 
linearized theory for an unstable state suggests that particles escape across the 
magnetic field at a rate about equal to the thermal velocity. As an example, 
this velocity is of the order of 10^ m/sec for a hydrogen plasma at 10® °K. 
Particles are then likely to be lost from the confining magnetic field of a 
laboratory device within a few microseconds. This time appears in any case 
to be some hundred times shorter than the observed confinement times in a 
number of plasma experiments. The reason for this discrepancy is not yet 
fully understood, but it seems likely that the stabilizing mechanisms described 
here could account at least for a strongly reduced growth rate. We should, 
of course, at the same time keep in mind that the present conclusions have 
been drawn from a linearized theory. Considerable modifications may be¬ 
come necessary when non-linear effects are taken into account. 

3. Screw Shaped Disturbances 

In the flute instability mechanisms analysed in the preceding paragraph a 
charge separation is produced by drift motions which are perpendicular to 
the magnetic field. However, a charge separation can equally well be gene¬ 
rated by a differential motion between ions and electrons along the magnetic 
field lines. This produces, in its turn, a transverse electric field and an electric 
drift motion which drives the particles across the magnetic field, 

A theoretical study of such a mechanism was first developed for a lowly 
ionized plasma by Kadomtsev and Nedospasov [I960]. The results of the 
analysis were found to be in good agreement with earlier observed instability 
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phenomena in the positive column (Lehnert [1958b], Hoh and Lehnert 
[I960]). The instability mechanism is based on a screw-shaped density per¬ 
turbation which extends along the magnetic field lines as shown in Figure 8.7. 
In this figure is assumed that a plasma column with a radial density gradient 
diV/dr < 0 is immersed in a homogeneous, axial magnetic field. In the 
initial state, which is electrically neutral, the density distributions are per¬ 
turbed by a screw-shaped disturbance of equal magnitude for ions and elec- 


ziB 



F^. 8.7. Left-handed screw instability for rriq, = 1. The perturbed density distribution of 
ions is given by the screw-shaped body confined, by full lines. The corresponding electron 
^s^bution is indicated by d^hed lines. Cross sections are marked by shaded areas to 
indicate the positions of the screws relative to the z axis. Due to the axial motions v. 
and sp^ce charges will be generated in the regions where the perturbed distributions 
do not overlap (Hoh and Lehnert [1961]). 

trons. At later times the latter move along the axis at different velocities, 
e.g. when an axial electric field is present. This will immediately produce 
a charge separation. Thus, an axial displacement of the “electron screw’* in 
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the positive z direction of Figure 8.7 becomes equivalent to a rotation of 
the “electron screw” in the positive (p direction relative to the “ion 
screw”. This, in its turn, generates the perturbed electric field and a drift 
X outwards in the radial direction, provided that the screw has the 
given direction. The electric drift then moves the entire mass of plasma into 
positions of increasing eccentricity with respect to the axis. This makes the 
density deviations and the driving forces of the motion grow. There is always 
one sense of the screw in a system like that of Figure 8.7 for which a radial 
escape of plasma will take place. 

The instability mechanism which has just been described resembles very 
much that of the flute instabilities of § 2. The only difference is that the longi¬ 
tudinal motion, and not a transverse drift, is responsible for the charge 
separation. 

In a fully ionized plasma we should still expect such charge separation 
phenomena to occur as pictured in Figure 8.7. They are produced by a 
longitudinal convection of surfaces of constant density as given by the 
term V|| • pw of equation (5.62). However, this is not the only effect which 
produces space charges on account of a longitudinal motion. As seen from 
the last term of (5.62) there also exist compression effects in the longitudinal 
direction which influence the rates of change of the ion and electron densities. 
In presence of a perturbed longitudinal electric field non-uniform accele¬ 
rations of electrons and ions will arise along the magnetic field lines, pro¬ 
vided that the Coulomb collision frequency is small enough. The space 
charge formation is then strongly influenced by longitudinal compression 
effects, and the simple situation of Figure 8.7 does no longer apply. It should 
therefore be stressed that even very small electric field components along 
the magnetic lines of force will create a situation of great complexity where 
all kinds of approximations have to be carefully examined. A detailed dis¬ 
cussion of these problems in the case of a fully ionized plasma of finite 
resistivity is beyond the scope of this book. 



CHAPTER 9 


RELATIVISTIC EFFECTS 

The inclusion of relativistic effects in the problems of this volume does 
not involve any principal difficulties. Here we shall summarize only some of 
the more important questions regarding the motion of individual particles. 
For the foundations of the special theory of relativity the reader is referred 
to textbooks on the subject such as those by Einstein [1950], Bergmann 
[1950], Richtmyer and Kennaiud [1947] and M0ller [1952]. 

1. Relativity and the Electromagnetic Field 

The theory of relativity is based on the fact that the velocity of light in 
free space is invariant to the state of motion of the frame in which it is 
observed. Since light can be regarded as an electromagnetic wave motion 
one should expect the laws of the electromagnetic field to be consistent 
with the requirements of relativity. This has, in fact, also been the case long 
before the questions about the theory of relativity even were raised. 

1.1. THE LORENTZ TRANSFORMATION 

A direct consequence of the invariance of the velocity c of light is the 
Lorentz transformation. Consider a frame C of reference where positions in 
space are indicated by the vector p and time is given by t. In another frame 
C' which moves at the constant velocity Wq relative to the former the 
corresponding position vector is p'. According to the requirements of special 
relativity a given light wave has to travel with the same velocity c in both 
coordinate systems. This is only possible if the time coordinate is changed 
simultaneously with the space coordinates when a transformation is made 
from one system to another. Consequently, we have to introduce the time f 
in the moving frame, which differs from t. As a result we obtain the Lorentz 
transformation 

p' = P + (r - 1) (wo • p)wo - ywo-1, 
t' = y (r -1^0. p/c2). 


(9.1) 

(9.2) 



CH. 9, § 1] 
where 


MLATIVISTIC EFFECTS 


219 


(9.3) 

and we have assumed the origins of both frames to coincide at time t = 0 . 
Especially, if the x axis of the frames is orientated along Wq the transfor¬ 
mation becomes 

= y (x— y' = (9*4) 

t' =y {t-w^xlc^), (9.5) 

where Wg = Wg^ with the sign of Wg^ included. This notation is used in all 
places where Wg appears in this chapter. 

From equations (9.1) and (9.2) we can deduce a relation between the 
velocities w — dpjdt and w' = dp'jdt' at which the position vector is ob¬ 
served to move in the two coordinate systems: 

dt' dt dt' 

_ IP ■+ (y -1) (tCg • to) Wq - yWp 
y (1 —lOg • tc/c^) 

This equation reduces to the familiar law of addition of relativistic velocities 
if the X axis is chosen along tOg. 

According to Minkowski [1915] we can regard space and time as four 
coordinates in a four-dimensional continuum. Consequently we introduce: 


Xi = X , X2 — y , X3 = z , X4 = ict (9.7) 

and the Lorentz transformation (9.4) and (9.5) becomes 

x'l = Xi cos Jj — X 4 . sin t], x'z = X 2 , X 3 — X 3 , (9.8) 

X 4 = Xi sin j; + X 4 . cos ij, (9.9) 

where 

tgij = - iwg/c, cosjj = y(wg), sin)/ = - iy(wo)wo/c. (9.10) 


These results imply that the Lorentz transformation simply becomes a 
rotational transformation in a Cartesian X 1 X 2 XJX 4 space, where rj plays the 
role of an imaginary angle of rotation. 
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The sources of the electromagnetic field are the electric charges and their 
motion. It is therefore natural to start the analysis with the questions how 
the electric current density and the charge density behave in a Lorentz 
transformation. 

For this purpose we assume that an electric charge distribution of density 
G moves with velocity w with respect to the frame C. The corresponding 
quantities are o' and w' in the frame C' which moves at velocity Wq with 
respect to C. Introduce a third frame C" which follows the moving charge 
distribution, i.e. where the velocity is w" = 0 and the charge density becomes 
o". Consider a fixed number of charged particles which occupy a certain 
volume element. Denote the element in the frame C" by dF". The electric 
charge inside the element is then o"dF". From C" the frames C and C' are 
observed to move at velocities -* w and — w'. The same charged particles 
will then be seen to occupy the volumes dV and dF' in C and C', respectively. 

According to the Lorentz transformation (9.4) a contraction of an observ¬ 
ed, moving volume takes place in the direction of relative motion. If we 
apply this to the transformation between the pairs of frames C", C and C', 
C the result becomes 


dF = 


dF" 

7(w)’ 


dF 

(w')- 


(9.11) 


With the X axis along Wq equation (9.6) can easily be used to derive an 
expression for (w'f from which 


y = 7 (w) • y (wo) (1 - w^Wolc% (9.12) 

Since we consider a volume element containing the same number of particles 
we must have (r"dF" = crdF == o'dF' and combination of this condition 
with equations (9.11) and (9.12) yields 

7 (>^o) - WqGwJc^). (9.13) 

If there are difierent kinds of particles the total current and charge den¬ 
sities become 

i = = (9.14) 

V V 

in the frame C and similar relations hold for the frame C'. For the total 
current and charge densities we then obtain from equations (9.6), (9.13) and 
(9.14) 
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jx = y (Wo) Ox “ jy = Jyy Jz = Jz, (9.15) 

= y (wo) “ WoL/c^). (9.16) 

Observe that the space charge density o*' depends upon the frame of ref¬ 
erence in which it is being measured. This is not only so because of the 
Lorentz contraction factor y in front of the right hand member of equation 
(9.16), but also because of the last term containing in this member. The 
physical reason for this term to appear is that ions and electrons move with 
different velocities when a current is flowing. This causes the Lorentz con¬ 
tractions to differ slightly for ions and electrons and produces a correspond¬ 
ing difference in their particle densities, i.e., a space charge — y (wq) WqJJc^ 
arises. This effect is not only of importance to highly relativistic particles 
where y (wq) differs noticeably from unity. As shown by Falthammar 
[1962] for an expanding stream of magnetized plasma the effect may even 
be of considerable importance to rather slow particles. This is so, because 
the slightest difference between very small Lorentz contractions of ions and 
electrons in a quasi-neutral plasma gives rise to space charges and appre¬ 
ciable electric fields, if the density of the plasma is high enough. 

A comparison between equations (9.15) and (9.16) on one hand and 
equations (9.4) and (9.5) on the other shows that j and cr behave as space 
and time coordinates. The quantity (j, iccr) then transforms as coordinate 
differences in fourspace, i.e. it becomes 2 i four-vector. 


1.3. THE ELECTROMAGNETIC FIELD TENSOR 

From the sources represented by j and c we can calculate the magnetic 
vector potential A and the electric potential <!> as indicated in Ch. 2, § 1.1. 
It is easily seen that the operators 'b/'dx^ transform as the components of a 
four-vector. Since the coordinates Xv are given by equation (9.7) this implies 
that the operator - (l/c^) becomes invariant in a Lorentz trans¬ 
formation. Consequently, equations (2.17) and (2.18) show that A and (j) 
transform in the same way as j and cr, and the quantity 

(A,) = {Ai(l>lc) (9.17) 

will become a four-vector as well. 

In the four-dimensional space given by (9.7) we can now form an electro- 
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magnetic iBeld tensor by derivation of 


F = 

tiv 




— F 

v/t* 


(9.18) 


With this notation v = U 2, 3 corresponds to Maxwell’s equation (2.8), 
and V = 4 to equation (2.10). The explicit expression for follows from 
equations (9.18) and (9.7): 


W = 


0 

B, 

-By -- 

' c 


0 

B. By 

By 

-B. 

0 



c 

- 

c 

-B, 
c ' 

o 

.VH 1 


(9.19) 


The transformation (9.8) and (9.9) of coordinates and coordinate differ¬ 
ences can be written in the abbreviated form 


< = E (9.20) 

V 

where are the associated coefficients. From equations (9.17) and (9.18) 
it is then immediately seen that a corresponding transformation of the field 
tensor is given by 

(9.21) 

II V 

The formulae which result from equations (9.21), (9.19), (9.20) and (9.10) 
for the transformation of the electromagnetic field can be written as 

E' = yE — {y — 1 ) (mjq • i;) wJq + yWo X B, (9.22) 

B' = yB -(y - 1) (Wf, ■ JJ) Wq - yWo X E/c^, (9.23) 

where y = y(wo). 


2. Relativistic Equations of Motion 

The laws of the electromagnetic field are consistent with the requirements 
of relativity. When we try to develop a relativistic theory on the mechanics 
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of matter, it is therefore convenient to start with the effects of the electro¬ 
magnetic field on the motion of a charged particle. Following Klein [1950] 
we introduce an inertial frame of reference C in which the particle is observed 
to move at the velocity w{tQ) = Wq aX a, particular instant t = tQ, Further 
introduce a frame C' moving with respect to C at the constant velocity Wq. 
Thus, the particle has the velocity zero in C' at time t = but not at other 
times r. Without loss of generality we can assume the origins of both systems 
to coincide at time t = t' = 0 and put = to = 0. 

Since the velocity w' of the particle vanishes at r' = 0 we assume Newton’s 
law to be valid in C' at this time: 

m—= qW, t=t' = 0. (9.24) 

df 

The question is now what form this relation adopts in terms of the field 
quantities measured in C. For this purpose we have to connect the accelera¬ 
tion dw'/dt' of the position vector in C' with the corresponding acceleration 
dw/dt in C which moves at the constant velocity ~ with respect to C. 
A straightforward deduction from equations (9.6) and (9.2) yields 



(9.25) 

where the condition w'{0) = 0 has been applied. The present deductions can 
be repeated for any time <o and any velocity tc(to)- Combination of equations 
(9.24), (9.25) and (9.22) therefore results in an equation of motion 



= q [yE — (y — V){w ■ E)vb + yic x B] (9-26) 
with y = y(w). Scalar multiplication of this equation by w gives 

my^w -^^qw-E, (9.27) 

which is the relativistic correspondence to the energy equation (2.38). 

Introduction of (9.27) and the expression dyjdt = (y^lc^w • dw/dt into 
(9.26) gives after rearrangement of the resulting terms 
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which is the relativistic equation of motion corresponding to (2.36). Here 
P = myw represents the corresponding momentum vector. The energy 
equation (9.27) can also be rewritten in the form 


a© -r, ^ 2 

-j— = qw • E, i = ymc\ 
at 


(9.29) 


where S is defined as the relativistic energy. 

Now return to the four-dimensional representation of §§ 1.2 and 1.3. 
Introduce the proper time interval 

dr = [{dty — (dp)^/c^]^ = dt/y. (9.30) 

This quantity can also be considered as a measure of the arc length along 
the orbit of the position vector in XxX 2 X^X 4 ^ space because 

i:(<ix/= -cW- (9-31) 

V 

It therefore becomes invariant to changes of the coordinate system. Con¬ 
sequently, a four-velocity of the position vector in this space can be defined 
and becomes 


da? 

dr 


dp d^ . dt 

^ ic — 

d^ dt dt 


= {yw, icy). 


(9.32) 


A corresponding four-dimensional momentum vector (P, i(^/c) can also be 
introduced. By the aid of equations (9.32) and (9.19) relations (9.28) and 
(9.29) for the conservation of momentum and energy can now be assembled 
into one expression: 

"-(1.2, 3,4). (9.33) 

dt V dt 


Observe that this system of four equations is overdetermined. The relation 
for V = 4 expresses conservation of energy which follows from the first 
three equations, where v = 1, 2, 3 according to the notation of equation 
(9.7). 
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3. Special Applications to the Equation of Motion 

Among the exact solutions of the equations of motion only tv^o simple 
examples will be given here which are closely connected with the problems 
of Ch. 2, §§ 2 and 4. 

3.1. MAGNETOSTATIC FIELD 

When the electric field is absent and the particle moves only in a magneto¬ 
static field the right hand member of equation (9.29) vanishes and the energy 
(f as well as the modulus w of the velocity and y become constants of the 
motion. The only difference between the non-relativistic and relativistic 
cases is then that the particle mass m should be replaced by the “relativistic 
mass” ym. 

All results which are derived from the exact equation of motion in a mag¬ 
netostatic field are then also valid in the relativistic case when this replace¬ 
ment is made. This is so for the problems of Chapter 2 in §§ 4.2 and 4.3 where 
the forbidden zones and the particle motion have been studied in the fields 
from a monopole, a dipole, a line current and in a hyperbolic field. 

Since we have seen that a relativistic particle moves in exactly the same 
way as a non-relativistic particle of mass ym the results of the perturbation 
theory can also be directly translated to relativistic particles. Thus, when the 
velocity of gyration is W as seen from the laboratory frame, the radius of 
gyration should become ymW/\q\B, and the equivalent magnetic moment 
becomes ymW^jlB. 

When an electric field is present, however, y and w are no longer constant 
and the perturbation theory has to be re-examined as outlined in § 4 of this 
Chapter. 

3.2. HOMOGENEOUS MAGNETOSTATIC AND ELECTROSTATIC FIELDS 

We shall now investigate the relativistic analogy to the problem of homo¬ 
geneous magnetostatic and electrostatic fields treated in Ch. 2, § 4.1. When 
the field tensor of (9.33) is constant we can follow Hell wig [1955] and 
Vandervoort [1960] and study solutions of the form exp (const, t). The 
roots of the characteristic equation are obtained from expression (9.19) 
which is inserted into (9.33). The general solution is of the form 

cos COT — rj^a sin cor -h cosh Xx — sinh Xx -f (9.34) 

where 
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Here co refers to the plus sign and a, b, and Xyo are constants. 

In the discussion which follows, we shall see that and can be 

chosen as orthogonal unit vectors. 

The quantity a in equation (9.34) is associated with the part of the four- 
vector ATy which “gyrates” at the frequency co in XiX 2 XqX 4 ^ space. Thus, it can 
be regarded as a generalization of the Larmor radius (2.81) to the motion in 
four-dimensional space. The particle will then gyrate around the magnetic 
field lines at a radial distance which is obtained from the projection of the 
four-dimensional orbit into three-dimensional space. In the non-relativistic 
limit the quantity a of (9.34) approaches the value given by (2.81). 

By insertion of the solution (9.34) into (9.33) we shall now verify that 
Pv be chosen as orthogonal unit vectors. When terms with 
the same functional dependence upon t are equated the result becomes 


co^v = J Z jFvm V = - £ E (9-36) 

ni> ^ in ^ 

and 

= -1- E f VA. A = - ^ E (9-37) 

From equation (9.36) we have 

" E ^v»7v = ^ E E = 0 (9.38) 

due to the antisymmetry of expressed by (9.18). A result analogous to 
(9.38) holds for a,, From (9.36) and (9.37) we further obtain 


tU E ^vOv = ^ E E Py^%°^y = - ^ E 

V V fl V 


(9.39) 
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which can only be satisfied if 

= = 0. (9.42) 

V V 

Finally, equation (9.36) yields 

(o E ^ E E = o E n^v (9.43) 

and a similar expression is obtained for and from equation (9.37). The 
results (9.38) and (9.42) show that the vectors a^, and are all 

orthogonal. Since a and b have not yet been specified we can let these 
quantities represent the amplitudes of the solution and put the vectors (^v> ^vj 
and equal to unit vectors in accordance with equation (9.43). Situations 
where one of the quantities co and X vanishes must be treated separately 
since it is not obvious that the present analysis then becomes applicable. 
We shall close this discussion with two special cases: 

(i) When the electric field is perpendicular to the magnetic field J5 * J3 = 0, 
and X vanishes. If at the same time, w becomes real and different 

from zero. The determinant of F^v vanishes. It is then easily seen that the 
solution of (9.33) becomes 

Xy = a cos cox — rjy a sin cox + UyX^ (9.44) 

where the constant Xy^ has been dropped. According to (9.33) the four- 
velocity Uy should satisfy the condition 

E^Mvt^v = 0 (9.45) 

V 

which is only possible for non-trivial solutions of I/, + 0 if the determinant 
of vanishes. 

In analogy with (9.32) introduce the notation 

iU,) = (17, icC/,) (9.46) 

where U represents the “space part” and 17, = dt/dr = y the “time part” 
of Uy. Equations (9.45) and (9.19) then yield 

17 X B + jBt/, = 0 (9.47) 

and 

JE-17=0. (9.48) 

In the non-relativistic limit 17, approaches unity and 17 tends to u^. Equations 
(9.47) and (9.48) are therefore analogous to (3.26) and (2.38) for the motion 
in homogeneous fields. The terms containing a in (9.44) are the relativistic 
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analogy to the gyration which is expressed by (2.80) and which is super¬ 
imposed on the drift motion of the guiding centre. The latter is represented 
by J7v. In particular, 27, will be associated with the energy of the guiding 
centre motion. 


(ii) Another extreme case is that where the magnetic and electric fields are 
parallel. With the z axis along these fields (9.33) divides into the two sets 


and 





d^z _ dt 
dt^ m dx 


dt" 



d^t _ dz 
dx^ mc^ dr’ 


(9.49) 

(9.50) 


where cOg is the non-relativistic frequency of gyration. 

The first set (9.49) gives a solution for x and j of the form represented by 
the first two terms of the right hand member of (9.34) with co == cOg. In the 
non-relativistic limit this solution tends to the gyration described by (2.80). 

The second set (9.50) corresponds to the third and fourth terms of the 
right hand member of the solution (9.34). It yields non-periodic solutions 
for z and t with X = qEJmc, In the non-relativistic limit the solution of the 
first of equations (9.50) is simply a uniformly accelerated motion of the 
guiding centre along the magnetic field. 


* 4. Perturbation Theory 


In analogy with the orbit theory of Chapter 3 the motion of the particle 
in x^x 2 X^X 4 ^ space can now be divided into a rapidly fluctuating periodic 
motion superimposed on a slow drift. This problem was first considered by 
Hellwig [1955] and the theory was further developed by Vandervoort 
[1960] along lines which will be summarized in this paragraph. 

A relativistic formulation of the equations of motion makes possible not 
only a treatment of high-energy particles. In a non-relativistic theory we 
have restricted the discussion to strong magnetic fields with a crossed, or 
nearly crossed electric field, as expressed by equation (3.34). Further, the 
electric field drift cannot be allowed to approach the velocity of light in 
such a theory. In a relativistic theory these restrictions are largely removed. 


4.1. STARTING POINTS AND BASIC RELATIONS 
When the variations of the electromagnetic field in space and time are 
slow we expect the particle motion to deviate only little from the case of a 
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uniform field. Consider a field which is uniform for t < Tq and which becomes 
slightly non-uniform for t > Tq- Imagine that, as in the problems of § 3.2, 
we can separate the particle motion into a rapidly fluctuating gyration and a 
drift of a guiding centre. In analogy with equation (9.34) we therefore assume 
the position vector of the particle to be given by 

X, = a cos o)x — riy a sin cot -t- x, -H Xy, (9-51) 

where the two first terms of the right hand member describe the gyration. 
Here ^y and rjy should satisfy equations (9.36) and (9.43) while co is given by 
equation (9.35). The quantity Xy represents the position vector of all such 
contributions which do not fluctuate rapidly and periodically in time, i.e. it 
is the relativistic counterpart to the position vector C of the guiding centre 
in equation (3.6). Finally, we have to add a small, periodic contribution 
Xy to the motion. This contribution is due to the non-uniformity of the field. 
In the non-relativistic limit its correspondence is due to the fact that the 
velocity of gyration becomes slightly inclined to the curved field lines of 
an inhomogeneous magnetic field, at least during parts of a Larmor period. 
We shall specify x, later. 

The coming analysis turns out to become simplified if a change of variables 
is made: 


^ a cos COT — la sin cot ^ a cos cot +• ia sin cot 

V2 “ V2 

(9.52) 

Further introduce the vectors 


+ ifly , ^y - iT]y 

■ ■■ V5 

(9.53) 

which obey the relations 


E O'yO'v = E = 0. E = 1 

(9.54) 


V V V 


according to equations (9.38) and (9.43). 

The position of the particle is now given by 

Xy = SyCa 4" (9-55) 

In this notation Ca and Ca* describe the principal motion which is essentially 
a gyration around the field lines. The remaining part of the periodic motion 
which does not lie in the aydy plane, i.e. not in the plane of Sy and rjy, is 
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represented by Thus we require 

^crv5cv = = 0* (9.56) 

V V 

Because the motions represented by x^, do not occur in a uniform field, we 
shall assume that \x^\ is small compared to m ; this can also be verified by 
the perturbation theory to be developed (Vandervoort [I960]). Further, 
in the limit of a uniform field we expect to tend to the fundamental 
solution represented by the last three terms of equation (9.34) when A =(= 0, 
and to the term C/^t of equation (9.44) when A = 0. In either case, the 
component of the guiding centre velocity — dXJdx in the <7^,5^ plane will 
be small. 

We shall specify the assumption of slow field variations by the conditions 


( 9 - 57 ) 
(9.58) 

in analogy with conditions (3.1) and (3.2). Suppose that is the characteris¬ 
tic length of an interval in XiX 2 XsXi space in which the change of is 
comparable to and that is a typical component of the four-velocity. 
Conditions (9.57) and (9.58) then imply that 

8 = \UJ<oL,\ < I, (9.59) 


and 


£)X„ 




'<>X„ 


where s can be considered as a smallness parameter in analogy with equation 
(3.3). 

Inequalities of this kind apply to any function xi^v) which depends on 
space and time through the components of F^y. Thus, \i>xl'hXy\l\xla\ and 
|dx/dT|/|£o;f| are of order a. However, for 

dr At V dx^^bXy V IXy dr 

we observe that the first term of the right hand member is of second order 
in g, but the second term is not always so. When jB * JB 4= 0 the guiding 
centre may experience large accelerations and dUyfdr may become compa¬ 
rable to coUy. Therefore, we must treat d^x/d^^ as a quantity of order e 
compared to if jE * B + 0. 
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4.2. THE EQUATION OF MOTION OF THE GUIDING CENTRE 

The particle orbit to be determined is now characterized by the eight 
unknown quantities included in equation (9.55). They are the four compo¬ 
nents of the guiding centre, the two quantities Ca and describing the 
gyration, and the two periodic components which are perpendicular to 
the (7^5^ plane. The equation of motion (9.33) provides only four relations, 
but an additional set of four conditions will arise from the assumption that 
the motion can be split into an oscillating motion superimposed on a drift 
of the guiding centre. 

A deduction of the equation of motion of the guiding centre can now be 
performed in a way analogous to that presented in Chapter 3 for the non- 
relativistic case. We shall not give the details of the theory. It can be summa¬ 
rized as follows: 

(!) When conditions (9.57) and (9.58) are satisfied a Taylor expansion of the 
field tensor can be carried out. 

(ii) The resulting expression is inserted into the equation of motion (9.33). 

(iii) The problem is solved by an iteration scheme. In the first approximation 
all second order terms are neglected and expressions for X^^ Ca and Ca* are 
determined. These expressions can be inserted into the equation of motion 
to obtain higher order approximations. 

(iv) Thus, in equation (9.33) we concentrate on terms which are linear in 
By this we have separated an equation of motion for the gyration from the 
total equation of motion for x^. 

(v) From the latter equation we also separate the non-oscillatory terms. These 
lead to an equation of motion for the velocity of the guiding centre. In 
the first approximation it becomes 

m = qY - mCo<Oo (9-61) 

where coq and C.0 are values at the starting point. The quantity is 

the relativistic correspondence to the equivalent magnetic moment. Equation 
(9.61) is analogous to (3.16). Observe that (9.61) involves only the variable 
Xy. In the first approximation the guiding centre motion therefore becomes 
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independent of the details of the gyration. That (9.61) separates from the 
equation of motion of the gyration is just what makes possible the iteration 
scheme mentioned under (iii). 

(vi) Starting with the first order solution of Xy from (9.61) we can now 
determine the gyration from its corresponding equation of motion. Combi¬ 
nation of the first order solutions for Xy and Ca. Ca* with the equation of 
motion for Xy then yields an equation of motion for jc^. 

(vii) The solution of the particle orbit can then be carried out to the second 
order approximation. For details reference is made to the original work by 
Vandervoort [I960]. 


4.3. TKDE EQUIVALENT MAGNETIC MOMENT 


The quantity 


M=i 


(O 



(9.62) 


can be regarded as a generalization of the equivalent magnetic moment to a 
relativistic case. This is seen from equation (9.52) which yields 


^ ® (9.63) 

and where describes the gyration of the particle. In the non-relativistic 
limit a tends to expression (2.81), (o approaches qBjm, and equation (9.63) 
reduces to equations (4.65) and (2.83). 

The adiabatic invariance of M can be examined by means of the methods 
by Chandrasekhar [1958] which are outlined in Ch. 4, § 2.1. Consequently, 
we consider a situation where the particle is in a non-uniform field during 
a proper time interval Tq < i < and in a uniform field for t < Tq and 
T > T^. In analogy with (4.67) we suppose that the velocity of the particle 
and the variation of the field are such that 


co/ 


dm 

dx 


(9.64) 


We then pass to the limit of infinitely slow field variations by letting Xq-*- - oo. 


^,-♦- 1 - 00 , and x^->oo.If in this limit AM = Jkf(x^-t-oo) — M{z-* — oo)-»’0, 
we say that M is an adiabatic invariant. 

of 


By using the second order expression for d^^/dx deduced from the equation 
motion Vandervoort [1960] finds that AM tends to zero at least more 
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rapidly than the second power of e. Thus, M is at least an adiabatic invariant 
in second order. 


4.4. MOTION OF THE GUIDING CENTRE IN NEARLY CROSSED ELECTRIC 
AND MAGNETIC FIELDS 

In the case that E is nearly perpendicular to B the component jB|| is 
small. Besides e we can then introduce an additional smallness parameter 
which according to (9.35) becomes 


i 

(O 


E^BIc 
- Ellc^ 


< 1 . 


(9.65) 


We restrict ourselves to the case where < c^B\ so that co remains finite 
when jB|| and 1 tend to zero. We shall not distinguish between e and X/co 
when terms of different orders are separated, but shall bear in mind that 
the assumptions of the smallness of e and X/co represent quite different 
approximations. Consequently, we regard and X as quantities of first 
order. 

Resolve into one part constructed from B and and one 
part constructed from jE||. Also resolve the four-velocity (9.46) of 
the guiding centre into two parts of zero and first order: 

u, = (9.66) 

The non-zero eigenvalue of is 

= (g/m) - £i/c^)*. (9.67) 

With these starting points and with expressed by (9.46) the equation 
(9.61) of motion yields 

= 0 (9.68) 

M 

and 

m ^ = « E + Pii^- ^(aoCOo (9.69) 

Up to this point we have mainly considered the motion in a four-dimen¬ 
sional representation. For practical purposes, one may instead be interested 
in explicit expressions of the space and time dependence. From the compo¬ 
nents of (9.69) in three-dimensional space follows that 


dt7^°> 


= «(E7<‘> xB + + cJS|| I7'°>) - (9.70) 


m 


dr 
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and the time coordinate yields 

mc^ = q{E^ • + E,, • [/<°)) + (9-71) 

Equation (9.70) expresses conservation of momentum and equation (9.71) 
conservation of energy. 

Equation (9.68) can be written as 

17^°) xB + = 0, Ey- [J<°> = 0 (9.72) 

and therefore has the form 

l7/“>= icl7/°^) (9.73) 

with Ug = E X Here represents the component of the four- 

velocity in the direction of the magnetic field and C//®) corresponds to the 
slowly varying part of the energy of the particle. 

The equation of motion for consists of the components of (9.70) 
which are transverse to the magnetic field. 

We now express the four-velocities of equations (9.70) and (9.71) in their 
space and time components in accordance with equations (9.46) and (9.32). 
We further allow E^ and the time dependence to be of zero order in e, 
but assume jB|| to be of first order as stated before. According to Northrop 
[1961] the result corresponding to equations (9.70) and (9.71) then becomes: 



M D ", 
yc It L 


£? A*" 


qB\l - Ellc^B^) 




d(y«ll) _ 


= myu, ■ ^ + qE, - f [B(l - Ei/c^5^)*] (9.75) 


(mc=,) . 5 ®. „ + M 1 [S(l - Ellc^B‘n 
In equations (9.74)—(9.76) 

M =-- 

2mB(l - Eflc^B^f’ 


(9.76) 

(9.77) 
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where P^* is equal to the perpendicular relativistic momentum of the 
particle as observed from a frame moving at the electric drift velocity u^. 
The quantity M is a relativistic counterpart to the equivalent magnetic 
moment of equation (2.83). It can be shown to become proportional to the 
flux through the circle of gyration, as observed in a frame where the electric 
and magnetic fields are parallel (Vandervoort [I960]). 

The results (9.74) and (9.75) are analogous to equations (3.18) and (3.17), 
and equation (9.76) expresses the balance of energy. The first term within 
the large bracket of (9.74) corresponds to the electric field drift (3.26). The 
second term is analogous to the first part of the magnetic gradient drift 
(3.24). Further, the third term has one contribution corresponding to the 
magnetic gradient drift (3.24) from the curvature of the field lines, and one 
part which is analogous to the polarization drift (3.27). Finally, the two last 
terms within the large bracket represent purely relativistic effects with no 
counterpart in the theory of Chapter 3. 

The present result has been deduced for a general situation where Ej^ is 
of zero order and the transverse electric field drift becomes very large. If 
is only of first order and ^ the quantity Eljc^B^ in equations 
(9.74)—(9.77) can be dropped and terms containing are negligible. The 
solution then turns into a form earlier suggested by Northrop and Teller 
[I960]. The values of the momentum, the radius of gyration and the equiva¬ 
lent magnetic moment are compared to those of the non-relativistic case in 
Table 9.1. 

TABLE 9.1. 


Comparison between non-relativistic and relativistic quantities when the electric field drift 
and the characteristic time variations are of first order in «. 


Quantity 

Non-relativistic case 

Relativistic case 

Velocity of gyration as seen from 
laboratory frame 

W 

W 

Perpendicular momentum due to 
Lannor motion 

mW 

ymW 

Larmor radius 

mmg\S 

ymWI\q\B 

Equivalent magnetic moment 

imWfl2mB 

(ymWy^l2mB 


Equation (9.74) tends to equation (3.18) in the non-relativistic limit. When 
the electric field vanishes and F = 0 the only difference between equations 
(9.74) and (3.18) lies in the factor y. This is expected from the discussion 
in § 3.1 according to which the orbit of a relativistic particle can be obtained 
from the non-relativistic equation of motion of a particle of the same velocity 
and the same “relativistic mass”, ym. 




CHAPTER 10 


* RADIATION 

This chapter deals with the electromagnetic radiation emitted from 
charged particles. An extensive survey of the problem has earlier been given 
by Heitler [1954] and reviews of parts of the subject are also due to 
Stratton [1941], Richtmyer and Kennard [1947], and Schiff [1949]. 
Summaries of radiation problems of special interest in plasma physics have 
been given by Clauser [1960], Rose and Clark [1961] and Bekefi and 
Brown [1961]. 

The present discussion on radiation phenomena will be based on classical 
theory and excludes quantum mechanical effects. In our study of the radia¬ 
tion from an ionized gas we shall also assume ions and electrons to have 
thermal velocity distributions. This implies that non-thermal radiation due 
to instabilities, waves and other co-operative phenomena will be excluded. 

1. The Radiation Problem in Plasma Physics 

Radiation plays an important rdle both in astrophysics and in the research 
on high temperature plasmas in the laboratory. The electromagnetic energy 
emitted from a charged particle increases steeply with its acceleration. In a 
fully ionized gas of high temperature the density of radiation therefore be¬ 
comes considerable. 

Especially in the research on plasmas at thermonuclear temperatures 
radiation constitutes a severe loss, the problems of which have not yet been 
settled. If the Stefan-Boltzmann radiation law were applicable to a plasma 
under thermonuclear conditions, the energy of a typical thermonuclear 
system would be drained in times of the order of 10"^^ seconds. Fortunately, 
when we consider frequencies well above the plasma frequency and the gyro 
frequency the mechanisms for excitation and radiation become extremely 
weak, and the plasma is optically very thin. In fact, one would not expect 
frequencies above a level corresponding to 10“^ eV to be in radiative 
equilibrium. However, even this small region of the spectrum may represent 
a serious loss (Rosenbluth [I960]). 

The important types of radiation losses from free particles are due to 
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bremsstrahlung and cyclotron radiation. The former arise from the accelera¬ 
tion by Coulomb collisions, and the latter are due to the Larmor motion in 
a magnetic field. In addition, the excitation radiation and bremsstrahlung 
even from very small fractions of impurities in the plasma give rise to losses 
which far exceed those from hydrogen and its isotopes (see e.g. Post [I960]). 

The spectra of radiation from particles bound in the atoms constitute a 
suitable diagnostic tool in astrophysics as well as in plasma experiments. 
Bremsstrahlung and cyclotron radiation from free particles can also be used 
to explore the properties of a plasma and the magnetic field in which it is 
immersed. 


2. The Field of a Moving Charge 

The wave equations (2.17) and (2.18) of Chapter 2 lead to a solution in 
vacuo which represents the propagation of electromagnetic waves. As a 
further step it is natural to consider how such waves are generated, i.e. how 
they originate from the source which consists of moving charges. We start 
with the simpliest case of a charge in vacuo. In presence of dense matter the 
situation becomes much more complicated and we shall only touch this in 
a simple consideration of Cerenkov radiation in § 4. 

2.1. THE POTENTIALS OF A MOVING CHARGE 

The field of a charge distribution a- associated with the current density j is 
given by the retarded potentials (2.19) and (2.20) in the Lorentz gauge. 
Care is necessary when these formulae are used to deduce the field from a 
point charge. For instance, the integral of equation (2.20) cannot simply be 
put equal to the value of qjr at the retarded time t* =z t ^ R*/c. This is 
so, because we have to insert different values of the retarded time for each 
source point p*. One therefore has to transform expressions (2.19) and (2.20) 
into integrals over the charge elements of the distribution cr, before a transi¬ 
tion to a point charge can be made. 

For this purpose, suppose all charge elements of a certain distribution 
a to be rigidly connected with each other and to move at the same velocity 
t€(f*) at a given retarded time /*. Consider a spherical shell of surface area S, 
thickness di?*, and situated at a distance R* from the field point P given in 
Figure 10.1. An element of this shell has the volume dF* == d»S dR*, The 
real contribution to the integral (2.20) is given by the charge which a spherical 
light wave meets when it contracts with velocity c and arrives at P at the 
time r. It will pass the outer surface of the shell at time t* ^ t — R*/c. 
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During the time dt = djR*/c which this light wave takes to pass the shell it 
would sweep over a charge adSdR^ = adV*, if there would be no simulta¬ 
neous motion of the charges. Since there is such a motion, however, a certain 
amount of charge will stream in or out through the inner surface of the 
shell during the time dt and will change the contribution to the integrals 
(2.19) and (2.20). At the source point p* indicated in Figure 10.1 this amount 
becomes per unit area gw • R*dt = gw • l^*di?*/c, with the direction of 



Fig. 10.1. A spherical light wave contracts with velocity c towards a field point P. It 
sweeps over a shell of thickness di?* inside of which there is a charge distribution a moving 

at velocity to. 


R* =: p — p* along P*P. The charge element which is swept over by the 
light wave during time dt, and which really contributes to the field at P, is 
therefore not adV* but instead 


dQ = g{1 - W' &*lc)dV*, (10.1) 

The obtained expression (10.1) can now be inserted into equations (2,19) 
and (2.20) for a point charge q. We obtain 

5 

and 

where the origin has been chosen at the position of the particle (p* = 0, 
R* = p) and the values of the right hand members should be evaluated at 
the retarded time t*. The potentials (10.2) and (10.3) were first obtained by 
Lienard [1898] and Wiechert [1900]. 
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From equations (2.8) and (2.10) the magnetic and electric fields can now be 
deduced by means of the expressions for the potentials A and It then has 
to be observed that derivatives in equations (2.8) and (2.10) are taken with 
respect to time t and to the position p at the field point P, whereas expressions 
(10.2) and (10.3) are evaluated at the retarded time /*. Thus, we have to 
relate the electromagnetic field at the field point P at time t to the position 
and motion of the charge at the source point P* at time t*. 

The motion of the particle at time is given by p(t*) and t€?(?*) = 

The retarded time is defined by p(t*) = c(t — t*) and accordingly 


or 


_ 'dp lit* 
"ht It* 


{p-w)^£ 

ot 




(10.4) 


^ = 1 

It ~ (1 —w- pipe)' 


(10.5) 


Since we have p = c(t — t*) the retarded time t* also becomes a function of 
the coordinates of P. A deduction similar to that leading to equation (10.5) 
therefore yields 


yt* =_ - _ 

c(l — ic • pipe)' 


( 10 . 6 ) 


Insert now the potentials (10.2) and (10.3) into equations (2.8) and (2.10). 
After some deductions, where use is made of relations (10.4)—(10.6), the 
electric and magnetic fields at P become 


E = 


47teoC^ 


X (p — wpjcjl X /» + (l — vf^jc^) (p — wp/e) 


{p -w- p/cf 


B = p X EIpc. 


(10.7) 

( 10 . 8 ) 


Here all quantities are understood to refer to the retarded time, p is the 
distance between the charge and the field point at this time and w = 'bwj'bt*. 

The electromagnetic field of equations (10.7) and (10.8) consists of one 
part which is proportional to the acceleration w and decreases as 1/p at 
large distances, and one part which does not contain w and which decreases 
as 1/p^ at large distances. The former is denoted as the acceleration field and 
is transverse in the sense that its components of E and B both are perpen- 
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dicular to p. It predominates at great distances and it alone gives rise to 
radiation. The Poynting vector of this field decreases as l/p^ at large dis¬ 
tances and gives there a total energy flux which is independent of p, as ex¬ 
pected. The latter part, which is denoted as the velocity field, represents a 
static contribution which reduces to the Coulomb field of a point charge 
whenie? = 0. For to 4= 0 it can be deduced from the Coulomb potential by 
means of a Lorentz transformation. 

2.3. THE RADIATED ENERGY 

Only the acceleration part of the electromagnetic field gives rise to radia¬ 
tion in vacuo. This is plausible since it can easily be shown that a particle 
cannot radiate if it moves at constant velocity in empty space. For the 
energy S of the particle we have, according to equations (9.28) and (9.29) 

^2 = + P"c^ (10.9) 

1 - 

where P is the relativistic momentum. Differentiation of equation (10.9) 
leads to 


dP_ ^ _ [1 + (mc/P)^]* 

AS Pc^ c 

For a photon {m = 0) representing the electromagnetic field we would there¬ 
fore have dP/AS = l/c and for a particle of rest mass w 4= 0 we would 
instead obtain AP/dS > l/c. Thus, a freely moving particle cannot radiate 
since energy and momentum cannot be conserved simultaneously between 
the particle and the electromagnetic field alone. Consequently, external 
forces have to act on the particle to produce radiation. We shall give three 
examples of this in §§ 3, 4 and 5 of this Chapter. 

We now calculate the instantaneous amount of energy radiated by the 
particle per unit of the time Suppose that the charge radiates during a 
time interval dr*. The time difference dr between the first and last signal ob¬ 
served at the field point is then (1 — w • plpc)At* according to equation 
(10.5). Due to Poynting’s theorem the energy flow per unit of the time t and 
per unit area is x BjpQ. Consequently, the energy radiated by the charge 
per unit of the time t* and per imit solid angle T becomes 

= P^(l - P • wlpc)E X Bj/io. 


( 10 . 11 ) 
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The modulus of the term — p • wjpc is less than imity and the latter oscillates 
sinusoidally when the particle gyrates around the external magnetic field. 
Insertion of expressions (10.7) and (10.8) for the acceleration field into 
(10.11) yields (Linhart [I960]) 

d(dPr) _ r _^ ^ {p • w){w ■ wic) (1—w^/c^)(p-tc)^ ~| 

dY 167z\c^L( 1-p-wIpcY (l-p-wlpc)* {l-p-wlpcf J‘ 

( 10 . 12 ) 

Integration of this expression with respect to the solid angle and over a 
large sphere results in the power 

(’^(11)^* + (10.13) 

where and are accelerations parallel with and perpendicular to the 
velocity to. If we transform this expression to the rest system of the particle 
by the aid of equation (9.25) the result becomes 

We observe that the radiated power of (10.13) and (10.14) is proportional 
to the square of the electric charge. If the motions of a large number of 
particles is correlated in some way, the emitted radiation may therefore in¬ 
crease to very high intensities. 

3. Bremsstrahlimg 

One of the accelerating forces which produce radiation arises from the 
Coulomb scattering in a dilute plasma. Consider single scattering events 
between two charged particles and neglect relativistic and quantum-mechani¬ 
cal effects. This requires the characteristic distance \w^lw\ for changes of the 
particle velocity to be much larger than the de Broglie wave length, hjmw, 
of the scattered particle, i.e. 

|w^/vv[> him. (10.15) 

For Coulomb scattering of an electron by an ion of charge Ze the accelera¬ 
tion is 

w »- - 

4KSom^p 

when the ion is assumed to be situated at the origin and its recoil is neglected. 
Further assume w^/c^ ^ 1. Since the Coulomb field is a central force field 
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the vector product between p and equation (2.36) can immediately be inte¬ 
grated and the result is that p x dp/d? becomes constant. This is the 



Fig. 10.2. Electron scattered by the electrostatic force of an ion. 


familiar law of constant areas which, with the notation of Figure 10.2, be¬ 
comes 


pH(pjdt = jLooWoo. (10.17) 


Here denotes the impact parameter and is the velocity of the electron 
at infinity. 

Combination of equations (10.14), (10.16) and (10.17) yields the energy 
radiated during a collision, 


AS, 


zV r(«-9'o) 

96k^ slmlc^L^w^ J -(«-9>o) p^ * 


(10.18) 


The total radiation emitted per unit volume is obtained from an integration 
for all electrons over all possible impact parameters and angles (po* 
The largest contribution to this integral comes from the smallest values of 
L„ and <Po- The smallest possible value of is hjlnm^w^ (cf. Heitler 
[1954]). With«iionsandWeelectrons per unit volume the power radiated per 
unit volume then becomes (cf. Linhart [1960] and Rose and Clark [1961 ]) 


Prb 


144slmlc^h 


Wi^eWco- 


(10.19) 


In case of thermal equilibrium where an electron temperature can be 
defined, equation (10.19) reduces to 

Prb = 2.6 X 10watts/ml 


( 10 . 20 ) 
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This agrees quite well with a rigorous quantum mechanical deduction from 
which the numerical factor of equation (10.20) should be changed to 
1.7 X 10-^° (Heitler [1954], Rose and Clark [1961]). 

Our present results indicate that the bremsstrahlung radiation increases 
rapidly with the density of particles and with the charge number of ions, but 
is a slow function of temperature. Due to its larger mass an ion experiences 
much smaller accelerations by Coulomb scattering than electrons of the 
same temperature. Therefore, the contribution from the power radiated by 
ions is negligible compared to that given by equation (10.20), at least in a 
plasma which is not too far from thermal equilibrium. 

4. Cerenkov Radiation 

In a dense medium the simultaneous interactions between many particles 
and between particles and radiation have to be taken into account. The 
situation then becomes more involved than that studied in the preceding 
paragraphs. Thus, multiple encounters and interactions at large distances 
will have a deciding influence on the radiation process. 

A dense medium will not only be affected by the vacuum field from its 
moving charges. The medium itself will set up a secondary field represented 
by an equivalent dielectric constant which differs from that of vacuum. As 
a result the propagation velocity of light in the medium becomes smaller 
than c. An interesting consequence of this is that a high energy particle may 
move through the medium at velocities exceeding the local speed of light. 
This produces radiation in a form analogous to the propagation of a shock 
wave through a medium at supersonic speeds. During the motion momentum 
is steadily being absorbed by matter, in accordance with the conclusions of 
§ 2.3. The effect was first observed by Cerenkov [1937]. 

Special applications of Cerenkov radiation to problems in plasma physics 
have been considered by Linhart [1955,1960] and by Kihara et ai [1961 ]. 

5. Cyclotron Radiation 

Radiation from acceleration of charges cannot only be produced by par¬ 
ticle interactions but also by external fields. An example of this is cyclotron 
radiation which originates from the Larmor motion in a magnetic field. 

The frequency spectrum of this radiation was studied at an early stage by 
Schott [1912] and further contributions to the analysis were due to Tzu 
[1948 ]. Applications to cosmical problems were suggested by Pomeranchuk 
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[1940] for the radiation by electrons in the earth’s magnetic field. Alfv^n 
and Herlofson [1950] proposed that radio star emission might be due to 
cosmic ray electrons in the trapping field of a star. Further astrophysical 
applications of cyclotron radiation were suggested by Shklovskii [1953, 
1958, 1960] and others for the emission from the Crab nebula. Since 1958 
a great number of authors have connected the emission from the planet 
Jupiter with cyclotron emission. Their investigations are summarized in a 
recent review by Chang [1962]. 

In thermonuclear research cyclotron radiation constitutes one of the most 
important energy losses. A detailed analysis of the problem was first per¬ 
formed by Trubnikov [1958], Trubnikov and Kudryavtsev [1958] and 
Trubnikov and Bazhanova [1958]. Further research is still going on up 
to this date. 

5.1. THE POWER RADIATED FROM A TRANSPARENT PLASMA 

A particle which gyrates in a magnetic field is accelerated in a direction 
perpendicular to its velocity to. The acceleration defined in § 2.3 then 
vanishes. Insert the angles 6 and (p defined in Figure 10.3 into equation 



Fig. 10.3. Geometrical relations between velocity, acceleration and position vector of a 
field point for charge gyrating in a plane perpendicular to an external magnetic field JB. 


(10.12) for the power radiated per unit solid angle. In the special case where 
the particle has no velocity component along the magnetic field follows that 

d(^^rc) ^ 
dy 167C^6 oC^ ' 


(1 — w^/c^) cos^0 sin^q) 

1 ri- 


[1 — (w/c) cos 0]^ J 


(1 — (w/c) cos 0)^. 

( 10 . 21 ) 

Accordingly the radiation is anisotropic and has a maritrinm in the direction 
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along the velocityic of gyration, where 0 = 0 and = 0. In a highly relativ¬ 
istic case where wjc approaches unity the radiation is emitted in a very narrow 
cone around the direction of w,As a result of this a nearly relativistic particle 
will emit pulses which are peaked about the time when the particle is ap¬ 
proaching the observer. This leads to the emission of higher harmonics, as 
will also become clear from § 5.2. 

The total emitted power measured in the laboratory system for a particle 
which spirals in the magnetic field is given by equation (10.13)with ^ = 0. 

When £ = 0 the solution of (9.28) for the velocity of gyration yields 
W(J) = where cOg = qBjm is the non-relativistic value of the 

gyration frequency and tois the perpendicular component of the velocity. 
Consequently the total power emitted by a particle becomes 

coYwl = o>l [PJmf , ( 10 . 22 ) 

6 ti&qC 6 tzZqC 

where is the perpendicular component of the relativistic momentum vec¬ 
tor. 

In an ionized gas in thermal equilibrium we can define a temperature T 
of the particles which have a Maxwellian velocity distribution. In the relativ¬ 
istic case the latter is given by the distribution function (Chapman and 
Cowling [1952]) 


/(P) = \Anm^ckTK 2 {mc^jkTyy'^ exp [— {mc^lkT){l — w^/c^) (10.23) 

with the modified Bessel function K 2 (rnc^lkT) of second order. The total 
power radiated per unit volume by particles of density n is obtained from 
an integration of (10.22) over the velocity distribution. According to Trub- 
nikov and Kudryavtsev 

7 - 2 /. ^ ^ ^ \ 

(10.24) 


Pro = 


f kT 
3jc8oC \mc^ 




)»(■ 


+ 5 
2 


kT 


+ 


me 


•) 


Due to their smaller mass electrons will radiate much more than ions at a 
given temperature. The power radiated by electrons is 

P„ = 5.3 X + 4.2 x 10~^°re + .. .) watts/m^ (10.25) 


In a quasi-neutral deuterium plasma where ions and electrons have nearly 
the same temperatures and where the magnetic energy density is of 

the same order of magnitude as the total pressure 2nkT, the radiation power 
P„ can be written as 

P„ « 3.7 X watts/m^ 


(10.26) 
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as far as orders of magnitude are concerned. The ratio between this power 
and that arising from bremsstrahlung is according to equation (10.20) 

P„/P,b « 1.4 X 10-^^T^'K MnkTIB^ « 1, Z = 1 • (10.27) 

This ratio increases rapidly with temperature and passes the value unity at 
about 7 X 10'^ °K. 

The present results are valid for a transparent plasma where the radiation 
emitted from every electron escapes out of its volume without interacting 
with the plasma. At thermonuclear temperatures in the range above 10® °K 
the cyclotron radiation losses would then become enormous. There would at 
least not exist any possibility of balancing them by the energy created in a 
power generator which uses deuterium as fuel. The losses given by equation 
(10.25) would even be of importance to the energy balance in a mixture of 
tritium and deuterium, where the reaction rate at these temperatures is more 
than ten times larger than in a pure deuterium plasma. 

Fortunately, only a fraction of the radiated power predicted by equation 
(10.24) escapes from a plasma under thermonuclear conditions. The reason 
for this is that the radiation emitted from a single electron will interact with 
the surrounding electrons of the plasma. As a result, part of the radiation 
will be reabsorbed before it finds its way out of the plasma. 

In a purely non-relativistic case a theoretical treatment would become 
comparatively easy. At the densities prevailing in a thermonuclear device the 
plasma frequency cOp = (e^nlsom^)^ is usually greater than the gyro frequency 
a)e of electrons. For non-relativistic electrons the cyclotron radiation would 
then not be able to escape freely out of the plasma, and it would cause 
little worry as regards the energy balance. However, at thermonuclear 
temperatures the diflhculty in the problem lies in the fact that even slightly 
relativistic particles, in the temperature range around 10® °K, will behave in 
a more complicated way as far as cyclotron radiation is concerned. Thus, 
the relativistic motion will produce higher harmonics and the spectral distri¬ 
bution and the absorption of the radiation become rather involved. We shall 
treat these questions in the coming sections and shall also discuss the possi¬ 
bilities by which the reabsorption of the radiation can be increased. 

There still exists a difficult question in this connexion which we shall not 
be able to clarify here but the importance of which makes a short comment 
necessary. It concerns the non-thermal radiation which arises on account 
of instabilities, wave phenomena and other co-operative effects. By such 
phenomena the motions of the plasma particles become correlated. Since 
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AP^ is proportional to as shown by (10.13), this increases the emitted 
radiation to intensities far above those of a thermal plasma where the motions 
of individual particles are entirely uncorrelated. For further discussions on 
non-thermal radiation the reader is referred to a review by Bekefi and 
Brown [1961]. 

5.2. SPECTRAL DISTRIBUTION EMITTED FROM A SINGLE PARTICLE 
We now study the spectrum of radiation emitted from a relativistic particle 
which spirals in a homogeneous magnetic field as shown in Figure 10.4. The 



Fig. 10.4. Charged particle spiralling in a homogeneous magnetic field JB. The coordinate 
system is orientated in such a way that the radiation received at the field point P is given 
by the wave number k in the xz plane, k forms the angle B with the z axis. 


solution of the equation of motion (9.28) for the particle is for JE = 0 

p* (SWIcdq) sin a>o^» cos ^\\t\ (10.28) 


where coq = qBlmy{w\ and W and W|| are constant velocities. 

Following Trubnikov [1958] we start with the expression (10.2) for the 
vector potential generated by the particle: 



gw 
- w - 


(10.29) 


Evaluation should take place at the retarded time t* t — R*/c. A Fourier 
expansion of this potential is defined by 


p+oo ■< p+oo 

J - 00 2ll J - 00 


(10.30) 
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Now orientate the coordinate system in such a way that we can introduce 
the wave number 

K = K (sin e, 0, cos 9) = coic/c (10.31) 

in the wave zone, at large distances p from the origin O of Figure 10.4. 
We can then write 

R* X ic-R* = K-(j) - p*) (10.32) 

in the wave zone for a field point P, where p > p*. In this zone we ignore the 
small fluctuation introduced by w • R*lc in the denominator of equation 
(10.29) and set R* = p, but we preserve the fluctuation in w, because its 
effect appears in lowest order (Rose and Clark [1961]). The components 
are obtained from the Fourier transform and become 


4 ^. /^ogexp(- iK-p) 

" ~ SirV 


I 

w{t) exp [i(K • p* - ct)t)]dt. (10.33) 

J —00 

From equations (10.28), (10^1) and from w = dp*/dt follows that 

A. = (-“•<’> . f* V cos c.,. -W sin „„) 

on p J -00 

f. CO / W V 

X exp 1 1 — I — sm 6 sin coot + M||t cos 9 — ctj dt. 


The result can be rewritten by means of the expansion 

n= — 00 

for the Bessel functions Further use the relations 

’^n-i(x) + Jn+i(x) = 2(n/x)J„(x), 

and 

2J' ^ 2dJ„(x)/dx = J„.^(x) - J„UX). 
With the expansion 

5(t = ^^exp [icu(t - ti)]dco 


(10.34) 

(10.35) 

(10.36) 

(10.37) 

(10.38) 


of the delta function we arrive after some deductions at the expressions 
^ _ pocq exp (- iK • p) 1 - («||/c) cos 9 , /"coW . 

- ^ - .S. - 
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A = 

^cay 


lipcq exp 

4np 


(- , ..W .,{coW . A . 


(10.40) 

(10.41) 


where and are functions of the quantity within the last bracket of 
equations (10.39)—(10.41) and 

<5„ = d ^ cos 0 — ct) + ncoo\ (10.42) 


Observe that the delta function only gives contributions for a set of fre¬ 
quencies (On determined by equation (10.42): 


ncoo 

^ , 

1 — (m||/c)cos 6 

The radiation field therefore consists of a spectrum of discrete frequencies 
given by this equation. 

According to Poynting’s theorem the total power radiated per unit area 
in the direction of k is 

\E X curM//iol = ico/pQ)\A x (k x A)\ = c|k x A\^lfXQ, (10,44) 

since k: • ^ = 0 and co = kc. Analogously, we now define an energy of the 
n-th harmonic which is radiated per unit solid angle Y and per unit of (o 
during the whole course of events from t = -- oo to t co: 

I K X (10.45) 

\dx dco /n 



Here A^„ represents the 72 -th harmonic in equations (10.39)—(10.42). 

Consider an oscillation of frequency cq„ during the time interval defined 
by 

f{t) = cos (D„t for 1^1 < ito, f(t) = 0 for 1^1 > J/o- (10.46) 


We then have 

and 



' 4 -00 

g(co) exp (icut)da) 

— 00 


rito 

g(<a) = ( 1 / 27 :) e 


exp [i(co„ - G))f]dt 


= - P>)tQ] ■ 

x(a)„ - co) 


(10.47) 

(10.48) 
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When 0 ) tends to co„ the right hand member of (10.48) approaches to/ln. 
Suppose that, at the same time, the duration to of the signal tends to infinity. 
It then follows from (10.38) and from the second member of (10.48) that the 
duration of the radiation period can be expressed as 2n5„ for the «-th har¬ 
monic. Dividing (10.45) by this quantity and substituting expressions (10.39) 
—(10.42) into it, we finally obtain 



/ cos g - Mll/c VjZ 
sin 0 / ” 


COqC 


+ 




n = 1,2,...) 


(10.49) 


for the radiation power emitted by the n-th harmonic per unit solid angle 
and per unit of the frequency co. The term for n = 0 vanishes and terms with 
n < 0 can be included in the expressions (10.49) from symmetry reasons. 
The total power of radiation is 


E = E I 1 I«X0)2n sin 9 dO dm (10.50) 

n = l B = lJoJ-oo 

which can be shown to agree with the earlier result (10.22) (cf. Trubnikov 
[1958]). 

A detailed examination of equation (10.49) shows that for w/c -4 1 the 
intensity of the harmonics decUnes rapidly as a function of the harmonic 
number n. For wjc approaching unity, on the other hand, the spectrum 
extends up to a considerable number of harmonics. 


5.3. THE EMISSION COEFFiaENT 

It is not obvious that the generated power density of cyclotron radiation 
in a plasma can be computed merely from a superposition of the contribu¬ 
tions from all electrons, as obtained for an individual charge radiating in 
vacuo. These contributions may namely interfere with each other in a dense 
plasma. However, a closer examination of the problem by Drummond and 
Rosenbluth [1960] (see also Rose and Clark [1961]) shows that it is in 
fact allowable to treat the motions of the electrons at thermonuclear con¬ 
ditions as if they were uncorrelated. This is possible when the frequencies 
of the harmonics of the radiated spectrum are definitely above the plasma 
frequency co^ = (e^nleotn^)* (see also Beard [1959]). 

There are two physical arguments for the motions to become uncorrelated. 
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Firstly, electrons are within each other’s Debye spheres of radii (kTsolne^)^ 
during times of order l/cOp. Their motions will then be uncorrelated for 
longer times when an average is taken over many cycles of gyration. Second¬ 
ly, the kinetic energy of the particles is large compared to that of the electro¬ 
magnetic radiation field. Therefore the kinetic energy will randomize the 
particle motion quite quickly and cooperative motions will be suppressed. 

We now study the emission in a direction perpendicular to the magnetic 
field and put 6 = ire. Then, equations (10.39)—(10.42) reduce to 

^ Hocq (- , P) ^ J„(coWI(Ooc)5„{n(Oo - co) = A^c|u^\, 

^ (- 0 y Jnio^WI(Ooc)d„{ncOo-(o). (10.52) 

From equation (10.49) we obtain a radiation power 

= [(w||/c)^«^«(co^/<»oc)+(^/c)Vi^(co»F/©oc)]^„(ncoo-“)- 

8 n:£oC«=i (10.53) 

Here notice that terms with J„ correspond to They represent ordinary 
waves which have an electric field component E = — TiA/Zt that is parallel 
with the external magnetic field. Terms with correspond to A^^y and repre¬ 
sent extraordinary waves where E is perpendicular to the same field. These 
two types give rise to the powers and ^ defined by equation 

(10.53). 

The emission coefficients of the plasma for these two wave types tire now 
deduced from an integration of the radiated power of equation (10.53) over 
the relativistic distribution (10.23) of momenta. They are 

(i^) = j jj Ji!’’ ^\in)f{P)dP, dPy dP, (10.54) 

watts per unit solid angle, per unit volume and per unit of co in the trans¬ 
verse direction. Alternative values in (10.54) are separated by a comma. 

Especially for a weakly relativistic case, which is of interest in research on 
thermonuclear fusion, combination of equations (10.54), (10.53) and (10.23) 
yields after some deductions (cf. Trubnikov [1958]): 
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for electrons of density and with cOg = eBjm^ and j 2 , = mc^IkT^. In the 
first square bracket the two alternative values refer to the ordinary and 
extra-ordinary waves, respectively. Numerical calculations of the spectrum 
(10.55) have been made by Trubnikov [1958] and by Hirschheld et al 
[1961 ]. The result is a series of harmonics which are broadened by a Doppler 
effect due to the relativistic change of the momentum of the particles. At 
higher frequencies the harmonics overlap even so strongly that the total 
emission forms a monotonically decreasing function of frequency. 


5.4. THE ABSORPTION COEFFICIENT 

We make the assumption of a local thermodynamic equilibrium. In other 
words, we assume that the emission and absorption of radiation in every 
small volume of the plasma are the same as if the whole system were in 
thermodynamic equilibrium. The emission and absorption coefficients will 
then be related by Kirchhoff’s law. Thus, the absorption coefficients 
ojOI. given by 

io = >/^!= hco^lSit^c^exp (hcoIkT,) - 1], (10.56) 

Here we shall pay special attention to the direction B = \% normal to the 
magnetic held. 

In cases of practical interest hcoIkT, 1 for cyclotron radiation. As an 
example, a field strength 5 of 5 V • sec/m® and a temperature correspond¬ 
ing to 5 X 10^ eV yields hcoIkT^ « 10"®. Further, it can be shown that the 
width of the spectral lines will exceed the distance between the lines when 
co/m. > (ijUr)'" and the spectrum then becomes nearly continuous. In cases 
of practical interest this also happens for all harmonics except for the first 
few ones. 

Since the higher harmonics are responsible for the main radiation loss, it 
is sufficient to consider the continuous part of the spectrum. By using 
(10.56) and after approximating the series of (10.55) by an integral Trubni- 



CH. 10, § 5] RADIATION 253 

Kov [1958 ] obtains with the method of steepest descent; 

= 3col{Ttfi,)\2ca)^x,)~^ exp [- - 1 + 9/20 k*)] 

X 1], Xf = 9cokTJ2a)^mc^ > 1 (10.57) 

and 

= tOpAlX’ICOe/2c<>)^(cffle)"^(cCO/2AtrtOe)“^“'[AirS l]. < 1- (10.58) 

Here cOp is the plasma frequency. In both cases of equations (10.57) and 
(10.58) and for weakly relativistic electrons the ordinary wave (||) will be 
attenuated much less than the extra-ordinary wave ( 2 ). 

The emission coefficient has so far been calculated from the energy radiated 
by a distribution of particles. An equivalent method for its determination 
has been developed by Drummond and Rosenbluth [ 1960] who start from 
the collisionless Boltzmann equation. They deduce the absorption coefficient 
for transverse electromagnetic waves directly from this equation and deter¬ 
mine the emission coefficient from Kirchhoff’s law. 

The angular dependence of the absorption coefficient has been considered 
by Drummond and Rosenbluth [1960] and by Beard and Baker [1961 ]. 

5.5. RADIATION FROM A PLANE SLAB 



Fig. 10.5. Radiation from a plasma slab of thickness immersed in a magnetic field JB, 
pmallel with the surfaces of the slab, (a) Definition of the angles 6 and (b) Slab bounded 

by reflectors with reflection coefiBcient R,. 

We now consider the radiation from the slab of Figure 10.5a of thickness 
Xq which has its surfaces parallel with a homogeneous magnetic field B. The 
latter is generated by external sources. A plane electromagnetic wave 
emitted in the direction d will then have its wave normal k inclined at an 
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angle ^ to the normal h of the slab surface. Introduce the coordinate x 
along n as shown in Figure 10.5. 

When the plasma is in radiative equilibrium the equation of energy transfer 
becomes 


^ KXe) - ni\e) - (v = ., x), (10.59) 

where the coordinate / is in the direction of propagation and superscript (v) 
stands for the two directions (||, j) of polarization. The emission and ab¬ 
sorption coejBicients are related by equation (10.56), where we still observe 
that hcojkT^ 1 in cases of practical interest. Introduce this relation into 
equation (10.59) and integrate with respect to / for given directions Q and /l„. 
The result is 


x) = /o + exp [- a^^\B)xjcos (10.60) 

for radiation in the positive x direction and 

x;) = /o + exp [a^''^(0)x/cos 4] (10.61) 

for radiation in the negative :c direction. In equations (10.60) and (10.61) 
and c_ are constants of integration. 

Now consider the situation of Figure 10.5b where the slab is bounded by 
reflectors at the surfaces x = ± ^Xq. Radiation which starts from the surface 
at Pi will traverse the plasma and will be damped. It then reaches P 2 where 
the fraction is reflected, traverses the plasma again in the negative x 
direction, and reaches P 3 . From reasons of symmetry we can then impose 
two boundary conditions on the solutions (10.60) and (10.61), namely 

- i^o) = Rri'^'ie, - ixo), (10.62) 

and 

ixo) = ixo). (10.63) 

This determines the constants and c_. The intensity which actually 
escapes from the plasma is given by that transmitted through the reflector 
at P 2 , i.e., 

Xq, R,) = (1 R,)j^^^(0, ixg) 

= Jo(l - Rr) ^ ~ [- °tS'^Xo/cOS A„1 

' 1 - R, exp [- al’^Xo/cos 2„]‘ 


(10.64) 
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Equation (10.64) has been deduced by Trubnikov [1958] and by Drum¬ 
mond and Rosenbluth [I960]. These authors also suggested the use of 
reflectors to cut down the losses of cyclotron radiation from the plasma. For 
frequencies co where the reflection coefficient is very close to unity we see 
that the effective radiation intensity is cut down far below the level Iq which 
would be reached for black-body radiation without reflectors. 

In a weakly relativistic gas we have earlier found that the higher har¬ 
monics contain a considerable amount of energy. For these harmonics the 
absorption coefficient unfortunately turns out to be quite small and 
^ follows that equation (10.64) reduces to 

leff « W:\lcos 1„) • 1^1 + (10.65) 

There exist two possibilities; 

(i) If the absorption is very small and the reflectors are not extremely good the 
value of RXa^^Xfylcos AJ/(1 — i?,) will become much smaller than unity and 
htt approaches the value which is obtained from equation (10.64) with 

= 0, i.e. for a plasma without reflectors. This situation has been investi¬ 
gated by Hirschfield et al. [1961] who have presented values of the ab¬ 
sorption coefficient within a large range of the spectrum. 

(ii) When the reflectors are extremely good and R^ is so close to unity that 
even Rr(a.^^Xo(cos A„)/(l — J?,) > 1 for the higher frequencies of the spec¬ 
trum, the effective intensity approaches Jo(l — Ri) and there is a strong re¬ 
duction in the radiation losses. 

5.6. BALANCE BETWEEN RADIATION LOSSES AND POWER PRODUCTION 

We finally investigate the total radiation power IT„ emitted per unit area 
of a plasma slab. It is then necessary to integrate the intensities (10.64) for 
both directions of polarization. This should be done at the surface of the 
plasma slab, over a half sphere and over the whole range of frequencies: 

= f” P” + li^) cos dy dm. (10.66) 

J 0 J JLn — 0 

If the plasma were completely transparent it would radiate a power 
per unit volume as given by equation (10.24). For a volume element of the 
slab of length xq and area d5 the radiated power would then become PrcXodS 
in absence of absorption and of reflectors. In reality the effective radiation 
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loss from the same element is instead 2J7„dS'. We can therefore define an 
effective transparency coefficient 


K,, = 2njP,,Xo. (10.67) 

When approaches zero and (1 — IQ differs from zero it follows from 
equations (10.65), (10.66) and (10.56) that 


= 0) = 2 I ^ + v^^\e)]dYdco. (10.68) 

J 0 J 0 


This expression is equal to the total power PnXo radiated inside the slab per 
unit area dS. Consequently, the transparency coefficient J5r„ then approaches 
unity, as it should. Thus, we write 


^rc f r + ri^^\9)]dYda) 

•/ 0 •/ Xft — 0 

=j:i: 


'oo 

Xn — 0 


ll -jRr exp [-‘^xo/cos A„] 


(10.69) 


, l-exp[-a^-^>Xo/cosAj | 
1 -R, exp [-a^-^>xo/cos AjJ 


dYdco. 


In particular, suppose that the radiation losses are exactly balanced by a 
power production Pg per unit volume. The latter may be created by sources 
inside the plasma, such as thermonuclear reactions. The powers P^XQdS and 
2 JTrcdS' should then become equal, and this leads to a critical transparency 
coefficient 


K,* = PJP,,, (10.70) 

The results of this paragraph can be used to calculate the critical thickness 
Xq* of the slab when the power production just balances the cyclotron 
radiation losses. Trubnikov [1958] has done this under the assumption 
that all the radiation leaks out of the system for frequencies co above that 
corresponding to a^'^Xo = 1. Further, from an estimation of the angular 
distribution with respect to 9 Trubnikov concludes that an approximate 
expression can be used for The latter is equal to half the value which is 
obtained when the transverse coefficients of equations (10.57) and 

(10.58) are substituted into equation (10.69) instead of a<;>(0). Equations 
(10.70), (10.24), (10.69), (10.57), (10.58) and (10.56) then form a system 
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from which can be calculated. Numerical values have been given by 
Trubnikov and Kudryavtsev [1958] which suggest that the critical dimen¬ 
sion of the plasma slab becomes quite large under thermonuclear conditions. 
An example of these calculations can be mentioned where jB = 1 V • sec/m^, 
Ti = T'e, the plasma pressure is equal to the magnetic energy density 
and where the particle density n is of the order of 10^^ Then, the cor¬ 
responding dimension x* turns out to be somewhat more than 20 m in 
the case of a deuterium plasma. 

The extremely large size of fusion reactors which this result predicts is 
discouraging and has induced a number of investigators such as Beard 
[1959], Drummond and Rosenbluth [1960, 1961], and Hirschfield et al 
[1961] to make further studies of the problem and of possible methods by 
which the radiation losses can be reduced. The situation has not yet been 
settled but according to recent papers by Drummond and Rosenbluth 
[1961] and Drummond [1961] the critical size can possibly be brought down 
to less than a meter by means of reflectors. Whether the conditions can be 
improved by using superconducting materials in order to increase 
the reflection coeflicient cannot be decided here, but may be worth further 
investigations. 

It should finally be pointed out that the reaction rate in a mixture of 
tritium and deuterium is more than ten times larger than that in a pure deute¬ 
rium plasma. With such a mixture a balance of the radiation losses should be 
possible, also for a moderate size x* of the plasma. 
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A 

A* 

(^v) 


®CM 

<^10 

B 

B* 

b 

C 

C, C', C" 

Cb 

Cv 


Cif, Cio 

c 

Cv 

c+, c_ 
D, D' 


Magnetic vector potential (2.8) 

Modified vector potential in rotating system (7.28) 
Electromagnetic four-potential (9.17) 

Fourier components of vector potential (10.30) 

Vector connecting the centre of gyration with the posi¬ 
tion of a charged particle; a is the radius of gyration or 
Larmor radius (2.80; 3.6); or the ‘relativistic’ radius 
of gyration (9.34) 

Centre of mass of guiding centra (7.43) 

Coeflicients in eq. (4.63) 

CoeflBicients of orthogonal transformation (9.20) 
Magnetic field strength (2.1) 

Modified magnetic field in rotating system (7.31) 
Modulus of field strength at magnetic mirror (6.18) 
Coefficient in eq. (9.34) 

Position vector of centre of gyration (3.4) 

Notations for different frames of reference (Ch. 9) 
Function defined in eq. (8.17) 

Coefllcients describing position of particle in Ch. 3, 

§ 1 (v = 1, 2, . ..) 

Invariant of longitudinal compression, associated with 
7(5.61) 

Coefficients in eq. (4.63) 

Velocity of light (2.9979 X 10® m/s) 

Constants used in particular problems; any subscript (y) 
Constants of integration (10.60; 10.61) 

Operators defined in eqs. (5.41) and (5.42) 

Operator defined in eq. (5.9) 
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d, 

d, 

E 

E* 


AS, 

F 

F 


fVf 

jpw f ( 1 ) 

fiV 9 fiv 

f 

m 


/v 


y(v) 



G 

G 


ie 


G, G, G3 G, 

(?i ih) 

9 

g(co) 

Sb 

gy 

H 

H' 




h 


Mean distance between particles during collisions (Ch. 
7, § 4.2) 

Half the distance between centra of two current leads 
(Ch, 7, § 2.1 (ii)) 

Electric field strength (2.1) 

Modified electric field in rotating system (7.30) 

Charge of proton (1.602 x 10“^® As) 

Energy (9.29) 

Energy of «-th harmonic due to cyclotron radiation 
(10.45) 

Energy radiated in a collision (10.18) 

External force field (2.36) 

Density of phase points in 6i\^-dimensional phase space 

(5.1) 

Electromagnetic field tensor (9.18) 

Zero and first order parts of (Ch. 9, § 4.4) 
Distribution function in six-dimensional phase space 

(5.2) 

Function defined in eq. (10.47) 

Distribution function in vth order approximation (Ch. 
5, § 1.4) 

Contribution to / in vth order (5.44) 

Force due to collisions (7.48) 

Generating function defined in Ch. 2, § 3.1 
Parameter defined in connexion with eqs (8.33) and 
(8.50) 

Generating functions defined in Ch. 2, § 3.1 
Function defined in eq. (4.77) 

Acceleration due to gravity (8.3) 

Function defined in eq. (10.48) 

Function defined in eq. (6.31) 

Functions defined in connexion with eqs. (5.46) 
Hamiltonian (2.52) 

Transformed Hamiltonian in guiding centre approach 
(3.61) 

Hamiltonian corresponding to longitudinal motion 
(4.7) 

Planck’s constant (6.625 x 10"^'* kg m^/s) 
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1 

In 

J(n) 

■^co 

Ji!! 




1 

J 

Jk 

J* J,* 

•^11* 

Jj.* 

3 

Krc 

K„* 

kI K2, Ks, K^, K, 

Ku, Kj_ 


Scale factor associated with generalized coordinate 
(7.1) 

Total electric current (2.113) 

Intensity of n-th harmonic (10.50) 

Radiation intensity (10.56) 

Spectral intensity of radiation (10.49) 

EflFective radiation intensity escaping from plasma 
(10.64) 

Radiation power of ordinary and extra-ordinary waves 
(10.53) 

Value of integral (4.94) 

Imaginary unit, (—1)* 

Longitudinal (or second adiabatic) invariant (4.8) 
Action angle variable associated with A:-direction (2.63) 
Action integrals of nearly periodic system (2.71) 
Longitudinal action integral (4.8), 

Transverse action integral (4.12) 

Electric current density (2.2) 

Transparency coefiScient (10.67) 

Critical transparency coefficient (10.70) 

Characteristic parameters of drift motion (3.30) 
Longitudinal and transverse mean energies per particle 
(3.45) 


k 

K, fcy, K 

kif k2t k^ 

L 

LcmJn 


Boltzmann’s constsmt (1.380 X 10“^® kg mVs® degree) 
Wave numbers in rectangular coordinates (Ch. 8, § 2) 
Characteristic parameters of particle orbit (2.43) 
Lagrangian (2.47) 

Characteristic length | x I/I FX I of certain quantity x 
Length of steepest variation of perturbation (Ch. 8, 
§2.4) 


jL„ Ly, Lj Wave lengths in rectangular coordinate system (Ch. 8, 

§ 2 ) 

L„ Notation for magnetic field lines; v = 0,1,2 ,... (Ch. 2, 

§3) 

L„ Impact parameter (10.17) 

I Length coordinate along a certain specified direction; 

dl line element (2.25) 

lo Characteristic length in eq. (2.95) 
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l' 

M 

M, 

m 

N 


N' 

n 


n 

«i 

0{X) 

p 

p 

Pi 

P{h) 

Pci 

■Pd 

Pc, Pi 


Prl, 


Ps 

AP, 

^Prc 

P 

Pp Pk 
Pu Pit P3 
P\\^P± 


Dimensionless arc length (2.109) 

Equivalent magnetic moment or first adiabatic invar¬ 
iant (2.83; 3.16; 9.62; 9.77) 

Moment of magnetic dipole (2.107) 

Mass of particle; mj and are ion and electron masses 
(2.36) 

Wave number in (p direction (8.56) 

Number of particles (Ch. 5, § 1.1); unperturbed particle 
density (Ch. 8, § 2) 

Density gradient (positive or negative) in Ch. 8, § 2 
Degrees of freedom (Ch. 2, § 3.2), particle density 
(3.40), exponential factor (8.56) or harmonic number 
(10.43) 

Unit vector along normal direction (2.27) 

Quantity specified in eq. (4.54) 

Order of magnitude of the quantity x 
Relativistic momentum (9,28) 

Unperturbed scalar pressure (6.51) 

Unperturbed longitudinal and transverse pressures 
(6.54) 

Perpendicular relativistic momentum as defimed in con- 
nexioii with eq. (9.77) 

Function defined by eq. (4.72) 

Probability of particle loss by close encounters (7.56) 
Probability of particle loss by distant encounters (7.57) 
Unperturbed pressures of electrons and ions (Ch. 8, 
§ 2 . 2 ) 

Power radiated as bremsstrahlung per unit volume 
(10.19) 

Power radiated as cyclotron radiation per unit volume 
(10.24) 

Power generated in plasma per unit volume (10.70) 
Power radiated by single particle (10.13) 

Cyclotron radiation power of single particle (10.22) 
Scalar pressure (5.25) 

Generalized momenta of particle (2.51) 

Generalized momenta in guiding centre approach (3.56) 
Longitudinal and transverse pressures (5.21) 
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Q 

Q 

Q. 

in 

€l> i.2> ii 

R 

R* 

R 

m 

■^eff 

Rm 

Rr 


S 

Sv 

Sy, 

S 


Sb 

T 

t 

to 

^cf 


tcl 

tj) 


Heat flux vector (5.26); is the part associated with 
the velocity component Wj 
Electric charge (10.1) 

Particle density in (a, jS, J, M) space (4.51) 

Charge of particle, positive or negative (2.36) 
Generalized coordinates of particle (2.49); Ch. 7, § 2.1 
Generalized coordinates in guiding centre approach 
(3.57) 

Vector indicating radius of curvature (3.20) 

Difference between position vector p of field point and 
position vector p* of source point (2.19) 

Radius of curvature positive or negative (8.2); mirror 
ratio (6.22) 

Mirror ratio (6.20) 

Effective mirror ratio (7.61) 

Maximum mirror ratio (6.20) 

Reflection coefficient (10.62) 

Radial distance from axis in cylindrical coordinate 
system (Ch. 2, § 4.2) 

Area; 6.S element of area (2.27) 

Coefficients describing position of particle in Ch. 3, 
§l(v = 1,2...) 

Function defined in eq. (8.17) 

Coordinate along magnetic field line; ds is line element 
(Ch. 2, § 1.2) 

Function defined in eq. (6.29) 

Half the distance along field line between two magnetic 
mirrors (6.24) 

Temperature (10.20) 

Time (2.1) 

Characteristic time | x I/I d;c/dt | of a certain quantity 
X (2.40) 

Characteristic time scale of electromagnetic field as 
seen from a coordinate system following particle orbit 
(Table 4.1) 

Time for close encounters (7.50) 

Deflection time for distant encounters (7.51) 

Gyro or Larmor period, 2rc/cw^ (4.4) 
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to, 

h 

'll 

t± 

u 

V, 

U„ 

U, 

Us 

C^sii, C'.x 
Us 

U„ 

Ui,) 

Uy 

uf\ c/<« 

u 

u' 

Ub 

Ub 

% 

Ui, Uf 


"8 

Mgi, Mg. 
«K 


«K» 

Wm 

«P 

M,|, Mjl 


tt|i 


Characteristic time of frequency variation (4.67) 

Time variable defined in eq. (4.69) 

Period of longitudinal oscillations between two mag¬ 
netic mirrors (4.9) 

Period of transverse drift around a magnetic field con¬ 
figuration (4.13) 

Space part of four velocity (9.46) 

Group velocity (Ch. 6, § 3) 

Convection velocity of density distribution (5.67) 

Phase velocity (6.52) 

Speed of sound (6.53) 

Parallel and transverse speeds of sound (6.57) 

Time part of four velocity (9.46) 

Thermal energy per unit mass (5.30) 

Part of thermal energy per unit mass associated with 
velocity component (5.26) 

Four-velocity components of guiding centre (9.44); 
(V = 1, 2, 3, 4) 

Zero and first order parts of Uy (9.66) 

Velocity of guiding centre (3.9; 3.16) 

Velocity satisfying eq. (5.38) 

Magnetic gradient drift (3.24); mean magnetic gradient 
drift (8.46) 

Electric field drift (3.26) 

External force drift (3.23) 

Velocities defined in connexion with eqs. (8.32) and 
(8.47) 

Gravitation drift (Ch. 8, § 2.3) 

Gravitation drifts of ions and electrons (Ch. 8, § 2.1) 
Velocity defiuied in connexion with eq. (8.34) 

Velocity defined in connexion with eq. (8.52) 
Transverse inertia drift (3.25) 

Polarization drift (3.27) 

Variable specified in eq. (4.93) 

Longitudinal and transverse drifts of guiding centre 
(3.17; 3.18; 3.19) 

Mean value of longitudinal drift for certain distribution 
of particles (3.45) 
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y, z or Xjfc 


Vl 

Z 

a,p 


0Ci» . .’., Kj, 
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“Thermal” part of longitudinal drift (3.45) 

The variable dsjdt, with sign included (Ch. 4, § 1.1) 
Volume; dV element of volume (2.19) 

Alfven velocity (6.52) 

Velocities of moving contours (2.27; 2.35) 

Modulus of mean velocity in ap plane (4.60) 

Velocity carrying a particle as specified in Fig. 4.5 
Macroscopic velocity or mass velocity (3.42) 

Part of mass velocity due to the gyration of particles 
(5.54) 

Variable specified in Ch. 4, § 2.3 
Velocity of gyration (Larmor motion), perpendicular to 
magnetic field in first order; W = do/dr (2.82; 3.9) 
Hamilton’s characteristic function (2.60) 

First order approximation of velocity of gyration in 
eq. (3.64) 

Total velocity of particle; w = dpjdl (2.36) 

Velocity of particle observed in rotating coordinate 
system (7.22) 

Transformed velocity (5.37) 

Deviation of particle velocity from its mean value (5.19) 
Velocity at infinity (10.17) 

Coordinates of guiding centre in four-space; 

V = 1,2, 3,4 (9.51) 

Rectangular coordinates; k = x, y, z (2.40; 2.48) 
Thickness of plasma slab (10.62) 

Critical thickness (Ch. 10, § 5.6) 

Coordinates of particle in four-space; v = 1, 2, 3, 4 
(9.7) 

Small oscillating contribution to particle motion (9.51) 
Velocity carrying particle as specified in Ch. 4, § 1.5 
Solid angle (10.11) 

Variable defined in eq. (4.85) 

Charge number of ion (10.16) 

Transverse coordinates specifying magnetic field line 
(2.21); definition modified in Ch. 3, § 3 
Canonical momenta in transformed representation (Ch. 
2 , § 3.2) 
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OCie 

OCy 

^(11, i.) 


iSv 

r 

r 

y 

Vo 


2y' 

5 

Kx) 

5v 


“eq 


Bo 


c 

Ca 

Cl 

C2 

»/v 


6> 
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Frequency defined in connexion with (8.20) 

Coefficient in eq. (9.34) 

Absorption coefficients with respect to frequency for 
ordinary and extra-ordinary waves (10.56) 

Coefficient in eq. (9.34) 

Stability parameter defined in eqs (8.26),(8.36) and (8.51) 
Parameter defined in eq. (8.27) 

Relativistic factor, (1 — w^/c®)“* (9.3) 

Collision parameter giving rate of change towards 
isotropy (6.44) 

Dimensionless angular momentum at infinity (2.110) 
Parameter defined in eq. (4.68), or any subscript (9.58) 
Delta function of x (10.38) 

Kronecker’s delta; S^y, = 1 for — v and = 0 for 
fi ^ V (5.21) 

Components of vector given by eq. (9.53) 

Ratio between particle mass m and charge q. Repre¬ 
sents also dimensionless “smallness parameter” ex¬ 
pressing the ratios between the Larmor radius and the 
characteristic lengths, or between the gyro time and the 
characteristic time of the electromagnetic field (3.3; 
9.59) 

Equivalent dielectric constant (or inductive capacity) 
(3.51) 

Dielectric constant (or inductive capacity) in vacuo 
((1/3671) X 10-» As/Vm) 

Variable defined by eqs. (2.139) and (4.62) 

Variable given by eq. (9.52); is the complex conjugate 

of?.. 

Variable given by = x 4- iy (2.138) 

Variable introduced in eq. (4.76) 

Angle of rotation in four-space (9.10) 

Coefficient in eq. (9.34) 

Emission coefficients with respect to frequency co for 
ordinary and extra-ordinary waves (10.54) 

Periodic part of variables describing motion of charged 
particle (2.64) 

Angle (3.20; 6.52) and azimuthal coordinate (10.21) 
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S 

S|l 

c 

K 


X 

«r 

X^^, 3Cj. 

A 


■^D 

A^, Ai 

X 


X„ X{ 
K 


Ato 

V 


5 v 


n 

P 

P* 

P' 

a 

T 

T(, To 


Angle defined in Fig. 5.1.b 

Periodic part of variables associated with Larmor mo¬ 
tion of a charged particle (3.6) 

Periodic part of variables associated with the longitudi¬ 
nal oscillations of a charged particle (4.8) 

Angle of rotational transform (Ch. 7, § 3.2) 

Wave number (Ch. 6, § 3; 10.31) 

Function associated with magnetic compression and 
defined in eq. (8.45) 

Total compression factor (6.28) 

Parameter defined in connexion with eq. (10.57) 
Longitudinal and transverse compression factors (6.25; 
6.27) 

Ratio measuring deviations from adiabatic invariance 
(4.66) 

Parameter defined in eq. (7.53) 

Parameters defined by eq. (8.54) 

Parameter defined in eq. (9.35) 

Amplitudes (8.27) 

Spatial perturbations of ion and electron clouds (8.11) 
Angle defined in Fig. 10.5 
Any subscript (9.18) 

Parameter defined in connexion with eq. (10.55) 
Magnetic permeability in vacuo (4k X 10’ Vs/Am) 
Any subscript (9.18) 

Displacement of fiuid element (6.7) 

Coeflicient in eq. (9.34) 

Power generated as cyclotron radiation per unit area 
of plasma slab (10.66) 

Pressure tensor (5.19) 

Position vector of field point (2.19) and of particle (3.4) 
Position vector of source point (2.19) 

Position vector in transformed frame (9.1) 

Electric charge density (2.3) or any subscript (9.57) 
Electric surface charge density (8.21) 

Components of vector given by (eq. (9.53) 

Proper time (9.30) 

Proper times defined in Ch. 9, § 4. 3 
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T» 

Tl 

'^'eq 

(j)* 

<P 


X 


w 

Wikw) 

n 


fi 


Cl)„ <»i 
Q)f, (Oq 

®g 

0)„ 

“p 

<»(<» 

dz/df s i 
dvZ/dt 


V 

Vy,Sl>fbW 


X 

X 


Decay time due to velocity diffusion (7.60) 

Proper time defined in eq. (9.64) 

Variable introduced in eq. (4.79); ti = st^ 

Magnetic flux (2.25); flux invariant or third adiabatic 
invariant (4.12) 

Electric potential (2.10) 

Equivalent potential (7.7) 

Gravitation potential (2.37) 

Modified electric potential in rotating system (7.29) 
Meridional angle or angle in cylindrical coordinate 
system (5.39) 

Indicates any scalar quantity (2.13), or the modulus 
1 I of any vector %, unless something else is specified 
Total particle flux (3.41) 

Function defined in eq. (7.54) 

Contribution to particle flux from guiding centre drift 
(3.41) 

Contribution to particle flux from gyration (3.41) 
Function defined in eq. (7.55) 

Angular velocity (7.20) 

Frequency of oscillation (4,62) 

Frequency of gyration of electrons and ions (8.9) 
Frequencies in final and initial states (4.63) 

Frequency of gyration (Larmor frequency) of any par¬ 
ticle (2.72) 

Frequency of «-th harmonic (10.43) 

Plasma frequency (Ch. 10, § 5.3) 

Zero order approximation of co in eq. (9.67) 

Total time derivative of x in a coordinate system follow¬ 
ing the motion of a particle (2.36; 2.48) 

Time derivatives -f u, • p)x of % in coordinate 
systems following the mass motions of ions or elec¬ 
trons; V = i, e (Ch. 8, § 2.2) 

Nabla operator (2.10) 

Operator in velocity space; == <>/‘>w'x) 

in rectangular coordinates (5.9) 

Unit vector xlx along % (2.27) 

Modulus (x®)* of vector j,, unless someting else is spe- 
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cified (2.81) 

Mean value (expectation value) of x, except in velocity 
space (3.12) 

/ Mean value of x in velocity space (5.12) 

X Perturbed part of x (Ch. 8, § 2.2) or deviation of x from 

an average (Ch. 5, § 1.3) 

{Xi 9 Xi} Poisson bracket of two quantities, Xx and Xi (2-59) 


Superscripts and subscripts have the following meaning: 


(*) 

0 

(c) 

(c) 

(.) 

G) 

G) 

G).G) 

(max)? (min} 

(o) 

Q 

(.).G).(v).(.) 


Modified quantity or complex conjugate 

Transformed or dimensionless variable 

Value at centre of gyration 

Characteristic quantity 

Refers to electrons 

Final state 

Refers to ions 

Any subscript 

Maximum and minimum values 

Original state, initial value, or value in equatorial plane 

Value at bounding wall 

Any subscript 

Parallel with and perpendicular to a specified direction 
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A 

Acceleration field of moving charge 239 
Acceleration of guiding centre 49 
Action integral 26,70-75, 82, 104 
Action variables 24 
Adiabatic changes of state 67-69, 76, 79, 
81,120-122, 146, 208 
and anisotropy 121, 147-148 
Adiabatic invariance (see also magnetic mo¬ 
ment, longitudinal invariant and flux 
invariant) 67,105-107,146-148 
definitions 71-74,93-97 
deviations from 79-81, 95, 98-102, 176 
general properties 24, 67, 68, 76, 105- 
107 

gyrating particle 93, 94 
harmonic oscillator 93, 94 
higher order invariance 93, 102, 105 
in the large 96,97 
in the small 96 

magnetic compression 69, 79, 120-122, 
135,146-148 

magnetic field imperfections 176,177 
nearly periodic systems 24 

one-dimensional problem 93-97 
relativistic case 105 
resonance phenomena 24,25, 107 
three-dimensional problem 102 
Alfv6n’s heating mechanism: see heating and 
magnetic compression 
Alfv6n \vaves 1, 145-148 
van Allen belts 67, 149, 165, 166 
stability of 214 
Ambipolar effects 182 
Angular momentum, generalized 159 
Angular velocity 158, 161, 162, 190 
and Ferraro’s isorotation law 162 
Anisotropy 61,113,114,146-148 
Astron 151,167 

Astrophysical applications: see cosmical 
applications 


Asymmetric magnetic bottles 174-177 
Asymptotic expansions: see orbit theory, 
smallness parameter and distribution 
function 

Aurora 34, 67 
B 

Back-flux of neutrals 168 

influence on velocity limit of rotating 
plasma 168 
Balance of 
charge 7,112 

energy 16,57,113,114,223,224 
gener^ized angular momentum 32 
heat 16, 113, 114 
mass 112 

momentum 16, 26, 49, 50, 57, 60, 61, 
112, 117-119, 223 
Betatron: see plasma betatron 
Betatron acceleration: see induction law 
Boltzmann equation 4, 108-111 
collisionless 110 
Bremsstrahlung 237,241-243 
Bumpy torus: see corrugated field 

C 

Canonical equations and transformations: 

see Hamiltonian formalism 
Centre of gyration: see guiding centre 
Centrifugal force (see also confinement and 
rotating systems) 159,160,167,215 
^ding centre drift 52 
influence on longitudinal motion 150, 
151,167 

influence on stability: see instabilities and 
gravitation force 
Cerenkov radiation 237,243 
Characteristic parameters : see scaling laws 
Charge density 7, 61 

transformation of 220,221 
Charge exchange 179 
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Charge separation (see also polarization) 
3, 32, 48, 51, 52, 54, 57, 124, 163, 166, 
170, 173, 186, 187, 192, 194-196, 204 
experimental difficulties 150, 170 
longitudinal motion as source 215-217 
theoretical difficulties 3, 57, 62 
Collisions 
close 180,181 
cumulative effects 179, 181 
deflection times 180 
dissipative effects: see dissipation 
distant 180, 181 

Compression: see magnetic compression 
Compression factor 139 
longitudinal 138 
transverse 139 

Confinement (see also forbidden regions and 
particle losses) 149 
energy balance 149,150 
general principles 149-151 
heat losses 149 

influence of induced currents 150-151 
instabilities 150 
particle losses 149 
radio frequency 150 
Confinement across field lines 149-151 

asymmetric field 174,175 
closed drift orbits 150 
Coriolis’force 160,163 
oscillating fields 150 
rotational drift motion 150 
rotational transform 150, 170-174 
Confinement along field lines 149-151 
centrifugal force 150,160, 162,167-168 
closed field lines 150,170 
mirror force 150, 163, 164, 168 
Connexion between particle picture and fluid 
model: see particle picture 
Conservation laws: see balance 
Constants of the motion (see also adiabatic 
invariance) 21, 67,153 
Constraints 

due to electric and magnetic fields 43 

in representation of magnetic field coor¬ 
dinates 23, 64, 65 
mechanical system 23 
Controlled thermonuclear fusion: see fusion 
Coriolis force (see also confinement and 
rotating systems) 159, 160 
charge separation 163, 195,211 


stability 211-213 

Corrugated magnetic field 173, 175, 177 
Cosmic rays 1, 34,42, 67,149 

Cosmical applications 1, 34, 42, 53, 54^ 
67, 149 

Current density 6,7, 61 
transformation of 220, 221 
Current leads: see leads 
Cusped geometry (see also Picket Fence) 
151,169, 173 

losses due to zero point 169 
stability 169, 189 
stuffed cusp 169 

Cyclic coordinate 153 
Cyclotron radiation 237, 243-257 
absorption coefficient 252-253 
applications to cosmical problems 243- 
244 

applications to fusion 244 
comparison with bremsstrahlung 246 
emission coefficient 245, 250-252 
energy balance 255-257 
influence of reflectors 253-255, 257 
power radiated from transparent plasma 
244-246 

spectral distribution 247-250 
transparency coefficient 256 
Cyclotron resonance 31 

D 

DCX 170,179 
Debye distance 180,194 
Density 3, 111 

connexion with magnetic field strength 
131-135, 138-140 

Density distributions, drift of 3, 122-124, 
133-135,193,194,207,208 
connexion with guiding centre drift and 
fluid velocity 122-124 
source of electric space charges 3, 124 
stability 185-187, 193, 194, 207-210 
Diamagnetism of ionized gas 29, 47 
Dielectric constant (see also equivalent 
dielectric constant) 7, 62, 198 
Diffusion 2 
ambipolar effects 182 

identical particles 178,179 

in coordinate space 177-179 
influence of neutrals 179 
in velocity space 179-182 
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Dissipation 108, 110, 111, 115, 143-145 
Distribution function 109,115-117 
approximations 115-117 
asymptotic expansions 116 
momenta 111 

Drift motion across magnetic field (see also 
guiding centre motion) 49, 50, 149- 
151 

electric field drift 30, 51, 56, 194, 228 
electric field drift with rapid changes 53 
external force drift 50, 51 
finite Laimor radius effects 56 
gravitation drift 186 
inertia drift 51,52 
magnetic gradient drift 48, 50, 51, 125, 
126, 209 

polarization drift 51, 52, 57 
relativistic 227 

Drift motion along magnetic field (see also 
guiding centre motion) 30,33,43,47, 
49, 50, 53, 63, 64, 149-151 

E 

Electric current: see current density 
Electric field 6 

longitudinal 10,43,55,161,165,233 
transverse 43,55,161 
Electric neutrality: see quasi-neutrality 
Electric potential 8, 63,191 
Electromagnetic field of moving charge 237 
acceleration field 240 
velocity field 240 

Electromagnetic field tensor: see field tensor 
Electromagnetic theory 6 
Electron optics 1 
Electronic tubes 1,40,156 
Encounters: see collisions 
Energy converters 2 
Energy, relativistic 224 
Energy equation: see balance of energy 
relativistic 223,224,234 
Entropy 128, 145 
Equation of continuity 112 
Equation of motion (see also balance of 
momentum, drift motion and guiding 
centre motion) 

guiding centre 49, 50, 231,233 
macroscopic fluid 60, 61, 112, 117-119 
particle 16 

relativistic 222-224,228-235 


Equivalent dielectric constant 7, 61, 62, 
197, 198, 202, 207 
elementary waves 62 
problems in interpretation 8, 62, 207 
Equivalent magnetic moment: see magnetic 
moment and adiabatic invariance 
Equivalent potential in symmetric system 
153, 156, 157, 160, 162 
Excitation radiation 237 
Expansion effects: see compression effects 
Experiments on stability: see stability 

F 

Fermi’s compression mechanism: see mag¬ 
netic compression and heating 
Ferraro’s isorotation law: see isorotation law 
Field lines 

associated magnetic flux 12,153 
concept of 10-16 
frozen 1, 67, 93, 132, 149 
motion of 10-16 
Field tensor 221, 222 

Figure-eight device 170, 171 
Finite Larmor radius effects on 
guiding centre motion 56, 128, 204 
mean macroscopic force 128-130, 195 
stability 195, 200-207, 210, 211, 213 
Fluid model 3,4,57,58,108,115,117-120 
connexion with particle picture: see 
particle picture 
macroscopic velocity 58-60 
mean fields of 6 
mean values 111 
validity of 59, 60, 108, 115 
Flute type instability: see instabilities 
Flux invariant 67, 69, 74, 75, 90-93 
Flux of particles 3, 57, 58, 60 
guiding centra 3, 57, 58 
Flux-preserving velocity field 12-14, 67, 
70, 88, 121, 131, 132 

Forbidden regions (see also confinement) 
2,149,152-164, 167,168 
axially symmetric systems 152-158 
dipole field 36 
field from line current 37 
hyperbolic field 38 
rotating systems 158-163 
Force field 16, 43, 55 
Four-vector 221 
Fusion 2,149, 181,236 
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temperatures 149, 181 
G 

Gauge transformation 8, 10, 63, 75 
Generalized coordinates and momenta: see 
Hamiltonian formalism 
Generating function: see Hamiltonian for¬ 
malism 

Gravitation force 16, 185 
Gravitation instability: see instability 
Guiding centre 3, 29 
position vector of 44 
Guiding centre motion {see also drift motion) 
equation of motion 49, 50, 54, 56, 86, 
122, 224 

first order theory 46-53 
Hamiltonian theory 62, 70 
higher order approximation 45, 53, 54, 
56,119 

longitudinal force field 43, 72, 82, 163- 
165 

relativistic 227, 228 
transverse force field 27-29, 43, 50-53 
Gyration of charged particle 3,55,56,58, 

64 

higher order approximation 55, 70 
particle flux due to 57, 58, 11^120 
position vector of 29,44-45,56,70,103 
relativistic 226 
Gyrorelaxation effect: see heating 

H 

Hall effect 203 
Hamiltonian 20, 23, 152 
constant of the motion 23 

guiding centre approach 63-66, 72, 82 
longitudinal motion 72, 82 
nearly periodic system 25 
Hamiltonian formalism 18 
canonical equations 20, 25, 74, 87 
canonical transformation 21, 87 

generalized angular momentum 159 
generalized coordinates and momenta 
19, 63,108,109, 152 
generating functions 21, 22, 63 
guiding centre approach 62, 70, 72, 82, 
87 

Hamilton-Jacobi equation 22, 24 
Hamilton’s characteristic function 22, 24 
Hamilton’s principle 19 


Harmonic oscillator 41,68,69, 94,102 
Heat conduction 149 
Heat flow vector 113, 114 
Heating by adiabatic compression 69, 
135-143 

Alfv6n’s mechanism 140-143 
cyclotron resonance 31 

Fermi’s mechanism 139 

gyrorelaxation effect 143-145 
transverse compression by time-dependent 
field 138-140 

Helical instability: see instabilities 
Helical windings on Stellarator 172 
Homopolar device 168 

I 

Ignorable coordinate: see cyclic coordinate 
Impact parameter 180,242 

Induced currents 4,43, 145,151,191,192 
Induction law 4, 6, 10-15, 77, 120, 142, 
191 

betatron acceleration 17, 78, 143 
Injection of plasma 169-170 
Instabilities {see also stability) 182 
Alfv6n wave 148 
astrophysical problems 214 
boundary conditions 197, 213-215 
conducting end plates 213, 214 
Coriolis force 211-213 
dispersion relation 202, 205, 209 
experimental tests 214 
external electric field 214 

finite density gradient 200-203 
fire-hose 148 
flute type 183, 184-215 
gravitational 185, 195, 203, 205 
growth rates 199, 200, 202,205, 209 
Hall effect 203 
induction effects 183 
interchange 185-187 
kink 183 

magnetic gradient 187-189, 207-211 

magnetohydrodynamic (macroinstabili¬ 
ties) 183 

microinstabilities 183 
mirror 148 
non-linear 183,215 
Rayleigh-Taylor 185,200 
sausage 183 

screw (or helical) instability 215-217 
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sharp boimdaiy 195 
sheared field 188 
volume currents 200 
Interchange instability: see instabilities 
Ioffe windings 174,175 
Isorotation law 1,162 
Isotropy 128 
pressure 113,208 
temperature 60 
Ixion 167 

E 

Kruskal limit 173 
L 

Lagrange’s equation 19 
Lagrangian 19,21,152 
Larmor motion: see gyration 
Larmor radius 29, 56 
boundaries of forbidden regions 155 

position vector 44,45, 56 
relativistic 226 
Leads, force-free 157,166 
motion in field of 157,175 
Levitron: see ringcurrent configurations 
Line-preserving velocity field 13-15, 88, 
133 

Lines of force: see magnetic field lines 
Liouville’s theorem 88,108,109,128 
Localized perturbation analysis 190 
validity of 190,203,205 

Longitudinal invariant (see also adiabatic in¬ 
variance) 67, 69, 72, 73, 80-86, 94, 
121,135,138 

Longitudinal invariant surface 89, 91 
Longitudinal motion 43, 47, 49, 60, 61, 
68,80,121,123,127,136,137, 148, 150, 
161, 166, 167, 171, 215-217 
Lorentz transformation 218, 219 
Loss cones 164 
ambipolar effects 182 
diffusion into 179-181 
Losses of particles: see particle losses 

M 

Macroscopic fluid model: see fluid model 
Macroscopic fluid velocity 112 
pressure gradient as source 125 
temperature gradient as source 126 
Magnetic axis 172 


Magnetic bottles: see confinement j 
Magnetic compression 3, 67, 69, 76, 121, 
131-148, 155, 194 

longitudinal 80, 81, 121, 134, 135-140 
stability 194,207-211 
transverse 79, 121, 134, 135-140, 194, 
210 

Magnetic field (see also motion in) 6,7 
axially symmetric 154,155 
poloidal 152, 163-170 
radius of curvature 49, 50,188 
toroidal 157, 170-174 
zero points 16, 157, 169, 175 
Magnetic field coordinates 9, 23, 63-65, 
82-92 

Magnetic field lines: see field lines 
Magnetic flux (see also flux invariant) 11, 

12, 68, 75,76,90, 153, 161, 162 
enclosed by Larmor orbit 34, 79, 137 
Magnetic gradient force 47, 48, 50, 66 
Magnetic mirrors (see also loss cones) 34, 
47, 66, 72, 73, 75, 80, 90, 94, 135, 150, 
163-167 

ambipolar effects 165 
compression produced by 69, 76, 80, 
121,135-140 

containment times 181-182 
devices 151, 163-167 
injection of plasma 169-170 

stability 174, 188,189, 210,214 
Magnetic moment (see also adiabatic in¬ 
variance) 29,58,59,67,68,71,77-80, 
94,95,105,121,135,146,163 
changes due to field jump 98 
changes in slowly varying field 99-102 
changes of 95,176 
relativistic 232 
Magnetic permeability 7 
Magnetic surface 172 
Magnetic transform 172 
Magnetic vector potential 8, 9, 63, 160 
Magnetization current 89 

Magnetohydrodynamic energy converters 
2 

Magnetohydrodynamic waves 1,145-148, 
191 

group velocity 148 

phase velocity 147 

Magnetron 156 

Maxwell’s equations 6, 7, 61, 62 
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Minkowski space 219 
Mirror: see magnetic mirrors 
Mirror ratio 137 
Model experiments 36, 53 
Momentum vector, relativistic 224 
Motion i^see also orbit theory and drift 
motion) 

in axially symmetric field 32, 152-163 
in crossed fields 27-32, 155, 156, 158- 
163, 166-168 
in dipole field 34,42 
in hyperbolic field 37-40 
in line-current configuration 36-37, 
154-157, 187 
in monopole field 32 
in time-dependent field 40-41, 98-102 
on magnetic flux-tubes 34,137 
Moving charge, potentials and fields of 
237-240 

N 

Nearly periodic motion 24, 55, 70, 71 
Neutral gas interaction 
as injection mechanism 170 
with rotating plasma 168 

O 

OGRA 170,214 
Ohmic dissipation 115 
Ohm’s law 203 
Orbit theory 1-3,42 
asymptotic expansions 45, 54, 70, 102 
degrees of freedom 70 
first order 46, 60 

first order, conditions of 42, 43, 46, 52, 
55, 56, 60, 62, 230 
Hamiltonian theory 62, 70 
higher order approximations 54, 57, 60 
limitations and difficulties 3, 4, 54, 57, 
60, 119-120 

relativistic 42, 227, 228-235 
rotating systems 53, 160 

tests of accuracy 37, 51 

P 

Particle losses 175 
across and along field lines 149-151 
ambipolar effects 182 
charge exchange 179 
diffusion in coordinate space 177 


diffusion in velocity space 179 
instabilities 182 

magnetic gradient drift 157,170-173 
Particle picture 2, 3 
connexion with drift of density distribu¬ 
tions 122-124 

connexion with fluid model 3, 57, 117- 
130 

Periodic and nearly periodic motion 23 
canonical equations 25 
Perturbation theory of orbits: see orbit 
theory 

Picket Fence {see also cusped geometry) 
151, 169, 173, 174 
Plasma betatron 151 
Poisson bracket 21 
Poisson’s equation 7, 194 
Polarization, electric 7,32,51,52,57,124, 
195, 197, 198, 202 
magnetic 7 

Poloidal magnetic field 152 
Potentials of moving charge 237-238 
Pressure tensor 4, 112,113, 117 
anisotropy 113, 114, 118, 146-148 
collisional effects 115 

higher order contributions 117, 195, 
201, 203-207 

off-diagonal elements 112, 117 
particle picture and fluid model 119 
scalar pressures 113 
Proper time 224 

Q 

Quasi-neutral ity 192 

R 

Radial ratio 151 

influence on velocity of rotating plasma 
168, 169 

Radiation {see also bremsstrahlung, Ceren¬ 
kov, cyclotron and excitation radiation) 
2, 236 

equation of energy transfer 254 
non-thermal 236,246 
Radiation losses 149, 236 
radiated energy 240-241 
Radiation pressure 4 
Radius of curvature of magnetic field 50 
188 

forces due to 50 
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Stability problems 188,189 
Radius of gyration: see Larmor radius 
Rayleigh-Taylor instability: see instabilities 
Relativity 218 

Resistivity, influence on stability 191, 217 
Retarded potentials 9, 237-23^ 

Retarded time 9, 237 
Ringcurrent configurations 151, 166 
with leads 151,166 
without leads (Levitron) 151, 167 
Rotating plasma 151,158, 167 
neutral gas interaction 168 

stability 212--215 
velocity limit 168 

Rotating systems (see also angular velocity, 
centrifugal and Coriolis force) 158- 
163, 190 

equivalent electric field 160,167,168 

equivalent magnetic field 160, 167,168, 
195,211 

Rotational transform 150,170-174 
compared with effects of corrugated field 
175 

difficulties due to velocity spread 173 
modification by induced fields and plasma 
pressure 173 

suppression by finite resistivity 173 
S 

Scale factors 152 
Scaling laws 17,53 
characteristic parameters 17, 36, 53, 54 
dimensionless variables 17, 53, 54 
guiding centre motion 54 
Screw instability: jee instabilities 
Second law of ttiermodynamics 128,145 
Self-field 151 
Sheared field 166,173,188 
interchange instability in 189, 213 
Similar configurations: see scaling laws 
Smallness parameter 44, 100-103, 115, 
206 

asymptotic expansions 45, 54, 70, 102, 
115, 116, 231, 233 

difficulties in approximations 57, 119- 
120, 206-207 
Sound waves 146-148 
Space charges: see charge density and charge 
separation 

Stability (see also instabilities) 2,183 


energy principle 183-184,213 
experiments 213-215 
non-linear problems 184 
normal mode analysis 183,190 
stabilizing mechanisms 213-215 
Stellarator (see also Rruskal limit, rotational 
transform and sheared field) 151, 
170-174 
scallops 173 
stability 173 
Stormer unit 35, 36 
Stuffed cusp: see cusped geometry 
Sunspot magnetic field 1 
Susceptibility, electric and magnetic 7,148 

Synchrotron radiation: see cyclotron radia¬ 
tion 

T 

Temperature 59 
Thermal energy 59-61 
Thermonuclear fusion: see fusion 
Toroidal magnetic field 152 
Toroidal pinch 151 
comparison with Stellarator 174 

U 

Unipolar inductor 11 

Unperturbed state 192 

V 

Vector potential: see magnetic vector po¬ 
tential 

Velocity field of moving charge 240 
Velocity limit of rotating plasma 168 
Velocity of quiding centre, 46, 58,122-126 
in fluid model 112, 122 
of gyration 29,46,58, 127 
Viscosity 115, 149 
Vlasov equation 109-111 
approximate solutions of 115 

W 

Wave equations 9 

Waves in a plasma (see also magnetohydro¬ 
dynamic waves) 145-148 
group and place velocities 147 

Z 

Zero order forces on drift motion 52-53 
Zero points of magnetic field: see magnetic 
field 

ZETA 170 
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curl E 

= - DB/at 


(2.1) 

carl B/fiQ ■■ 

= j + So DB/at 


(2.2) 

div 

E = ct/eo 


(2.7) 

B : 

= curl A 


(2.8) 

E = - 

- ^A/Tit 


(2.10) 

V^A-\ 

7)^A 


(2.17) 

v^4> - 4 

1 

1?-- 


(2.18) 

II 

R* 

(2.19) 

Kp> 0 = 7^ ( 

47i:Co J 

' c{p*, t — R*lc) 
R* 

dV* 

(2.20) 

A = 

aFj? + Vx 


(2.21) 

B = 

Fa X F/J 


(2.22) 

= — + oc 



(2.23) 

£|, = - 

hh‘^) 


(2.24) 

11 

F + qw X B 


(2.36) 
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F ■■ 

2)Jl 

= - + »*^g) -« 

(2.37) 


= F-w 

(2.38) 


= - - fcsF'^; - ^ ^ X curl' 

a^ 

(2.42) 

fci = mLJqAj^; fej = fcj = 

(2.43) 


L = -^mw^ — m^g — + 51 ^ • -A 

(2.47) 


Hk 

(2.51) 


H = 'ZPkkk- ^^qk,qk>t) 

k 

(2.52) 


-bH 

ik ““ 

^Pk 

(2.56) 


bH 

"‘=-h; 

(2.57) 


p. = ^>-,;.^=;h'.h + ?5? 

(2.58) 

^ . 
dt ' 


(2.59) 


Pk = WIW* + 

(2.61) 


H = imw^ + + m^g 

(2.62) 


ik = ?i[0(t). 0; Pi = Pkl0{t), t] 

(2.64) 

J* 

-b; .^UBt.; j; 

(2.71) 

— B X FTo cos (Ogt + ^ PTo sin co^t; PTq = (w^o. ^yo, 0) (2.80) 


W = do/dr = ( 0,0 X B 

(2.82) 


M = - imB{WolBf 

(2.83) 
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« ^ I \B}\<1 


i. ^ 

cOg df 




^ ^ -r ,, 

= P/q w X B, 8 = miq, w = dp/dt (3.3) 

pO) = C{t) 8’{C,(f) cos [vS(i)/8] + S^t) sin [vd(f)/s]} 

= ^(0 + ®(0 (3.6) 

M = dCjdt; W = do/df; w = u-\-W (3.9) 

Au 

m— = F + qu X B - MFB; M = (3.16) 

Au ^ 

mB- — ^F-B-M{B-V)B (3.17) 


u^ = ' F - MFB -m^)x BJqB 


dtt dMii .. dwir du, 

dr-“iiTf + "'i-^ + Tr 


dW|, = it|, - M||o = B - Bo = (\R\deB- F)B 

= U||(J8-r)jBdf (3.20) 

(B • F)B = - B X curl B = (BF^B - B x curl B)IB^ (3.21) 

Uj. = j^F - JVf(l + 2uf|/PF^)FS - m x BfqB^ 

+ (2Mwf|/Fr ^gB) (curl B\ (3.22) 

Up = F X BjqB^ (external force drift) (3.23) 

Up = [M(l + 2uf|/lF^)/gB^]B X FB (magnetic gradient drift) (3.24) 

A*tM 

Wm = {mlqB^)B x ■ 


Up = E X BjB^ 


dUj^ 

nr 


(transverse inertia drift) (3.25) 
(electric drift) (3.26) 
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Up = (m/qB*)B x x BJ = (mlqB^) (polarization drift) (3.27) 

+ aSi X B = 6(25Si + 5Si - x B) - sC x [(Cj • F)B] 

- £(Ci • F)Flq + 0(e^) (3.32) 

- SCi X B = - £(2 SCi + SCi + Si X B) - eC x [(Si • F)B] 

- e(Si • F)F/q + 0(8^) (3.33) 


F= - qC xB + 0(8); F B = 0(8) (3.34) 

Cl • B = 0(8); Si • B = 0(8); Ci • Si = ©(e) (3.35) 

Cl = Si+ 0(8) (3.36) 

d = J5 + 0(e) (3.37) 

a = eCx cos cOgf + sSx sin cOgt + 0{s) (3.38) 

8Ci = Bx1FoK; sSx=WolcOg (3.39) 

dw 

- 3 ^ = (1+ ia*Fi)F + gw X B - MVB + 0(8^B) + 0(8^) 

(3.40) 

nv = nu + curl (nM/q) ( 3 - 43 ) 

K^^ = ininfi = im{uf^ + «f,); = imlV^ (3.45) 

n»|| = nitii - nKx. (curl B)||/g £2 (3 4 ^^ 

n»j. = nF X BlqB^ + n{Kx, - 2K^^{VB - B x curlB) x BjqB^ 

- F(nKx) X BlqB^ -nm^x B/qB^ (3.47) 

+ (« -F)®]^ = „F|, - {nlB){K^ - 2K^^)V^^B - 

Se, = (ninii + npm^)lB^ 


F„(2nli:„)(3.49) 

(3.51) 
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J* = ^ \m(yv +u) + qA], ^ (c + o), dS = const. (4.2) 

(^) ■ ® (4-6) 


= q<l> + qoc^ + imuf^ + MB 


Ju* = J = <b 


Tis 


-J dS|| = m ^ u 
f f'll 

J = O P|| ds = m I wfi dt = m <Mf|> tn = 

« */ 0 


ds « const. 


const. 


J = m ^ Mu(s')ds'; W|| = (2/m)'^(jFf|, qcj) — qa^ - MBy 


(4.7) 

(4.8) 

(4.9) 
(4.24) 


/\ 1 ^^11 


<j5> = 1 

q ha 


i + co^(r)C = 0 

Mo = (g/2coo) (x^ + j;^)o = (^/2cOo) <[ Ci | ">o 


(4.44) 

(4.45) 

(4.62) 

(4.65) 


— + div {nv) = 0 (5.17) 

nm + (u • P)»j = n{b' + qv x B) - div n (5.20) 
^Jk = Pw^J^k + Pli^Jk ““ ( 5 . 21 ) 

div n = FiiPi, - ilL^ F,|B + + (p^^ - Pj) {B • r)B (5.24) 


nvx = {nP — div n) x BjqB^ — nm + (v • F)»J x B/gB* (5.52) 
t? « ®ll + F X B/qB^; t?|| « M||; « ©(e) (5.55) 
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® ■ ^) ® (5-60) 

~ S ^ ^ ■*■ ®ll) ■ 

+ {2lqB^)(BxVB) ■ div n+n div(F xBIqB^-m ^ x BjqB^ 

+ (llqB^) div (B x div Ji) + «B(®|| • F) (i)||/£) (5.62) 

^+V„-Vn + ndivj^tt^ + ^^B x £(«„ + tt,)j 

+ ^ [2B X VB + (curl B) J • VK^ 

fi ^5.67) 

+ - -K^i) [B X F£ + (curl B) J) 

2,n 

~ ^(2^11 ~ ^ FB) -(B X curl B) + nB(v^^ • F)(u||/B) = 0 


^ “ I '^ ~ B-Bx F(n/B")] 

+ »|| • Fn + nB(»|| • F) (u||/S) = 0 (6.12) 

(^ + Mp • F^ (n/B^) = 0; v^^ = 0 (6.13) 

dpj 

-^ = 0; pj = const. = pj^ = mh%qjo + qhjoAjo (7.6) 

^eq = irn(wl + w^) = H - Hq + imwg + m(^go - </>g) + q(<l>o - ^) 

- (l/2mft?) ImhjoWjo + q{hjoAjo - hj-Aj]^ >0 (7.7) 

<^eq = imwl + m(.^go - <^g) + ^(.^0 - <^) 

- {Ijlmr^) [mrow^o + q{roA^Q - rA^f >0 (7.13) 



COMMONLY USED EXPRESSIONS AND HGURES 297 

w = 10* Q X p* (7.23) 

dio* 

+ qw* X B* - mF4>^ (7.32) 

= (sin 0)"^ + 2q{(j>o - K)lmWo^ (7.40) 

Eaiv - (mi/e)sr + (l/eJV) (div 5Cio)j. - •i(mi/e)P(Q x pf (8.5) 

_ = div(n,»,) = - 2 divX (®v X Q)J 


-{F$xBy F(nJB^) + -l) {[g+W{Q x pf] x B} • Fn, 


+ —^ {B X FB) • div JTv-^ B • cur) (div n^) 

q^B q^ 


- (l/eJVJ5")(B X div^Tio) • Fn,-div|—r F^^ + -( 

(.tOyBL (>r 



(8.9) 

- isole)F^$ 

(8.10) 

~p, = (5P./3iV)n, 

(8.43) 

Mb, = {lOPJ3Nq,B^)B x FB 

(8.46) 


m^(yw) = -^(P) = q{E + w x B) 


'J® n ^ 2 

= qw • E; S = ymc 


(9.29) 
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(a) 


(b) 



rr mimin/rT/nrDu lunnin nnn 
jj.!jjui/unn(it(ttnnnt.nuJtt(i(( 


E-Eo 

Wo+0 

4>,><1>2 



//////// ///// //) nrni / inu u i mr/Tfi i 
n/i/Hniiiniinninutnnii 


(d) 





i n}i)nir})i nnin. 
ujfu n{ tui nnuit 


(e) 




777777777777777777777777777777777777777777 * 


E slowly 
decreasing: 


mn/tmrriju! i) 
uKftiNiNtni nit 


Exo -0 

Wo-0 

E slowly 
increasing 


Fig, 2.4. Orbits of charged particle in a homogeneous magnetostatic field H and a homo¬ 
geneous, time-dependent electric field a. Definition of coordinates, b. Constant electric 
field Eq, The electric drift is the same for particles of both signs, c. Constant electric field 
and zero initial velocity Wq. d. Electric field slowly decreasing. The rate of change of 
^e electric field drift is shown on a strongly exaggerated scale, e. Electric field slowly 
increasing from zero. No initial velocity. Displacements in x direction strongly exaggerated. 



I 


M 

(a) 



“Otions of a charged particle in a magnetic field, a. Gyration at velocity 
W around the field hnM and with the gyro period r^. b. Oscillations between magnetic 
i^ore at veloaly U|| along the field Imes and with the period r m . c. Repeated drift around 
the whole configuration at velocity «j. across the field lines and with the period /j.. 
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B 



(a) (B-V)B;«0 (b) (B V) B=0 


Fig. 6.2. Expansion of ionized matter moving across an inhomogeneous magnetic field. 
No longitudinal motion is taking place («„ = 0). (a) Curved field lines, (b) Straight field 

lines. 



Fig. 6.3. Particle moving along magnetic field line between two mirror points at and j 2 - 
The cross section with the weakest field Bq is given by ro. 








